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Abstract

An initial-boundary value problem for a quasilinear equation of pseudoparabolic type with a nonlinear boundary condition of

the Neumann-Dirichlet type is investigated in this work. From a physical point of view, the initial-boundary value problem

considered here is a mathematical model of quasi-stationary processes in semiconductors and magnets, which takes into account

a wide variety of physical factors. Many approximate methods are suitable for finding eigenvalues and eigenfunctions in problems

where the boundary conditions are linear with respect to the desired function and its derivatives. Among these methods, the

Galerkin method leads to the simplest calculations. In this article, by the Galerkin method to prove the existence of a weak

solution to the initial-boundary value problem for a pseudoparabolic equation in a bounded domain. On the basis of a priori

estimates, we prove a local existence theoremand uniqueness for a weak generalized solution of the initial-boundary value

problem for the quasilinear pseudoparabolic equation. A special place in the theory of nonlinear equations is occupied by

the study of unbounded solutions, or, as they are called in another way, blow-up regimes. Nonlinear evolutionary problems

admitting unbounded solutions are globally unsolvable. In the article, sufficient conditions for the blow-up of a solution in a

finite time in a limited area with a nonlinear Neumann-Dirichlet boundary condition are obtained.
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Abstract. An initial-boundary value problem for a quasilinear equation of pseudoparabolic
type with a nonlinear boundary condition of the Neumann-Dirichlet type is investigated in
this work. From a physical point of view, the initial-boundary value problem considered
here is a mathematical model of quasi-stationary processes in semiconductors and magnets,
which takes into account a wide variety of physical factors. Many approximate methods
are suitable for finding eigenvalues and eigenfunctions in problems where the boundary con-
ditions are linear with respect to the desired function and its derivatives. Among these
methods, the Galerkin method leads to the simplest calculations. In this article, by the
Galerkin method to prove the existence of a weak solution to the initial-boundary value
problem for a pseudoparabolic equation in a bounded domain. On the basis of a priori
estimates, we prove a local existence theoremand uniqueness for a weak generalized solu-
tion of the initial-boundary value problem for the quasilinear pseudoparabolic equation. A
special place in the theory of nonlinear equations is occupied by the study of unbounded
solutions, or, as they are called in another way, blow-up regimes. Nonlinear evolutionary
problems admitting unbounded solutions are globally unsolvable. In the article, sufficient
conditions for the blow-up of a solution in a finite time in a limited area with a nonlinear
Neumann-Dirichlet boundary condition are obtained.

Keywords: Pseudoparabolic equations; nonlinear boundary conditions; Galerkin method;
the existence of a solution; uniqueness of the solution; blow-up of the solution; asymptotic
behavior of the solution.

MSC (2020): 35A01; 35B40; 35B44; 35S16.

1. Introduction

The first rigorous mathematical study of equations that are not equations of the Cauchy-
Kovalevskaya type is the pioneering work of S.L. Sobolev [1]. The same work aroused
great interest in the study of non-classical equations, called equations of the Sobolev or
pseudoparabolic type. The study of problems for the pseudo-parabolic type began in the
late 1970s. A large number of works are devoted to the study of nonlinear equations of
pseudoparabolic type [3]– [38]. The modeling of physical processes leading to equations
of the Sobolev type and, in particular, of the pseudoparabolic type, are devoted to the
works [3], [4], [6], [7], [15]– [20], [24].

Questions of the asymptotic behavior of solutions of such problems at large times, as well
as the theory of scattering and stability of solutions of the solitary wave type for one-
dimensional and multidimensional equations of the Benjamin-Bon-Mahoney and Benjamin-
Bon-Mahoney-Burgers, Rosenau-Burgers types were considered in [5]– [7]. Oskolkov A.P.,
Antontsev S.N., Kozhanov A.I., SveshnikovA.I., Korpusov M.O. and many other scientists
have made a significant contribution to the study of the solvability of initial-boundary value
problems for equations of pseudoparabolic type.

The systems of nonlinear equations of the Sobolev type (Kelvin-Voigt equations) describe
flows of viscoelastic fluids. Investigations of the mathematical correctness of such equations
are devoted to the works [15]– [17], [33]– [38].
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In the work of M. O. Korpusov, A. G. Sveshnikov [22] a model equation is considered that
describes the relaxation of an initial perturbation in a crystalline semiconductor in the case
when its electrical conductivity depends nonlocally on the field.

∂

∂t
(∆u− u)−

(ˆ
Ω
dx∇u

)q
∆u = 0,

u|∂Ω = 0, u(x, 0) = u0(x).
For certain initial parameters, the effect of finite time "cooling down" is proved to occur. For
other parameters, the first term of the longtime asymptoticsis found and the remainder of
the asymptotic expansion is estimated.

In the work of [21] studied the mathematical model of wave processes in semiconductors in
an external electric field, taking into account dissipation and the non-local connection of the
current density with the strength of an electric field:

∂

∂t
(∆u− u− |u|qu) + ∆u+ ux1 + uux1 −

(ˆ
Ω
dx∇u

)q
∆u = 0,

u|∂Ω = 0, u(x, 0) = u0(x).

Sufficient conditions for the blow-up of a strong generalized solution are obtained. This
article is devoted to the study of the problems of local and global solvability in time and the
effect of the blow-up in a finite time of solutions of the initial-boundary value problem for
nonlinear Sobolev-type equations.

1.1. Formulation of a problem. Determining the solution. We consider the quasilin-
ear equation

∂

∂t
(u− χ∆u)−

(
a0 + a1 ‖∇u‖2q−2

2,Ω

)
∆u = b(x, t)|u|p−2u+ f(x, t), (x, t) ∈ QT (1.1)

with the nonlinear boundary
∂u

∂n
+ k(x, t)|u|σ−2u

∣∣∣∣∣
Γ

= 0, Γ = ∂Ω× (0, T ), (1.2)

and with the initial conditions
u(x, 0) = u0(x), x ∈ Ω. (1.3)

Here QT = {(x, t) : x ∈ Ω, Ω ⊂ Rn, 0 < t < T} is a cylinder, Ω ⊂ Rn, n ≥ 3 is a bounded
domain, with a sufficiently smooth boundary ∂Ω, so p, q, a0, a1 and σ are positive constants.

This problem is a mathematical model of wave processes in semiconductors in an external
electric field, taking into account the dissipation and nonlocal connection of the current
density with the electric field strength [19], [20], ( [25], Chapter 7, p.516).

The functions b(x, t), f(x, t), k(x, t) and u0(x) satisfy the following conditions:

0 < b0 ≤ b(x, t) ≤ b1 <∞, 0 < bt(x, t) ≤ b1 <∞, ∀(x, t) ∈ QT ;
0 < k0 ≤ k(x, t) ≤ k1 <∞, 0 ≤ kt(x,t)

k(x,t) ≤ K1,
|ktt(x,t)|
k(x,t) ≤ K2, ∀(x, t) ∈ QT ;

‖f(x, t)‖2
2,Ω ≤ C0, ∀t ∈ [0, T ], u0(x) ∈ W 1

2 (Ω).
(1.4)
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Definition 1. A weak generalized solution to problem (1.1)-(1.3) is a function u(x, t) from
the space W 1

2 (0, T ; W 1
2 (Ω))⋂Lσ(Γ), which satisfies the integral identity

´ T
0

´
Ω

(
∂u
∂t
v + χ∇ut · ∇v +

(
a0 + a1 ‖∇u‖2q−2

2,Ω

)
∇u · ∇v ∂v

∂xi

)
dxdt−

−
´ T

0

´
Ω b(x, t)|u|

p−2uvdxdt+
+
´ T

0

´
Γ

((
a0 + a1 ‖∇u‖2q−2

2,Ω

)
k(x, t)|u|σ−2u+ χkt(x, t)|u|σ−2u

)
vdΓdt+

+χ(σ − 1)
´ T

0

´
Γ k(x, t)|u|σ−2utvdΓdt =

´ T
0

´
Ω fvdxdt,

for all v(x, t) ∈ L2(0, T ; W 1
2 (Ω)).

We will give an equivalent definition of this Definition 1 (see [25], [26]):

Definition 2. A weak generalized solution to problem (1.1)-(1.3) is a function u(x, t) from
the space W 1

2 (0, T ; W 1
2 (Ω))⋂Lσ(Γ), that satisfies the integral identity

´ T
0

´
Ω

(
∂u
∂t
v(x)ϕ(t) + χϕ(t)∇ut · ∇v +

(
a0 + a1 ‖∇u‖2q−2

2,Ω

)
ϕ(t)∇u · ∇v

)
dxdt−

−
´ T

0

´
Ω b(x, t)|u|

p−2uv(x)ϕ(t)dxdt+
+
´ T

0

´
Γ

((
a0 + a1 ‖∇u‖2q−2

2,Ω

)
k(x, t)|u|σ−2u+ χkt(x, t)|u|σ−2u

)
v(x)ϕ(t)dΓdt+

+χ(σ − 1)
´ T

0

´
Γ k(x, t)|u|σ−2utv(x)ϕ(t)dΓdt =

´ T
0

´
Ω fv(x)ϕ(t)dxdt,

(1.5)

for all ϕ(t) ∈ L2(0, T ), v(x) ∈ W 1
2 (Ω).

2. Galerkin′s approximations

Let us choose in H1 (Ω) some system of functions {Ψj(x)} forming a basis in this space.
Such a system certainly exists, because the H1 (Ω) - is a separable space. We will seek an
approximate solution to problem (1.1)-(1.3) in the form

m∑
k=1

C ′mk(t)
ˆ

Ω

[
ΨkΨj + χ

n∑
i=1

∂Ψk

∂xi
· ∂Ψj

∂xi

]
dx+

+χ(σ − 1)
m∑
k=1

C ′mk(t)
ˆ

Γ
k(x, t)|um|σ−2ΨkΨjdΓ+

+
m∑
k=1

Cmk(t)
(
a0 + a1 ‖∇um‖2q−2

2,Ω

) ˆ
Ω

n∑
i=1

∂Ψk

∂xi
· ∂Ψj

∂xi
dx+

+
m∑
k=1

Cmk(t)
(
a0 + a1 ‖∇um‖2q−2

2,Ω

) ˆ
Γ
k(x, t)|um|σ−2ΨkΨjdΓ+

+χ
m∑
k=1

Cmk(t)
ˆ

Γ
kt(x, t)|um|σ−2ΨkΨjdΓ−

−
m∑
k=1

Cmk(t)
ˆ

Ω
b(x, t)|um|p−2ΨkΨjdx =

ˆ
Ω
f ·Ψjdx, j = 1, ...,m.

