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1 | INTRODUCTION

In nature and human social activities, impulse is a common phenomenon. According to the duration of the changing process,
the impulse can be divided into instantaneous impulse and non-instantaneous impulse. Just as the name implies, the instan-
taneous impulse means that the time of the sudden change process is very short relative to the whole development process
and can be ignored. A non-instantaneous impulse means that the process of change is dependent on the state and lasts for a
period of time that cannot be ignored. Over the past years, instantaneous impulsive equations have received great attention,
which are often used to describe abrupt change, for instance, harvesting, disasters and so on. Detailed information and applica-
tions, see e.g.1ZBHLIOTSON0 anq the cited references. However, some phenomena in real life can not be described by the action
of instantaneous impulses, for instance, earthquakes and tsunamis. Thus, more and more scholars began to pay attention to the
study of non-instantaneous impulse. In the context of a person injecting drugs, Hernandez and O’Regan " firstly introduced
the non-instantaneous impulsive equations. In Banach space, by utilizing the theory of semigroup, they obtained the existence
and uniqueness results. Along this line, non-instantaneous impulse differential equations have received a significant amount of
attention, see for example 213467

Since the speed limitation and connection between the system internal subsystem takes time, which leads to almost all of the
sports system delay is inevitable, so there has been extensive integro-differential equations with delay in the natural sciences
and engineering technology. This kind of problem in the theory study of mathematics and engineering technology has been paid
more attention. In the early 1960s, J.J. Levin and J. Nohel studied the integro-differential equations encountered in the theory
of the nuclear reactor fuel cycle,

t

7=~ / a(t —u)g(z(u))du,
t—7
where z(f) represents the number of neutrons at time #. Since then, this kind of problem also appeared in a large number of
biological engineering, electrical and electronic fields. Differential equations with state-dependent delay has gained more and
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more attention because of its wide applications and its qualitative theory is different from equations with discrete and time-
dependent delays. In recent years, the research on semilinear differential or integro-differential systems with delay are becoming
more and more active, see for instance!8H121202112202312412506] 118 Syganya et.al took an impulsive fractional integro-differential
equation in neutral form with non-instantaneous impulses and state-dependent delay into consideration, they got the existence
results through the fixed piont theorem and the measure of non-compactness. Mesmouli et.al? studied the existence of periodic
solutions of the nonlinear integro-differential equations with delay. They used the Krasnoselski’s and Banach’s fixed point
theorem to get the desired results.

Recently, the existence of S-asymptotically w-periodic solutions of differential equations or inclusions were studied
in271281293081032 127 Hernandez et.al gave the concept of S-asymptotically w-periodic functions and introduced the relations
between the S-asymptotically w-periodic functions and asymptotically w-periodic functions. Besides, the existence of S-
asymptotically w-periodic mild solutions for a class of abstract Cauchy problem was studied. Wang?? considered a kind of
differential equations with alomost sectorial operator in a complete normed vector space which is of infinite demensional. And
they presented the uniqueness and existence results under sufficeint conditions. The authors in“? studied the non-instantaneous
impulsive differential inclusion of order @« € (1,2) and proved the existence of S-asymptotically w-periodic mild solutions
via a fixed point theorem for contraction multivalues function and a compactness criterion in the space of bounded piecewise
continuous functions defined on the bounded interval. In®!, Andrade et.al studied the systems determined by partial differen-
tial equations with infinite and state-dependent delay. The existence of S-asymptotically periodic solutions and asymptotically
periodic solutions were presented via the local Lipschitz conditions of the function concerned. What’s more, Cueves et.al*=
studied the abstract fractional equations with infinite delay in complete normed vector space and they got the existence results
of S-asymptotically w-periodic mild solutions.