(2.1)
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Cmk(0) =
ˆ
um(0)Ψkdx, um0 = um(0) =

m∑
k=1

Cmk(0)Ψk =
m∑
k=1

αkΨk, (2.2)

moreover
um0 → u0 strongly in H1 (Ω) at m→∞. (2.3)

We introduce the notation ~Cm ≡ {C1m(t), ..., Cmm(t)}T ,

akj =
ˆ

Ω
[ΨkΨj + χ (∇Ψk,∇Ψj)] dx+ χ(σ − 1)

ˆ
Γ
k(x, t)|um|σ−2ΨkΨjdΓ,

bkj = −
(
a0 + a1 ‖∇um‖2q−2

2,Ω

) ˆ
Ω

(∇Ψk,∇Ψj) dx−

−
(
a0 + a1 ‖∇um‖2q−2

2,Ω

)ˆ
Γ
k(x, t)|um|σ−2ΨkΨjdΓ− χ

m∑
k=1

Cmk(t)
ˆ

Γ
kt(x, t)|um|σ−2ΨkΨjdΓ+

+
ˆ

Ω
b (x, t) |um|p−2ΨkΨjdx+

ˆ
Ω
f ·Ψjdx.

Am
(
~Cm
)
≡
{
ajk

(
~Cm
)}
, ~Gm

(
~Cm
)
≡
{
bjk

(
~Cm
)}

~Cm.

Then the system of equations (2.1)-(2.2) takes the matrix form

Am ~C
′
m = ~Gm

(
~Cm
)
, ~Cm(0) = ~α. (2.4)

The matrix Am is invertible. In fact quadratic form
m∑

k,j=1
akjξkξj =

ˆ
Ω
|η|2dx+ χ

ˆ
Ω
|∇η|2dx, η =

m∑
l=1

ξlψl.

is equal to zero if and only if η = 0. Considering the positivity of the matrix Am, the problem
(2.4) can be reduced to the following form

~C ′m = A−1
m
~Gm

(
~Cm
)
, ~Cm(0) = ~α. (2.5)

According to Cauchy’s theorem, the problem (2.5) has at least one solution ~Cm in some time
interval t ∈ (0, Tm), Tm > 0. At the next step, we obtain the a priori estimates which prove
that the Cauchy problem (2.4) has the global solution in the interval [0, T ].

3. A priori estimates

3.1. Local in time estimates in presence a source inside the domain Ω. We multiply
both sides of equality (2.1) by Cmj(t) and sum over j = 1,m. As a result, we obtain the first
energy equality

dE
dt

+ a0
´

Ω |∇um|
2dx+ a1

(´
Ω |∇um|

2dx
)q

+
+
(
a0 + a1 ‖∇um‖2q−2

2,Ω

) ´
Γ k(x, t)|um|σdΓ =

=
´

Ω b(x, t)|um|
pdx− χ

σ

´
Γ kt(x, t)|um|

σdΓ +
´

Ω f · umdx,
(3.1)

where
E(t) := 1

2

ˆ
Ω

[|um|2 + χ|∇um|2]dx+ χ
σ − 1
σ

ˆ
Γ
k(x, t)|um|σdΓ.

Next, we will use the following statements.
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Lemma 1. ( [29], [30]. For any function u(x) ∈ W 1
2 (Ω), the following inequalities hold

‖u‖pp,Ω ≤ C0
(
‖∇u‖2

2,Ω + ‖u‖2
2,Ω

) θp
2 ‖u‖(1−θ)p

2,Ω ≤

≤ C0
(
‖∇u‖2

2,Ω + ‖u‖2
2,Ω

) θp
2 + (1−θ)p

2 ≤ C1
(
χ ‖∇u‖2

2,Ω + ‖u‖2
2,Ω

) p
2 ,

where C1 = max
{

1; 1
χ

} (
2(n−1)
n−2

)θ
, θ = (p−2)n

2p < 1, 2 < p < 2n
n−2 , n ≥ 3.

Lemma 2. (First local estimate) Let conditions (1.4) be satisfied and q > 1, 2 < p <
2n
n−2 , n ≥ 3, σ > 1. Then there exists T0 > 0 such that the function um(x, t) the estimates
are fair:

E(t) ≤ C4, for all t ∈ [0, T ], T < T0,´ t
0

(´
Ω |∇um(t)|2dx+

(´
Ω |∇um(t)|2dx

)q)
dt+

+
´ t

0

(
a0 + a1 ‖∇um‖2q−2

2,Ω

) ´
Γ k(x, t)|um|σdΓdt ≤ C5,

where the constants C4, C5 does not depend on m ∈ N but depend on 0 < t < T0.

Proof. We estimate the right-hand side of identity (3.1) in the following way

∣∣∣∣∣
ˆ

Ω
b(x, t)|um|p

∣∣∣∣∣ ≤ b0 ‖um‖pp,Ω ≤ b0C1
(
χ ‖∇u‖2

2,Ω + ‖u‖2
2,Ω

) p
2 , (3.2)∣∣∣∣∣−χσ

ˆ
Γ
kt(x, t)|um|σdΓ

∣∣∣∣∣ ≤ χ

σ

ˆ
Γ

|kt(x, t)|
k(x, t) k(x, t)|um|σdΓ ≤ K1

χ

σ

ˆ
Γ
k(x, t)|um|σdΓ, (3.3)∣∣∣´Ω f · umdx∣∣∣ ≤ ‖f‖2,Ω ‖um‖2,Ω ≤

1
2 ‖f‖

2
2,Ω + 1

2 ‖um‖
2
2,Ω ≤

≤ 1
2 ‖f‖

2
2,Ω + 1

2

(
χ ‖∇um‖2

2,Ω + ‖um‖2
2,Ω

)
.

(3.4)

Substituting the obtained inequalities (3.2) and (3.4) into identity (3.1), we arrive at the
inequality

dE
dt

+ a0
´

Ω |∇um|
2dx+ a1

(´
Ω |∇um|

2dx
)q

+
(
a0 + a1 ‖∇um‖2q−2

2,Ω

) ´
Γ k(x, t)|um|σdΓ

≤ C2E(t) + +C3E(t) p2 + 1
2 ‖f‖

2
2,Ω ,

(3.5)

where C2 = max
{
K1
σ−1 ; 1

}
, C3 = b0C1. We introduce the function

z(t) = e−C2tE(t).
Then (3.5) can be rewritten as

dz

dt
≤ C3e

C2
p−2

2 t[z(t)]
p
2 + 1

2e
−C3t ‖f‖2

2,Ω .

Integrating the latest from 0 to t, we obtain

z(t) ≤ z(0) + C3

ˆ t

0
eC2

p−2
2 s[z(s)]

p
2ds+ 1

2

ˆ t

0
e−C2s ‖f‖2

2,Ω ds.

Using condition (1.4) we arrive at the nonlinear integral inequality
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z(t) ≤ z(0) + C0

2C2
+ C3

ˆ t

0
eC2

p−2
2 s[z(s)]

p
2ds.

Applying the Gronwall Bellman-Bihari lemma [39], we arrive at the estimate

z(t) ≤
z(0) + C0

2C2[
1−

(
z(0) + C0

2C2

) p−2
2 C3

C2

(
eC2

p−2
2 t − 1

)] 2
p−2

,

if t satisfies the inequality
C3

C2

(
eC2

p−2
2 t − 1

)
<

1(
z(0) + C0

2C2

) p−2
2
, 0 ≤ t < T,

that is

t < T0 = 2
C2(p− 2) ln

1 + C2

C3

(
z(0) + C0

2C2

) 2−p
2

 := G(z(0)).

Then we arrive at final the inequality

E(t)≤

(
E(0)+ C0

2C2

)
eC2t[

1−
(
E(0)+ C0

2C2

) p−2
2 C3

C2

(
eC2

p−2
2 t−1

)] 2
p−2

. (3.6)

From this estimate, we can conclude that there exists T0 > 0 such that

1
2
(
‖um‖2

2,Ω + χ ‖∇um‖2
2,Ω

)
+ χ

σ − 1
σ

ˆ
Γ
k(x, t)‖um|σdΓ ≤ C4, for all t ∈ [0, T ], T < T0,

(3.7)

where C4 is a constant independent of m ∈ N but depends on t.

Returning to (3.5) and taking into account (3.7), we obtain one more inequality:

´ T
0

(´
Ω |∇um|

2dx+
(´

Ω |∇um|
2dx

)q)
dt+

+
´ T

0

(
a0 + a1 ‖∇um‖2q−2

2,Ω

) ´
Γ k(x, t)|um|σdΓdt ≤ C5.

(3.8)

�

Lemma 3. (Second local estimate) Let conditions (1.4) and estimates (3.7), (3.8), as well as
the inequalities of Lemma 1 are performed , then the functions um(x, t) satisfy the estimate:

Λ(t) ≤ C6, t ∈ (0, T0),
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where

Λ(t) :=
ˆ t

0

(ˆ
Ω

(
|∂tum|2 + χ|∂t∇um|2

)
dx+ χ(σ − 1)

ˆ
Γ
k(x, t)|um|σ−2|∂tum|2dΓ

)
dt,

and C6 constant does not depend on m ∈ N .

Proof. Now we multiply equality (2.1) by C ′mj(t) and sum over j = 1,m. Integrating obtained
expression over τ from 0 to t, we arrive at the relations

Λ(t) + a0
2 ‖∇um‖

2
2,Ω + a1

2q ‖∇um‖
2q
2,Ω + =

=
´

Ω b(x, t)|um|
pdx− 1

p

´ t
0

´
Ω bτ (x, t)|um|

pdxdτ−
− 1
σ

´
Γ

(
a0 + a1 ‖∇um‖2q−2

2,Ω

)
k(x, t)|um|σdΓ+

+ q−1
σ
a1
´ t

0 ‖∇um‖
2q−4
2,Ω
´

Ω∇um∇∂τumdx
´

Γ k(x, t)|um|σdΓdτ+
+ 1
σ

´ t
0

(
a0 + a1 ‖∇um‖2q−2

2,Ω

) ´
Γ kτ (x, t)|um|

σdΓdτ−
−χ
σ

´
Γ kt(x, t)|um|

σdΓ + χ
σ

´ t
0

´
Γ kττ (x, t)|um|

σdΓdτ+
+
´ t

0

´
Ω f ∂τumdxdτ + a0

2 ‖∇um(x, 0)‖2
2,Ω + a1

2q ‖∇um(x, 0)‖2q
2,Ω

−
´

Ω b(x, 0)|um(x, 0)|pdx+
+ 1
σ

´
Γ

(
a0 + a1 ‖∇um(x, 0)‖2q−2

2,Ω

)
k(x, 0)|um(x, 0)|σdΓ.

(3.9)

We estimate the right-hand side of identity (3.9)∣∣∣∣∣1p
ˆ

Ω
b(x, t)|um|pdx

∣∣∣∣∣ ≤ b0C1

p

(
χ ‖∇u‖2

2,Ω + ‖u‖2
2,Ω

) p
2 ≤ b0C1

p

√
Cp

4 . (3.10)∣∣∣∣∣ 1σ
(
a0 + a1 ‖∇um‖2q−2

2,Ω

)ˆ
Γ
k(x, t)|um|σdΓ

∣∣∣∣∣ ≤ C4(a0 + a1C
q−1
4 )

σ
. (3.11)∣∣∣a1

q−1
σ

´ t
0 ‖∇um‖

2(q−2)
2,Ω

´
Ω∇um∇∂tumdx

´
Γ k(x, t)|um|σdΓdτ

∣∣∣ ≤
≤ a1

q−1
σ

´ t
0 ‖∇um‖

2(q−2)
2,Ω ‖∇um‖2,Ω ‖∇∂tum‖2,Ω

´
Γ k(x, t)|um|σdΓdτ ≤

≤ a1
q−1
σ
Cq−1

4
´ t

0 ‖∇∂tum‖2,Ω dτ ≤
χ
2

´ t
0 ‖∇∂tum‖

2
2,Ω dτ + a2

1
(q−1)2

2χσ2 C
2q−2
4 T.∣∣∣−χ

σ

´
Γ kt(x, t)|um|

σdΓ + χ
σ

´ t
0

´
Γ kττ (x, t)|um|

σdΓdτ
∣∣∣ ≤

≤ χ
σ

´
Γ
|kt(x,t)|
k(x,t) k(x, t)|um|σdΓ+

+χ
σ

´ t
0

´
Γ
kττ (x,τ)
k(x,τ) k(x, τ)|um|σdΓdτ ≤ χ

σ
K1
´

Γ k(x, t)|um|σdΓ+
+χ
σ
K2
´ t

0

´
Γ k(x, t)|um|σdΓdτ ≤ χ

σ
K1C4 + χ

σ
K2C4T.∣∣∣ 1

σ

´ t
0

(
a0 + a1 ‖∇um‖2q−2

2,Ω

) ´
Γ kτ (x, t)|um|

σdΓdτ
∣∣∣ ≤

≤ 1
σ
(a0 + a1C

q−1
4 )
´ t

0

´
Γ
|kτ (x,t)|
k(x,τ) k(x, τ)|um|σdΓdτ ≤

≤ K1
σ

(a0 + a1C
q−1
4 )C4T.∣∣∣∣∣1p

ˆ t

0

ˆ
Ω
bτ (x, t)|um|pdxdτ

∣∣∣∣∣ ≤ b1

p

ˆ t

0

ˆ
Ω
|um|pdxdτ ≤

b1C1

p

√
Cp

4 t ≤
b1C1

p

√
Cp

4T.∣∣∣∣∣
ˆ t

0

ˆ
Ω
f ∂τumdxdτ

∣∣∣∣∣ ≤ ‖f‖2,Qt ‖∂τum‖2,Qt ≤
1
2 ‖f‖

2
2,Qt + 1

2 ‖∂τum‖
2
2,Qt . (3.12)

Substituting the obtained inequalities into identity (3.9), we obtain



AN INITIAL BOUNDARY VALUE PROBLEM FOR A PSEUDOPARABOLIC EQUATION WITH A NONLINEAR BOUNDARY CONDITION9

1
2

´ t
0

´
Ω (|∂τum|2 + χ|∂τ∇um|2) dxdτ + a0

2 ‖∇um‖
2
2,Ω + a1

2q ‖∇um‖
2q
2,Ω +

+χ(σ − 1)
´ t

0

´
Γ k(x, t)|um|σ−2|∂τum|2dΓdτ ≤ C5.

Thereby received the estimate

ˆ T

0

(ˆ
Ω

(
|∂tum|2 + χ|∂t∇um|2

)
dx+ χ(σ − 1)

ˆ
Γ
k(x, t)|um|σ−2|∂tum|2dΓ

)
dt ≤ C6. (3.13)

�

3.2. Global in time estimates in presence an absorption b < 0.

Lemma 4. Suppose that in addition to (1.4) and q > 1, p > 1, σ > 1 the term b(x, t) satisfies
the conditions

0 < b0 ≤ −b(x, t) ≤ b1 <∞. (3.14)

Then the Galerkin approximations for all t ∈ [0, T ] satisfy the estimates

supt∈[0,T ]Y (um(t), t) +
´ T

0 Λ (um(t), t) dt ≤ 2e2T
(
‖f‖2

2,QT + Y (u(0), 0) + 1
)
, (3.15)

where

Y (um(t), t) :=
(

1
2

(ˆ
Ω

[|um(t)|2 + χ|∇um(t)|2]dx
)

+ χ
σ − 1
σ

ˆ
Γ
k(x, t)|um(t)|σdΓ

)
≥ 0,

Λ(um(t), t) := a0
´

Ω |∇um|
2dx+ a1

(´
Ω |∇um|

2dx
)q

+
´

Ω b0|um|pdx
+
(
a0 + a1 ‖∇um‖2q−2

2,Ω

) ´
Γ k(x, t)|um|σdΓ ≥ 0.

Proof. Using (3.14), (1.4) and (3.1) we get the inequality
d
dt
Y (u

m
(t), t) + Λ(um(t), t)

≤ |
´

Ω f · umdx| ≤
1
2

´
Ω f

2dx+ Y (um(t), t). (3.16)

Integrating last one we arrive at estimate

Y (um(t), t)+
´ t

0 e
−sΛ(um(s), s)ds

≤ eT
(
Y (um(0), 0)+ ‖f‖2

2,QT

)
≤ eT

(
Y (u(0), 0)+ ‖f‖2

2,QT + 1
)
.

(3.17)

From here we obtain

supt∈[0,T ]Y (um(t), t) +
´ T

0 Λ (um(t), t) dt ≤ 2e2T
(
‖f‖2

2,QT + Y (u(0), 0) + 1
)
. (3.18)

The estimate (3.15)is proved. �

Now let us prove the second global estimate under conditions (3.19).
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3.3. Global estimates in the presence a source b > 0. First global estimate for b > 0.
Now we assume that

p ≤ σ, p < 2q, p ≤ 2(n− 1)
n− 2 , 0 < k0 ≤ k(x, t). (3.19)

Lemma 5. (First global in time estimate in the presence a source inside the domain Ω,
i.e. b > 0 and in the presence of an absorption on the boundary i.e.k > 0.) Assume that,
in addition to (1.4), conditions (3.19) are satisfied. Then, for all m and any finite T , the
following estimates

E(t) ≤ C7, for all t ∈ [0, T ], (3.20)´ t
0

(´
Ω |∇um(t)|2dx+

(´ t
0 |∇um(t)|2dx

)q)
dt+

+
´ t

0

(
a0 + a1 ‖∇um‖2q−2

2,Ω

) ´
Γ k(x, t)|um|σdΓdt ≤ C8,

(3.21)

hold. Here the constants C7, C8 does not depend on m ∈ N but depend on T .

Proof. First of all we derive a presentation for any function u(x) ∈ W 1
2 (Ω) = H1(Ω).

According with the formula (7.12) page 71 from [2], any function u(x) ∈ W 1
2 (Ω) = H1(Ω)

may be presented by the formula
u(x) = u0 +Q(∇u, x), (3.22)

where
Q(∇u, x) =

ˆ
Ω

n∑
k=1

$k(y)
rN−1

∂u(y)
∂yk

dy, r = |x− y|,

$k, k = 1, .., n, are smooth functions and u0 is a constant. Integrating both sides of the last
expression over Γ we obtain

u0 = 1
|Γ|

(ˆ
Γ
udΓ−

ˆ
Γ
Q(∇u, x)dΓ

)
. (3.23)

Respectively we arrive at the formula

u(x) = 1
|Γ|

(ˆ
Γ
udΓ−

ˆ
Γ
Q(∇u, x)dΓ

)
+Q(∇u, x). (3.24)

We raise both sides of the last equality to the power of p and integrate over Ω. Then we
arrive at the estimateˆ

Ω
|u(x)|pdx ≤ C

((ˆ
Γ
|u|dΓ

)p
+
∣∣∣∣∣
ˆ

Γ
Q(∇u, x)dΓ

∣∣∣∣∣
p

+
ˆ

Ω
|Q(∇u, x)|p dΩ

)
, (3.25)

where C = C(|Γ|, |Ω|, p, n). Using properties of integral operators and embedding theorem∣∣∣∣∣
ˆ

Γ
Q(∇u, x)dΓ

∣∣∣∣∣
p

≤ C
(
‖∇u‖2

2,Ω

) p
2 , p ≤ 2(n− 1)

n− 2 , (3.26)

ˆ
Ω

∣∣∣∣∣
ˆ

Ω
Q(∇u, x)dΩ

∣∣∣∣∣
p

dΩ ≤ C
(
‖∇u‖2

2,Ω

) p
2 , p ≤ 2n

n− 2 , (3.27)
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we estimate ˆ
Ω
|u(x)|pdx ≤ C

((ˆ
Γ
|u|dΓ

)p
+
(
‖∇u‖2

2,Ω

) p
2

)
. (3.28)

Then, combining (3.24)-(3.28) and using the inequalities(ˆ
Γ
|u|dΓ

)p
≤ C

(ˆ
Γ
|u|σdΓ + 1

)
, C = C(k0, σ, p), p ≤ σ,

(
‖∇u‖2

2,Ω

) p
2 ≤ δ

(
‖∇u‖2

2,Ω

)q
+ C(δ), δ ∈ (0, 1), p < 2q

and taking into account (3.19), (1.4), we can rewrite (3.28) in the form

ˆ
Ω
b|u(x)|pdx ≤ C

(ˆ
Γ
k|u|σdΓ + 1

)
+ δ

(
‖∇u‖2

2,Ω

)q
+ C(δ), δ ∈ (0, 1), p < 2q, (3.29)

where C = C(p, b1, k0, σ, q, δ).