As far as we know, there has been limiting lierature concerning on the existence of S-asymptotically w-periodic mild solu-
tions for non-instantaneous impulsive integro-differential equations with state-dependent delay. Therefore, inspired by the above
existing papers, we mainly consider

-

w
m
Z'(t) = Az(t) + f<t, za(,,zr),/h(t, s, za(s,zx))ds>, te U(sj,tj+1],
0 J=0
¥ m €))
2(1) = g;(t. Zy(.2 ) re | Ja. s,
j=1
Z(t) = ¢(t)’ re (_00, O]’
in which A : D(A) C G — G is a linear operator and is also closed, {U(#),t > 0} denotes the C,-semigroup and the
infinitesimal generator is denoted by A on Banach space G withanorm || - ||. Let0 = 55 < ¢, <5, < t, < -+ <1, <

Sy=w<t,  <--and lggtl =00,1;y, =1+ W, s;y, =s5; +w. f € C(0,w] X GXD,G), where D is a phase space
and g € C([tj, ;1% G, G){ j=12, ma:[0,w]XD — (—oo0,w] is a suitable function. For any z defined on (—o0, w] and
for any t > 0, we define z,(0) = z(t + 6), 6 € (=0, 0], where z,(-) is the element of D and it denotes the history of the state
from each time 6 up to the present time .

In the following, necessary notations and important Lemmas are provided in part 2. In part 3, the uniqueness and exis-
tence results of S-asymptotically w-periodic solutions are given, respectively. In part 4, examples are presented to illustrate the

applications of the results obtained.

2 | PRELIMINARIES

Set K := [0, w]. C(K, G) is the set of mapping z : K — G whose components are continuous functions. It forms a Banach
space and || z|| - denotes the norm. C,,(K, G) is the space of mapping z : K — G whose components are continuous and bounded
functions, and || - ||, denotes the norm. Cy(K, G), C, (K, G) for w > 0 are the subspaces of C,(K, G) defined as
Cy(K,G) = {z € C4(K, G) : z(0) = ¢(0)},
C,K,G)={ze C(K,G) : zis w periodic}.

Let PCK,G)={z: K—>G : z€ C((tj, tj+1], G) and there exist z(t;) and z(t;r) with z(t;) = z(tj)}, its norm is denoted
by ||z||pc- And SAP,PC(K,G) := {z : K = G,zisboundedand z € PC(K,G), tlim [zt + w) — z(?)|| = 0}, it is
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a complete normed vector space with the norm ||z|| := max [|z(H)||. The noncompact Kuratowski measure is represented
te
by u(-), uc (), ppc(-) on the bounded set of G, C(K, G), PC(K, G), we refer readers to'” 33 and the reference therein for more
details.
Lemma 2.1. (*%). D is a function mapping (—0, 0] into G, which is seminormed linear endowed with the norm || - ||, and satisfies:

@) If z : (—o0,w] = G, where w > 0, is continuous on K and z, € D, then for every t € K, there holds
(a) z, € D.
(b) There is Cy > 0 such that || z(t)|| < Cyllz,|lp, where C,, is a constant.
(¢) There exist C;,C, : R, = R such that
Iz llp < Cy(®) sup [[z(s)|l + C,® 2]l ps 2

se[0,w]

where C,, C, are both independent of z(-) with C, continuous and C, locally bounded.
(i) For function z(-) defined in (i), z, is a D-valued continuous function on K.
(iii) D is a complete space.

Definition 2.1. (**) The semigroup (U(1))» is strongly continuous bounded linear operator, if there exist constants M > 1 and y >
0 such that
U@ £ Me™, >0,

then, (U (?)),5 is called uniformly exponentially stable.

Lemma 2.2. (3%). Suppose the semigroup {U(t),t > 0} is uniformly exponentially stable. Set ¢ € C([0, o), G) and vanishes at
infinity. Let
t
v(t) = / U(t—s)q(s)ds, t >0, 3
0
then, it also vanishes at infinity.

Lemma 2.3. (3%). Assume v : [0,00) — G is defined by @) and {U(t),t > 0} is uniformly exponentially stable.
Let g € SAP,(G), then the function v(-) € SAP,(G).

Definition 2.2. If f € C,(K,G) and there is w > 0 such that f(r + w) — f(t) - 0 ast — oo. Then, f is said to be S-
asymptotically w-periodic.

Definition 2.3. f € C([0,») X G,G), if for every Q C G (Q is bounded), the set {f(t,z) : t > 0,z € Q} is bounded
and f(t,z) — f(t+ w,z) - 0ast — oo uniformly in z € Q. Then, f is called uniformly S-asymptotically w-periodic on
bounded sets.

Lemma 2.4. (°%). G is a complete normed vector space, A is a subset of G and it is bounded, then there is Ay C A which is
countable satisfying p(A) < 2u(Ay).