Choosing δ sufficiently small in comparison with a1, similarly to (3.2)-(3.3), we arrive at the
inequality

dE
dt

+ a0
´

Ω |∇um|
2dx+ a1

(´
Ω |∇um|

2dx
)q

+
(
a0 + a1 ‖∇um‖2q−2

2,Ω

) ´
Γ k(x, t)|um|σdΓ ≤

≤ C
(
E(t) + ‖f‖2

2,Ω + 1
)
,

(3.30)
Integration of the last inequality completes the proof of the lemma. �

Lemma 6. (Second global estimate under conditions (3.19)) (Second global in time estimate
in the presence a source inside the domain Ω, i.e. b > 0 and in the presence of an absorption
on the boundary i.e.k > 0.)

Assume that, in addition to (1.4), conditions (3.19) are satisfied. Then, for all m and any
finite T , the following estimates

Λ(t) ≤ C9, t ∈ [0, T ], (3.31)

where

Λ(t) :=
ˆ t

0

(ˆ
Ω

(
|∂tum|2 + χ|∂t∇um|2

)
dx+ χ(σ − 1)

ˆ
Γ
k(x, t)|um|σ−2|∂tum|2dΓ

)
dt

hold. Here the constant C9 does not depend on m ∈ N but depend on T .

Proof. We will use the relations (3.9),(3.10)-(3.12) and inequality (3.29) to estimate
´

Ω b|um|
σ.

Taking into account Lemma 5, estimates (3.11)-(3.12) are carried out in a completely similar
way, but for any fixed finite moment of time. Repeating the arguments of the Lemma 5 ends
the proof.

�
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4. Passage to the limit as m→∞. Local and global existence theorems.

The estimates obtained in Lemmas 2,3 (local in time) and in Lemmas 4-6 (global in time)
allow us to draw the following conclusions. Here and below T < T0 in the case of local
estimates and T is an arbitrary finite number in the case of global estimates

um limited in L∞(0, T ; H1(Ω)), (4.1)

u′m limited in L2(0, T ; H1(Ω)), (4.2)

k(x, t)|um|σ−2um limited in L∞(0, T ; Lσ′(Γ)), σ′ = σ

σ − 1 > 1. (4.3)

In addition, due to the conditions imposed on p:

|um|p−2um limited in L∞(0, T ; L p
p−1

(Ω)), 2 < p <
2n
n− 2 , n ≥ 3. (4.4)

From(4.1) follows, that there exists a subsequence umk of the sequence um, *-weakly con-
verging to some element um ∈ L∞(0, T ; H1(Ω)), that is

umk → u *-weak in L∞(0, T ; H1(Ω)).

Similarly, it follows from (4.2)-(4.4) that there exists a sequence {umk} ⊂ {um}, such that

u′mk → u′ limited in L2(0, T ; H1(Ω)).

By the Sobolev theorem W 1
2 (QT ) ∈ Lm(QT ), m ≤ 2(n+1)

n−1 . This embedding is compact if
m < 2(n+1)

n−1 . By the Rellich-Kondrashov theorem, the embedding of W 1
2 (QT ) in L2(QT ) is

compact. This means that the sequence um; can be chosen so that umk → u in the norm
L2(QT ), and hence converging almost everywhere (see [40], Theorem 16.1, p. 123.)

From (4.3) it follows that k(x, t)|um|σ−2um ∈ L∞(0, T ; Lσ′(Γ)), σ′ = σ
σ−1 > 1 converges

almost everywhere in (0, T ).

The boundedness of
√
k(x, t)|um|σ−2um in L2(0, T ; Lσ′(Γ)), σ′ = σ

σ−1 > 1 implies the weak
convergence in this space of the subsequence k(x, t)|umk |σ−2umk of some function χ(x, t).

By Lemma 1.3, proved in [31], it follows that χ(x, t) = k(x, t)|u|σ−2u.

Remark 1. Convergence of norms ‖∇ui(t)‖2
2,Ω and strong convergence ∇ui. We consider

the sequence of functions
Ii(t) := ‖∇ui(t)‖2

2,Ω, t ∈ [0, T ]. (4.5)
According to Lemmas 2, 3 and estimates (3.20),(3.21) (in the local case) and Lemmas 5, 6
and estimate (3.31)(in the global case) this sequence is uniformly bounded and moreover
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ˆ T

0
|dIi(t)
dt
|2(t)dt ≤ 4 sup

t∈[0,T ]
‖∇ui(t)‖2

2,Ω‖∇uit‖2
2,QT ≤ C. (4.6)

Hence, it follows that

‖∇ui(t)−∇ui(τ)‖2,Ω ≤
ˆ t

τ

‖∇uis‖2,Ωds ≤ C|t− τ |1/2. (4.7)

Thus, the sequence Ii(t) is compact in the space Cα[0, T ] with any 0 < α < 1/2. Therefore,
we can single out a subsequence Iim(t) = ‖∇uim(t)‖2

2,Ω, converging in Cα[0, T ]. We show
that the corresponding subsequence ∇uim(x, t) ((henceforth, we retain the previous notation
∇ui(x, t)) that converges weakly in L2(QT ) to ∇u(x, t) will also converge strongly. We will
use the formula ˆ

QT

|∇u−∇ui|2dxdt = ‖∇ui‖2
2,QT − ‖∇u‖

2
2,QT (4.8)

+2
ˆ
QT

(∇u−∇ui)∇udxdt.

Here
‖∇ui‖2

2,QT − ‖∇u‖
2
2,QT → 0,

by virtue of the convergence of norms and

2
ˆ
QT

(∇u−∇ui)∇udxdt→ 0,

by virtue of the definition of a weak solution.

The above considerations make it possible to go to the limit in (2.1). But first, we multiply
each of equalities (2.1) by dj(t) ∈ C[0, T ] and sum both sides of the resulting equality over
j = 1,m. Then we integrate over t from 0 to T , we get
ˆ T

0

ˆ
Ω

(
∂um
∂t

µ+ χ
n∑
i=1

∂2um
∂t∂xi

∂µ

∂xi
+
(
a0 + a1 ‖∇um‖2q−2

2,Ω

) n∑
i=1

∂um
∂xi

∂µ

∂xi

)
dxdt−

−
´ T

0

´
Ω b(x, t)|um|

p−2umµdxdt+
+
´ T

0

´
Γ

((
a0 + a1 ‖∇um‖2q−2

2,Ω

)
k(x, t)|um|σ−2um + χkt(x, t)|um|σ−2um

)
µdΓdt+

+χ(σ − 1)
´ T

0

´
Γ k(x, t)|um|σ−2umtµdΓdt =

´ T
0

´
Ω fµdxdt,

(4.9)

where µ(x, t) = ∑m
j=1 dj(t)Ψj(x).

Taking into account the inclusions and convergence obtained we can pass in to the limit
in (4.9) as m → ∞ and obtain (1.5) for ϕ(t)v(x) = µ(x, t). Since the set of all func-
tions µ(x, t) is dense in W 1

2 (0, T ; W 1
2 (Ω)), then the limit relation holds for all v(x, t) ∈

L2(0, T ; W 1
2 (Ω))⋂Lσ(Γ).

Then we formulate the following theorems.
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Theorem 1. (Local existence) Let conditions (1.4) be satisfied, and also 2 < p < 2n
n−2 , n ≥ 3,

q > 1, 2 < σ < 2(n−1)
n−2 . Then on the interval (0, T ), T < T0, there exists a weak generalized

solution u(x, t) of problem (1.1)-(1.3), and the following inclusions take place:

u ∈ L∞(0, T ; H1(Ω)), ut ∈ L2(0, T ; H1(Ω)),

|u|σ−2u ∈ L∞(0, T ; Lσ′(Γ)), σ′ = σ

σ − 1 > 1,

|u|p−2u ∈ L∞(0, T ; L p
p−1

(Ω)).

Theorem 2. (Global existence) Let the conditions of Lemma (4) (or of Lemma (5)) and,
accordingly, estimates (3.14), (3.15) (or (3.20), (3.21)) be satisfied. Then the solution u(x, t)
to the problem (1.1)-(1.3) exists on any finite time interval T <∞.

5. The uniqueness of a weak generalized solution.

Theorem 3. Let us assume that

2 ≤ σ ≤ 2 + 2
n− 2 , 2 ≤ p ≤ 2 + 2

n− 2 , n ≥ 3, q > 2.

Then the weak generalized solution u ∈ W 1
2 (0, T ; W 1

2 (Ω)) ∩ Lσ(Γ) to problem (1.1)-(1.3) is
unique on the interval (0, T ).

Proof. Suppose that problem (1.1)-(1.3) has two solutions: u1(x, t) and u2(x, t). Then their
difference u(x, t) = u1(x, t) − u2(x, t) satisfies the condition u(x, 0) = 0. Take ϕ(t) = 1 in
equality (1.5) . Then we will have equality for almost all t :

ˆ t

0

ˆ
Ω

(
∂u(x, τ)
∂τ

v(x, τ) + χ
n∑
i=1

∂2u

∂τ∂xi

∂v

∂xi

)
dxdτ+

+a0

ˆ t

0

ˆ
Ω

(
n∑
i=1

∂u

∂xi

∂v

∂xi

)
dxdτ+

+a1

ˆ t

0

(
‖∇u1‖2q−2

2,Ω

ˆ
Ω

n∑
i=1

∂u1

∂xi

∂v

∂xi
dx− ‖∇u2‖2q−2

2,Ω

ˆ
Ω

n∑
i=1

∂u2

∂xi

∂v

∂xi
dx

)
dτ−

−
ˆ t

0

ˆ
Ω
b(x, τ)

(
|u1|p−2u1 − |u1|p−2u1

)
vdxdτ−

+a0

ˆ t

0

ˆ
Γ
k(x, τ)

(
|u1|σ−2u1 − |u2|σ−2u2

)
vdΓdτ+

+a1

ˆ t

0

ˆ
Γ
k(x, τ)

(
|u1|σ−2u1 ‖∇u1‖2q−2

2,Ω − |u2|σ−2u2 ‖∇u2‖2q−2
2,Ω

)
vdΓdτ+

+χ
ˆ t

0

ˆ
Γ
kτ (x, τ)

(
|u1|σ−2u1 − |u2|σ−2u2

)
vdΓdτ+

+χ(σ − 1)
ˆ t

0

ˆ
Γ
k(x, τ)

(
|u1|σ−2∂τu1 − |u1|σ−2∂τu1

)
vdΓdτ = 0.
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This impliesˆ
Ω

(
uv + χ

n∑
i=1

∂u

∂xi

∂v

∂xi

)
dx+

+a0

ˆ t

0

ˆ
Ω

(
n∑
i=1

∂u

∂xi

∂v

∂xi

)
dxdτ+

+a1

ˆ t

0

(
‖∇u1‖2q−2

2,Ω

ˆ
Ω

n∑
i=1

∂u1

∂xi

∂v

∂xi
dx− ‖∇u2‖2q−2

2,Ω

ˆ
Ω

n∑
i=1

∂u2

∂xi

∂v

∂xi
dx

)
dτ−

−
ˆ t

0

ˆ
Ω
b(x, τ)

(
|u1|p−2u1 − |u1|p−2u1

)
vdxdτ−

+a0

ˆ t

0

ˆ
Γ
k(x, τ)

(
|u1|σ−2u1 − |u2|σ−2u2

)
vdΓdτ+

+a1

ˆ t

0

ˆ
Γ
k(x, τ)

(
|u1|σ−2u1 ‖∇u1‖2q−2

2,Ω − |u2|σ−2u2 ‖∇u2‖2q−2
2,Ω

)
vdΓdτ+

+χ
ˆ

Γ
k(x, t)

(
|u1|σ−2u1 − |u1|σ−2u1

)
vdΓ = 0.

We now put v(x) = u(x, t). Then, we get
ˆ

Ω

(
|u(x, t)|2 + χ|∇u(x, t)|2

)
dx+ χ

ˆ
Γ
k(x, t)

(
|u1|σ−2u1 − |u1|σ−2u1

)
u(x, t)dΓ+

+a0

ˆ t

0

ˆ
Ω

(
n∑
i=1

∂u

∂xi

∂u(x, t)
∂xi

)
dxdτ+

+a1

ˆ t

0

(
‖∇u1‖2q−2

2,Ω

ˆ
Ω

n∑
i=1

∂u1

∂xi

∂u(x, t)
∂xi

dx− ‖∇u2‖2q−2
2,Ω

ˆ
Ω

n∑
i=1

∂u2

∂xi

∂u(x, t)
∂xi

dx

)
dτ−

−
ˆ t

0

ˆ
Ω
b(x, τ)

(
|u1|p−2u1 − |u1|p−2u1

)
u(x, t)dxdτ−

+a0

ˆ t

0

ˆ
Γ
k(x, τ)

(
|u1|σ−2u1 − |u2|σ−2u2

)
u(x, t)dΓdτ+

+a1

ˆ t

0

ˆ
Γ
k(x, τ)

(
|u1|σ−2u1 ‖∇u1‖2q−2

2,Ω − |u2|σ−2u2 ‖∇u2‖2q−2
2,Ω

)
u(x, t)dΓdτ = 0.

(5.1)

Using the following inequalities

||u1|qu1 − |u2|qu2| ≤ (q + 1) (|u1|q + |u2|q) |u1 − u2| at q > 0,

|(|u1|qu1 − |u2|qu2) (u1 − u2)| ≥ |u1 − u2|q+2 at q > 0,

||u1|q − |u2|q| ≥ |u1 − u2|q at q > 0,∣∣∣´Γ k(x, τ) (|u1|σ−2u1 − |u2|σ−2u2)udΓ
∣∣∣ ≥ ´Γ k(x, τ)|u|σdΓ,

we get estimates∣∣∣∣∣a1

ˆ t

0

ˆ
Γ
k(x, τ)

(
|u1(τ)|σ−2u1(τ) ‖∇u1(τ)‖2q−2

2,Ω − |u2(τ)|σ−2u2(τ) ‖∇u2(τ)‖2q−2
2,Ω

)
u(t)dΓdτ

∣∣∣∣∣ ≤
≤ a1

∣∣∣∣∣
ˆ t

0

ˆ
Γ
k(x, τ)

(
|u1(τ)|σ−2u1(τ)− |u2(τ)|σ−2u2(τ)

)
‖∇u1‖2q−2

2,Ω u(t)dΓdτ
∣∣∣∣∣+

+a1

∣∣∣∣∣
ˆ t

0

ˆ
Γ
k(x, τ)

(
‖∇u1(τ)‖2q−2

2,Ω − ‖∇u2(τ)‖2q−2
2,Ω

)
|u2(τ)|σ−2u2(τ)u(t)dΓdτ

∣∣∣∣∣ ,
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ˆ t

0

(
‖∇u1(τ)‖2q−2

2,Ω

ˆ
Ω

n∑
i=1

∂u1(τ)
∂xi

∂u(t)
∂xi

dx− ‖∇u2(τ)‖2q−2
2,Ω

ˆ
Ω

n∑
i=1

∂u2(τ)
∂xi

∂u(t)
∂xi

dx

)
dτ =

=
ˆ t

0
‖∇u1(τ)‖2q−2

2,Ω

ˆ
Ω

n∑
i=1

∂u(τ)
∂xi

∂u(t)
∂xi

dxdτ+

+
ˆ t

0

(
‖∇u1(τ)‖2q−2

2,Ω − ‖∇u2(τ)‖2q−2
2,Ω

)ˆ
Ω

n∑
i=1

∂u2(τ)
∂xi

∂u(t)
∂xi

dxdτ ≤

≤ C1 ‖∇u(t)‖2,Ω

ˆ t

0
‖∇u(τ)‖2,Ω dτ + C2 ‖∇u(t)‖2,Ω

ˆ t

0
‖∇u(τ)‖2,Ω dτ ,

ˆ t

0

(
‖∇u1(τ)‖2q−2

2,Ω − ‖∇u2(τ)‖2q−2
2,Ω

) ˆ
Ω

n∑
i=1

∂u2(τ)
∂xi

∂u(t)
∂xi

dxdτ ≤

≤
ˆ t

0

(
‖∇u1(τ)‖2q−4

2,Ω + ‖∇u2(τ)‖2q−4
2,Ω

)ˆ
Ω

(
|∇u1(τ)|2 − |∇u2(τ)|2

)
dx ‖∇u2(τ)‖2,Ω ‖∇u(t)‖2,Ω dτ ≤

≤ C ′2 ‖∇u(t)‖2,Ω

ˆ t

0
‖∇u(τ)‖2,Ω ‖∇u1(τ) +∇u2(τ)‖2,Ω dτ ≤ C2 ‖∇u(t)‖2,Ω

ˆ t

0
‖∇u(τ)‖2,Ω dτ.

Then (5.1) can be written as

´
Ω (|u(x, t)|2 + χ|∇u(x, t)|2) dx+ χ

´
Γ k(x, t)|u(x, t)|σdΓ ≤

≤ a0 ‖∇u(t)‖2,Ω
´ t

0 ‖∇u(τ)‖2,Ω dτ+
+a1C1 ‖∇u(t)‖2,Ω

´ t
0 ‖∇u(τ)‖2,Ω dτ + a1C2 ‖∇u(t)‖2,Ω

´ t
0 ‖∇u(τ)‖2,Ω dτ+

+b1(p− 1)
´ t

0

´
Ω (|u1|p−2 + |u2|p−2)u(τ)u(t)dxdτ+

+a0(σ − 1)
´ t

0

´
Γ k(x, τ) (|u1|σ−2 + |u2|σ−2)u(τ)u(t)dΓdτ+

+a1

∣∣∣´ t0 ´Γ k(x, τ) (|u1(τ)|σ−2u1(τ)− |u2(τ)|σ−2u2(τ)) ‖∇u1‖2q−2
2,Ω u(t)dΓdτ

∣∣∣+
+a1

∣∣∣´ t0 ´Γ k(x, τ)
(
‖∇u1(τ)‖2q−2

2,Ω − ‖∇u2(τ)‖2q−2
2,Ω

)
|u2(τ)|σ−2u2(τ)u(t)dΓdτ

∣∣∣ .

(5.2)

We denote by y2(t) =
´

Ω (|u(x, t)|2 + χ|∇u(x, t)|2) dx.

We estimate the right-hand side of inequality (5.2), using the Holder and Minkowski inequal-
ity ∣∣∣´Ω b(x, τ) (|u1(τ)|p−2u1(τ)− |u2(τ)|p−2u2(τ))u(t)dx

∣∣∣ ≤
≤ b1(p− 1)

´
Ω (|u1(τ)|p−2 + |u2(τ)|p−2)u(τ)u(t)dx ≤

≤ b1(p− 1)
(´

Ω (|u1|p−2 + |u2|p−2)2
u2(τ)dx

) 1
2
(´

Ω u
2(t)dx

) 1
2 ≤

≤ b1(p− 1)
(´

Ω (|u1|p−2 + |u2|p−2)
2r
r−2 dx

) r−2
2r (´

Ω u
r(τ)dx

) 1
r
(´

Ω u
2(t)dx

) 1
2 ≤

≤ b1(p− 1)
((´

Ω |u1|
2r(p−2)
r−2 dx

) r−2
2r

+
(´

Ω |u2|
2r(p−2)
r−2 dx

) r−2
2r
)
×

×
(´

Ω u
r(τ)dx

) 1
r
(´

Ω u
2(t)dx

) 1
2 .

We put r = 2n
n−2 , p ≤ 2 + 2

n−2 , n ≥ 3. Then by the Sobolev embedding theorem H1(Ω) ⊂
Lr(Ω) and H1(Ω) ⊂ L2r(p−2)/(r−2)(Ω).
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In this case, taking into account the smoothness class of the solutions u1(x, t) and u2(x, t),
we obtain the estimate∣∣∣´ t0 ´Ω b(x, τ) (|u1|p−2u1 − |u2|p−2u2)u(t)dxdτ

∣∣∣ ≤ C3 ‖u(t)‖2,Ω
´ t

0 ‖u(τ)‖r,Ω dτ ≤
≤ C3y(t)

´ t
0 y(τ)dτ, C3 = C3

(
b1, p, |Ω|, supt∈(0,T )

´
Ω |∇ui(t)|

2dx
)
, i = 1, 2.

(5.3)

Now we estimate
´

Γ k(x, τ) (|u1|σ−2 + |u2|σ−2)u(τ)u(t)dΓ the term
χa0(σ − 1)

´
Γ k(x, τ) (|u1|σ−2 + |u2|σ−2)u(τ)u(t)dΓ ≤

≤ χa0(σ − 1)K1
´

Γ (|u1(τ)|σ−2 + |u2(τ)|σ−2)u(τ)u(t)dx ≤
≤ χa0(σ − 1)K1

(´
Γ (|u1|σ−2 + |u2|σ−2)2

u2(τ)dx
) 1

2
(´

Γ u
2(t)dx

) 1
2 ≤

≤ χa0(σ − 1)K1

(´
Γ (|u1|σ−2 + |u2|σ−2)

2r
r−2 dx

) r−2
2r (´

Γ u
r(τ)dx

) 1
r
(´

Γ u
2(t)dx

) 1
2 ≤

≤ χa0(σ − 1)K1

((´
Γ |u1|

2r(σ−2)
r−2 dx

) r−2
2r

+
(´

Γ |u2|
2r(p−2)
r−2 dx

) r−2
2r
)
×

×
(´

Γ u
r(τ)dx

) 1
r
(´

Γ u
2(t)dx

) 1
2 .

We put r = 2(n−1)
n−2 , σ ≤ 2 + 2

n−2 , n ≥ 3. Using the theorem on traces of functions from the
Sobolev class, we obtain
χa0(σ − 1)

´ t
0

´
Γ k(x, τ) (|u1|σ−2 + |u2|σ−2)u(τ)u(t)dΓdτ ≤ C4 ‖u(t)‖2,Ω

´ t
0 ‖u(τ)‖r,Ω dτ ≤

≤ C4y(t)
´ t

0 y(τ)dτ.
Similarly, the following terms are evaluated

a1

∣∣∣´Γ k(x, τ) (|u1(τ)|σ−2u1(τ)− |u2(τ)|σ−2u2(τ)) ‖∇u1‖2q−2
2,Ω u(t)dΓ

∣∣∣ ≤
≤ a1(σ − 1)K1C5

´
Γ (|u1|σ−2 + |u2|σ−2)u(τ)u(t)dΓ ≤

≤ a1(σ − 1)K1C
′
5

((´
Γ |u1|

2r(σ−2)
r−2 dx

) r−2
2r

+
(´

Γ |u2|
2r(p−2)
r−2 dx

) r−2
2r
)
×

×
(´

Γ u
r(τ)dx

) 1
r
(´

Γ u
2(t)dx

) 1
2 ,

a1

∣∣∣´ t0 ´Γ k(x, τ) (|u1(τ)|σ−2u1(τ)− |u2(τ)|σ−2u2(τ)) ‖∇u1‖2q−2
2,Ω u(t)dΓdτ

∣∣∣ ≤
≤ C5 ‖u(t)‖2,Ω

´ t
0 ‖u(τ)‖r,Ω dτ ≤ C5y(t)

´ t
0 y(τ)dτ,

a1

∣∣∣´ t0 ´Γ k(x, τ)
(
‖∇u1(τ)‖2q−2

2,Ω − ‖∇u2(τ)‖2q−2
2,Ω

)
|u2(τ)|σ−2u2(τ)u(t)dΓdτ

∣∣∣ ≤
≤ a1K1

´ t
0

(
‖∇u1(τ)‖2q−2

2,Ω − ‖∇u2(τ)‖2q−2
2,Ω

) ´
Γ |u2(τ)|σ−1u(t)dΓdτ ≤

≤ a1K1
´ t

0

(
‖∇u1(τ)‖2q−3

2,Ω + ‖∇u2(τ)‖2q−3
2,Ω

) ´
Ω (|∇u1(τ)|2 − |∇u2(τ)|2) dx ‖u2(τ)‖σ,Γ ‖u(t)‖σ,Γ dτ ≤

≤ a1K1C
′
2 ‖u(t)‖σ,Γ

´ t
0 ‖u2(τ)‖σ,Γ ‖∇u1(τ) +∇u2(τ)‖2,Ω dτ ≤ C6 ‖u(t)‖σ,Γ

´ t
0 ‖u2(τ)‖σ,Γ dτ ≤

≤ C6y(t)
´ t

0 y(τ)dτ
where σ ≤ 2 + 2

n−2 , n ≥ 3.

By virtue of (5.3), we obtain

y2(t) + χ
´

Γ k(x, t)|u(x, t)|σdΓ ≤
≤ a0 ‖∇u(t)‖2,Ω

´ t
0 ‖∇u(τ)‖2,Ω dτ+

+a1C1 ‖∇u(t)‖2,Ω
´ t

0 ‖∇u(τ)‖2,Ω dτ + a1C2 ‖∇u(t)‖2,Ω
´ t

0 ‖∇u(τ)‖2,Ω dτ+
+(C3 + C4 + C5 + C6)y(t)

´ t
0 y(τ)dτ,
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or
y2(t) + χ

´
Γ k(x, t)|u(x, t)|σdΓ ≤

≤ (a0 + a1C1 + a1C2 + C3 + C4 + C5 + C6)y(t)
´ t

0 y(τ)dτ. (5.4)

From (5.4) follows the inequality

y(t) ≤ C7

ˆ t

0
y(τ)dτ,

which, by the Gronwall lemma, implies
´

Ω (χ|∇u|2 + |u|2) dx = 0 almost everywhere on the
time interval (0, T ).This means the uniqueness of the weak generalized solutions.

�

6. Blow up of the solution in a finite time

We obtain conditions, under which the solution u of the problem (1.1)-(1.3) blows up in a
finite moment of time.We say that the solution u(x, t) blows up at moment time T1 if some
norm ‖u(·, t)‖Ω of the solution tends to infinity when t→ T1. We introduce the notation

Φ(t) = 1
2 ‖u‖

2
2,Ω + χ

2 ‖∇u‖
2
2,Ω + χ

σ − 1
σ

ˆ
Γ
k(x, t)|u|σdΓ,

J(t) = ‖ut‖2
2,Ω + χ ‖∇ut‖2

2,Ω + χ(σ − 1)
ˆ

Γ
k(x, t)|u|σ−2|∂tu|2dΓ.

Theorem 4. Let the conditions (1.4) is fulfilled , 2 < p < 2n
n−2 , n ≥ 3, q > 1, 2 < σ < 2(n−1)

n−2 ,
and also ´

Ω b(x, 0)|u0|pdx− a0
´

Ω |∇u0|2dx− a1
(´

Ω |∇u0|2dx
)q
−

−
(
a0 + a1 ‖∇u0‖2q−2

2,Ω

) ´
Γ k(x, 0)|u0|σdΓ− χ

σ

´
Γ kt(x, 0)|u0|σdΓ > 0,

|Φ′(0)|2 > βΦ2(0)
α− 1 + 16p

4α− p− 2Φ
p+2

2 (0) + 2Cp
2α− 1Φ(0),

where Φ(0) = 1
2 ‖u0‖2

2,Ω + χ
2 ‖∇u0‖2

2,Ω + χσ−1
σ

´
Γ k(x, 0)|u0|σdΓ,

Φ′(0) =
´

Ω b(x, 0)|u0|pdx− a0
´

Ω |∇u0|2dx− a1
(´

Ω |∇u0|2dx
)q
−

−
(
a0 + a1 ‖∇u0‖2q−2

2,Ω

) ´
Γ k(x, 0)|u0|σdΓ− χ

σ

´
Γ kt(x, 0)|u0|σdΓ.

Then the solution to the initial-boundary value problem (1.1) - (1.3) blows up in some finite
time T1, where

T1 = Φ1−α(0)
A

> 0,

A2 = |Ψ′(0)|2 − β(α− 1)|Ψ(0)|2 − 16p(α− 1)2

4α− p− 2 Ψ
4α−p−2
2(α−1) (0)− 2Cp(α− 1)2

2α− 1 Ψ
2α−1
α−1 (0).

Proof. We multiply equation (1.1) sequentially by the functions u(x, t), ut(x, t) and integrate
over the domain Ω. Then we obtain the following relations
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1
2
d
dt

´
Ω[|u|2 + χ|∇u|2]dx+ χσ−1

σ
d
dt

´
Γ k(x, t)|u|σdΓ+

+a0
´

Ω |∇u|
2dx+ a1

(´
Ω |∇u|

2dx
)q

+
+
(
a0 + a1 ‖∇u‖2q−2

2,Ω

) ´
Γ k(x, t)|u|σdΓ + χ

σ

´
Γ kt(x, t)|u|

σdΓ =
=
´

Ω b(x, t)|u|
pdx,

´
Ω (|∂tu|2 + χ|∂t∇u|2) dx+ d

dt

(
a0
2 ‖∇u‖

2
2,Ω + a1

2q ‖∇u‖
2q
2,Ω

)
+χ(σ − 1)

´
Γ k(x, t)|u|σ−2|∂tu|2dΓ =

= d
dt

´
Ω b(x, t)|u|

pdx− 1
p

´
Ω bt(x, t)|u|

pdx−
− 1
σ
d
dt

´
Γ

(
a0 + a1 ‖∇u‖2q−2

2,Ω

)
k(x, t)|u|σdΓ+

+ q−1
σ
a1 ‖∇u‖2q−4

2,Ω
´

Ω∇u∇∂tudx
´

Γ k(x, t)|u|σdΓ+
+ 1
σ

(
a0 + a1 ‖∇u‖2q−2

2,Ω

) ´
Γ kt(x, t)|u|

σdΓ−
−χ
σ
d
dt

´
Γ kt(x, t)|u|

σdΓ + χ
σ

´
Γ ktt(x, t)|u|

σdΓ.

By virtue of this notation we have

dΦ(t)
dt

= −a0
´

Ω |∇u|
2dx− a1

(´
Ω |∇u|

2dx
)q
−

−
(
a0 + a1 ‖∇u‖2q−2

2,Ω

) ´
Γ k(x, t)|u|σdΓ− χ

σ

´
Γ kt(x, t)|u|

σdΓ+
+
´

Ω b(x, t)|u|
pdx,

(6.1)

J(t) = − d
dt

(
a0
2 ‖∇u‖

2
2,Ω + a1

2q ‖∇u‖
2q
2,Ω

)
+

+1
p
d
dt

´
Ω b(x, t)|u|

pdx− 1
p

´
Ω bt(x, t)|u|

pdx−
− 1
σ
d
dt

´
Γ

(
a0 + a1 ‖∇u‖2q−2

2,Ω

)
k(x, t)|u|σdΓ+

+ q−1
σ
a1 ‖∇u‖2q−4

2,Ω
´

Ω∇u∇∂tudx
´

Γ k(x, t)|u|σdΓ+
+ 1
σ

(
a0 + a1 ‖∇u‖2q−2

2,Ω

) ´
Γ kt(x, t)|u|

σdΓ−
−χ
σ
d
dt

´
Γ kt(x, t)|u|

σdΓ + χ
σ

´
Γ ktt(x, t)|u|

σdΓ.

(6.2)

Using the notation for Φ we derive

|Φ′(t)| ≤ ‖u‖2,Ω ‖ut‖2,Ω + χ ‖∇u‖2,Ω ‖∇ut‖2,Ω +

+χ(σ − 1)
(´

Γ k(x, t)|u|σdΓ
) 1

2
(´

Γ k(x, t)|u|σ−2|ut|2dΓ
) 1

2 +

+χσ−1
σ

´
Γ kt(x, t)|u|

σdΓ.
(6.3)

Further, note that

Φ(t)J(t) =
(

1
2 ‖u‖

2
2,Ω + χ

2 ‖∇u‖
2
2,Ω + χσ−1

σ

´
Γ k(x, t)|u|σdΓ

)
×

×
(
‖ut‖2

2,Ω + χ ‖∇ut‖2
2,Ω + χ(σ − 1)

´
Γ k(x, t)|u|σ−2|∂tu|2dΓ

)
≥

≥ 1
σ

(
‖u‖2

2,Ω + χ ‖∇u‖2
2,Ω + χ(σ − 1)

´
Γ k(x, t)|u|σdΓ

)
×

×
(
‖ut‖2

2,Ω + χ ‖∇ut‖2
2,Ω + χ(σ − 1)

´
Γ k(x, t)|u|σ−2|∂tu|2dΓ

)
.

(6.4)

From (6.3), (6.4) and the inequality

(ab+ cd+ ef)2 ≤ (a2 + c2 + e2)(b2 + d2 + f 2),
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follows next inequality

|Φ′(t)|2 ≤
(
‖u‖2

2,Ω + χ ‖∇u‖2
2,Ω + χ(σ − 1)

´
Γ k(x, t)|u|σdΓ

)
×

×
(
‖ut‖2

2,Ω + χ ‖∇ut‖2
2,Ω + χ(σ − 1)

´
Γ k(x, t)|u|σ−2|ut|2dΓ

)
.

That is
|Φ′(t)|2 ≤ σΦ(t)J(t) ≤ σΦ(t)J(t) + χ

σ − 1
σ

ˆ
Γ
kt(x, t)|u|σdΓ. (6.5)

After elementary transformations (6.2) can be written in the following form

J(t) = 1
p
d
dt

(´
Ω b(x, t)|u|

pdx− a0
´

Ω |∇u|
2dx− a1

(´
Ω |∇u|

2dx
)q
−

−
(
a0 + a1 ‖∇u‖2q−2

2,Ω

) ´
Γ k(x, t)|u|σdΓ− χ

σ

´
Γ kt(x, t)|u|

σdΓ
)
−

−a0(p−2)
2p

d
dt

´
Ω |∇u|

2dx− a1(p−2q)
2pq

d
dt

(´
Ω |∇u|

2dx
)q

+
+σ−p

p

´
Γ

(
a0 + a1 ‖∇u‖2q−2

2,Ω

)
k(x, t)|u|σ−2uutdΓ+

−χ(p−1)
p

´
Γ kt(x, t)|u|

σ−2uutdΓ−
−1
p

´
Ω bt(x, t)|u|

pdx+
+ q−1

p
a1 ‖∇u‖2q−4

2,Ω
´

Ω∇u∇∂tudx
´

Γ k(x, t)|u|σdΓ+
+1
p

(
a0 + a1 ‖∇u‖2q−2

2,Ω

) ´
Γ kt(x, t)|u|

σdΓ−
+ χ
σp

´
Γ ktt(x, t)|u|

σdΓ.

(6.6)

We estimate the right side of (6.6) by the following way∣∣∣−a0(p−2)
2p

d
dt

´
Ω |∇u|

2dx
∣∣∣ ≤ a0(p−2)

p
‖∇u‖2,Ω ‖∇ut‖2,Ω ≤

≤ ε1 ‖∇ut‖2
2,Ω + a2

0(p−2)2

4p2ε1
‖∇u‖2

2,Ω ≤ ε1J(t) + a2
0(p−2)2

4p2ε1
Φ(t).

∣∣∣a1(p−2q)
2pq

d
dt

(´
Ω |∇u|

2dx
)q∣∣∣ ≤ a1(p−2q)

2p

(´
Ω |∇u|

2dx
)q−1
‖∇u‖2,Ω ‖∇ut‖2,Ω ≤

≤ ε2 ‖∇ut‖2
2,Ω + a2

1(p−2q)2

16p2ε2
‖∇u‖4q−2

2,Ω ≤ ε2J(t) + a2
1(p−2q)2

16p2ε2
Φ2q−1(t) ≤

≤ ε2J(t) + Φ p
2 (t) + C2(ε2),

where C2(ε2) =
(
a2

1(p−2q)2

16p2ε2

) p
p−4q+2 (p−4q+2)(4q−2)

4q−2
p−4q+2

p
p

p−4q+2
.

∣∣∣σ−p
p

´
Γ

(
a0 + a1 ‖∇u‖2q−2

2,Ω

)
k(x, t)|u|σ−2uutdΓ

∣∣∣ ≤
≤ σ−p

p

(
a0 + a1 ‖∇u‖2q−2

2,Ω

) (´
Γ k(x, t)|u|σ−2|ut|2dΓ

) 1
2
(´

Γ k(x, t)|u|σdΓ
) 1

2 ≤
≤ ε3

´
Γ k(x, t)|u|σ−2|ut|2dΓ + (σ−p)2

4p2ε3

(
a0 + a1 ‖∇u‖2q−2

2,Ω

)2 ´
Γ k(x, t)|u|σdΓ ≤

≤ ε3J(t) + (σ−p)2a2
0

2p2ε3
Φ(t) + Φ p

2 (t) + C3(ε3),

where C3(ε3) =
( (σ−p)2a2

1
2p2ε3

) p
p−4q+2 (p−4q+2)(4q−2)

4q−2
p−4q+2

p
p

p−4q+2
.

∣∣∣χ(p−1)
p

´
Γ kt(x, t)|u|

σ−2uutdΓ
∣∣∣ ≤ χ(p−1)

p

´
Γ
|kt(x,t)|
k(x,t) k(x, t)|u|σ−1|ut|dΓ ≤

≤ ε4J(t) + χ2(p−1)2

4p2ε4
K2

1Φ(t).
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∣∣∣∣∣
ˆ

Ω
bt(x, t)|u|pdx

∣∣∣∣∣ ≤ b1 ‖u‖pp,Ω ≤ b1C1
(
χ ‖∇u‖2

2,Ω + ‖u‖2
2,Ω

) p
2 ≤ b1C1Φ

p
2 (t).

∣∣∣ q−1
p
a1 ‖∇u‖2q−4

2,Ω
´

Ω∇u∇∂tudx
´

Γ k(x, t)|u|σdΓ
∣∣∣ ≤

≤ ε5J(t) + (q−1)2

4p2ε5
a2

1Φ2q−1(t) ≤ ε5J(t) + Φ p
2 (t) + C5(ε5),

where C5(ε5) =
(

(q−1)2

4p2ε5
a2

1

) p
p−4q+2 (p−4q+2)(4q−2)

4q−2
p−4q+2

p
p

p−4q+2
.

1
p

(
a0 + a1 ‖∇u‖2q−2

2,Ω

) ∣∣∣´Γ kt(x, t)|u|σdΓ
∣∣∣ ≤

≤ 1
p

(
a0 + a1 ‖∇u‖2q−2

2,Ω

) ´
Γ
|kt(x,t)|
k(x,t) k(x, t)|u|σdΓ ≤

≤ K1a0
p

Φ(t) + Φ p
2 (t) + C6,

where C6 =
(
K1a1
p

) p
p−2q+2 (p−2q+2)(2q−2)

2q−2
p−2q+2

p
p

p−2q+2
.

∣∣∣∣∣ χσp
ˆ

Γ
ktt(x, t)|u|σdΓ

∣∣∣∣∣ ≤ χ

σp
K2

ˆ
Γ
k(x, t)|u|σdΓ ≤ χ

σp
K2Φ(t).

Substituting the obtained estimates in (6.6)

(1− ε1 − ε2 − ε3 − ε4 − ε5)J(t) ≤ 1
p
Φ′′(t)+

+
(
a2

0(p−2)2

4p2ε1
+ (σ−p)2a2

0
2p2ε3

+ χ2(p−1)2

4p2ε4
K2

1 + K1a0
p

+ χ
σp
K2
)

Φ(t)+
+(4 + b1C1)Φ p

2 (t) + C2(ε2) + C3(ε3) + C5(ε5) + C6.

(6.7)

We multiply inequality (6.7) by Φ(t) and, taking into account (6.5) reduces to the ordinary
differential inequality

Φ′′(t)Φ(t)− α|Φ′(t)|2 + βΦ2(t) + 4pΦ
p+2

2 (t) + CpΦ(t) ≥ 0, (6.8)

where α = p(1−ε1−ε2−ε3−ε4−ε5)
σ

, εi = p−σ
10p , i = 1, 2, ..., 5;

β = p

(
a2

0(p− 2)2

4p2ε1
+ (σ − p)2a2

0
2p2ε3

+ χ2(p− 1)2

4p2ε4
K2

1 + K1a0

p
+ χ

σp
K2 +K1χ

σ − 1
σ

)
.

We require that the coefficients satisfy the condition p > σ. In this case ε can be chosen, so
that α > 1.

We introduce a new function
Ψ(t) = Φ1−α(t), α > 1. (6.9)

Dividing both sides of inequality (6.8) by Φ1+α(t) ≥ 0, we obtain the inequality
Φ′′(t)
Φα(t) − α

|Φ′(t)|2
Φ1+α(t) + βΦ1−α(t) + 4pΦ

p
2−α(t) + CpΦ−α(t) ≥ 0,
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which for the function Ψ(t) takes the form
Ψ′′(t)
1− α + βΨ(t) + 4pΨ

p−2α
2(1−α) (t) + CpΨ

α
α−1 (t) ≥ 0. (6.10)

Now we make another assumption about the initial data:

Φ′(0) = −a0
´

Ω |∇u0|2dx− a1
(´

Ω |∇u0|2dx
)q
−

−
(
a0 + a1 ‖∇u0‖2q−2

2,Ω

) ´
Γ k(x, 0)|u0|σdΓ− χ

σ

´
Γ kt(x, 0)|u0|σdΓ+

+
´

Ω b(x, 0)|u0|pdx > 0.
(6.11)

Hence, there exists a time instant t1 > 0, such that

Φ′(t) ≥ 0 for all t ∈ [0, t1]. (6.12)

From relation (6.9) we have the expression
Ψ′(t) = (1− α)Φ−α(t)Φ′(t), (6.13)

from which, by virtue of (6.12) taking into account α > 1 we obtain

Ψ′(t) ≤ 0 for all t ∈ [0, t1]. (6.14)

Then, multiplying (6.10) by Ψ′(t), we obtain the following inequality
Ψ′′(t)Ψ′(t)

1−α + βΨ(t)Ψ′(t) + 4pΨ
p−2α

2(1−α) (t)Ψ′(t) + CpΨ
α
α−1 (t)Ψ′(t) ≤ 0 for all t ∈ [0, t1],

from which we get

Ψ′′(t)Ψ′(t) ≥ β(α−1)Ψ(t)Ψ′(t)+4p(α−1)Ψ
p−2α

2(1−α) (t)Ψ′(t)+Cp(α−1)Ψ
α
α−1 (t)Ψ′(t) for all t ∈ [0, t1].

Hence it follows that
1
2
d

dt
|Ψ′(t)|2 ≥ β(α− 1)

2
d

dt
|Ψ(t)|2 + 8p(α− 1)2

4α− p− 2
d

dt
Ψ

4α−p−2
2(α−1) (t) + Cp(α− 1)2

2α− 1
d

dt
Ψ

2α−1
α−1 (t).

Integrating the last inequality, we have

|Ψ′(t)|2 ≥ A2 + β(α− 1)|Ψ(t)|2 + 16p(α−1)2

4α−p−2 Ψ
4α−p−2
2(α−1) (t)+

+2Cp(α−1)2

2α−1 Ψ
2α−1
α−1 (t) ≥ A2,

(6.15)

where

A2 = |Ψ′(0)|2 − β(α− 1)|Ψ(0)|2 − 16p(α− 1)2

4α− p− 2 Ψ
4α−p−2
2(α−1) (0)− 2Cp(α− 1)2

2α− 1 Ψ
2α−1
α−1 (0).

We require the fulfillment of one more condition on the initial data
A2 = (α− 1)2|Φ′(0)|2Φ−2α(0)−
−β(α− 1)Φ2−2α(0)− 16p(α−1)2

4α−p−2 Φ p+2−4α
2 (0)− 2Cp(α−1)2

2α−1 Φ1−2α(0) > 0.

|Φ′(0)|2 > βΦ2(0)
α− 1 + 16p

4α− p− 2Φ
p+2

2 (0) + 2Cp
2α− 1Φ(0). (6.16)
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Then from inequality (6.15), we obtain
|Ψ′(t)| ≥ A > 0 for all t ∈ [0, t1]. (6.17)

Hence it follows that

−Ψ′(t) ≥ A > 0 ⇒ Ψ′(t) ≤ −A < 0 for all t ∈ [0, t1].

From expression (6.13)

Ψ′(t) = (1− α)Φ−α(t)Φ′(t) ≤ −A ⇒ Φ′(t) ≥ A

α− 1Φα(t) > 0,

whence it follows that, under the initial condition (6.11) the value Φ′(t) remains greater than
zero for the entire interval of existence of a solution to the original problem. Thus, from
(6.17) it follows that

Ψ′(t) ≤ −A < 0 for all t ∈ [0, t1].

Integrating the last inequality, we obtain
Ψ(t) ≤ Ψ(0)− At,

Φ1−α(t) ≤ Φ1−α(0)− At ⇒ Φ(t) ≥ 1
[Φ1−α(0)− At]

1
α−1

.

Hence, in a finite time T0 ∈ (0, T1], where

T1 = Φ1−α(0)
A

> 0,

The function Ψ(t) becomes zero. Which means
lim
t→T0

Φ(t) = +∞.

�

7. Exponential decay of the solution in time

In this section we consider the quasilinear equation
∂

∂t
(u− χ∆u)−

(
a0 + a1 ‖∇u‖2q−2

2,Ω

)
∆u+ u+ |u|p−2u = f(x, t), (7.1)

in the cylinder QT = {(x, t) : x ∈ Ω, Ω ⊂ Rn, 0 < t < T} with nonlinear boundary
∂u

∂n
+ |u|σ−2u

∣∣∣∣∣
Γ

= 0, Γ = ∂Ω× (0, T ), (7.2)

and with the initial condition
u(x, 0) = u0(x). (7.3)

Here Ω ⊂ Rn, n ≥ 3 a bounded domain, with a sufficiently smooth boundary ∂Ω, a0, a1
and σ are positive constants. We are interested in the asymptotic behavior of the solution
when time tends to infinity.
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We multiply equation (7.1) by the function u(x, t) and integrate over the domain Ω, we
obtain

ρ′(t) + a0
´

Ω |∇u|
2dx+ a1

(´
Ω |∇u|

2dx
)q

+
+
(
a0 + a1 ‖∇u‖2q−2

2,Ω

) ´
Γ |u|

σdΓ +
´

Ω |u|
2dx+

´
Ω |u|

pdx =
´

Ω fudx.
(7.4)

where
ρ(t) = 1

2

(ˆ
Ω

[|u|2 + χ|∇u|2]dx+ 2χσ − 1
σ

ˆ
Γ
|u|σdΓ

)
.

We estimate the right-hand side (7.4)∣∣∣´Ω fudx∣∣∣ ≤ 1
2 ‖u‖

2
2,Ω + 1

2

´
Ω |f |

2dx.

Substituting the estimates obtained in (7.4), we obtain

ρ′(t) +Q ≤ 1
2

ˆ
Ω
|f |2dx (7.5)

where

Q = a0

ˆ
Ω
|∇u|2dx+a1

(ˆ
Ω
|∇u|2dx

)q
+
(
a0 + a1 ‖∇u‖2q−2

2,Ω

)ˆ
Γ
|u|σdΓ+1

2

ˆ
Ω
|u|2dx+

ˆ
Ω
|u|pdx.

It easy verify that
αρ ≤ Q, α = min(a0,

a0

χ
,

a0σ

χ(σ − 1)). (7.6)

Relation (7.5) and (7.6) lead us to the Cauchy problem for ordinary differential inequality
d

dt
ρ(t) + αρ(t) ≤ 1

2‖f(t)‖2
2,Ω, ρ(0) = ρ0. (7.7)

Let us assume that
1
2‖f(t)‖2

2,Ω ≤ Cfexp(−µt), µ ≥ α, Cf = const. (7.8)

An analysis of solutions to problem (7.7) allows us to make the following assertion.

Theorem 5. Let conditions (7.8) hold and u ∈ W 1
2 (Ω)⋂Lσ(Γ). Then the solution to problem

(7.1)-(7.3) satisfies estimates

ρ(t) ≤ exp (−αt)
(
ρ(0) + Cf

µ− α

)
, µ > α,

ρ(t) ≤ exp (−αt) (ρ(0) + tCf ) , µ = α.

8. Conclusion

In conclusion, we note the following. In equation (1.1), the Laplace operator can be replaced
by a more general second-order elliptic operator A ≡ div(a(x, t)∇u)+b(x, t)u. The boundary
condition (1.2) can be replaced by a non-local condition of the form

∂u

∂n
+
ˆ t

0
k(x, τ)|u|σ−2udτ

∣∣∣∣∣
Γ

= 0, Γ = ∂Ω× (0, T ).
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The technique used in this paper can be applied to many other equations of hyperbolic and
pseudohyperbolic types.
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