Lemma 2.5. (*)). G is a complete normed vector space, A = {z,} is a subset of PC(K,G) and it is bounded and countable,

therefore u(A(t)) satisfies
ﬂ<{ /zn(t)dsln € N}) < 2//4(A(t))dt.

K K
Besides, it is Lebesgue integral on K.
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Lemma 2.6. (3%). G is a complete normed vector space and for each [tj, tj+1],j =0,1,---,m, A ¢ PC(K,G) is bounded and
equicontinuous, thus u(A(t)) € PC(K, R*) and pp-(A) = sup u(A(@)).
teK

Lemma 2.7. (°%). G is a complete normed vector space. S C G and S is nonempty. Q : S — G is continuous, which called the
strict p-set-contraction operator if for every I' C S (S is bounded), there is a constant 0 < 6 < 1 such that u(Q(I)) < éu().

Lemma 2.8. (*%). G is a complete normed vector space. Suppose T is a bounded subset on G and is also closed and con-
vex, ® : I' = I is u-set-contraction operator, therefore, ® has at least one fixed point in T

Definition 2.4. If z € SAP,PC(K, G) satisfies

-

U0)$(0) + / U(t—s)f(s,za(s’zx), / h(s, T, za(T!ZT))dT)ds, te[0,1,],
0 0 m
2(0) = { 8(t Zuz): reJa. 5. )
j=1

t w

m
gj(sj,za(sj’zyj))+/U(t—s)f(S, Za(x,zs),/h(S,r,za(T,ZI))m:)ds, re | et
Jj=0

S; 0

\

then it is called an S-asymptotically w-periodic mild solution of problem (TJ).

We assume f, g i h and «a satisfy the conditions:
(H1) f € C(K XD xG,G) and satisfies

(a) forevery ¢ > 0, there is L,(-) > O satisfying
”f(t7 th,u) - f(ts Ztl’u)” S Lf(C)“z - tl |9 ts t]s t2 Z 09
forall z : (—oo,w] = G suchthatzy = ¢ € D, z : [0, w] — G is continuous and n}gx] lz()H| £ ¢;
se|0,w

m

(b) forz;,z, € D, u,v € Gandeacht € U [sj, tj+1], there exists a constant L} > 0 satisfying
j=0

1f @ z,u) = f(E 2z, V)| £ L,f[”Zl = Zollp + llu —vll];

(c) there exist constants Ly, Ly, L, > 0 such that || f(#, zy, 2,)ll < Ly + L ||z, || + L;||z,]| for each 7 € [s;,7;,,] and
all z;,z, €G, j=0,1,2, -, m

(d) there is a positive function L j(t) € L'(K, R*) such that for any bounded subset B, cD, B, CG,
U@ BLB) < L0 sup u(BO) +u(By). 1€ [ Jis) 1)
0€(—00,0] =0
(H?2) The function « € C(K x D, R") satisfies
(a) —o0 < a(t,z) <t, forz € D. And
at+w,p)—a(t,) -0, t— oo,
uniformly for ¢ in bounded sets;

(b) there exists a constant L, > 0 such that

lla(t, y,) — a(t,y)Il < L,lly, —willp, w1, v, €D.

(H3) h: {(,s) e KxK :s<t}XxD— Giscontinuous and satisfies
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(a) there exists a constant L, > 0 such that for z, z, € D,
H /[h(t, 5,2)) — h(t,s,zz)]dsH < Llizy - 2,lIp:
0
(b) there exists a constant Ly > 0 such that ||a(t, s, z)|| < L3(1 + |[z||) for each ¢ € [s;,7;,,] and all z € G, j =
0,1,2,--,m.
(H4) There exists p; € L'(K x K, R*) such that for each bounded set y € D,

uhit,5.) < p,(0.9)( e Hw(6) ).
€(—00,

(HS) Forany j €N, g; : [1;,5;] X D — G such that for any z € G, the function t — g;(7, z) is differentiable at s; and

(a) forall z € G, there is

t_)gfjrioo g sm( + w, 2) — g1, 2)|| = 0; )
(b) there exists L’g > 0 such that
”gj(t’ Zt]) - gj(t’ th)” S L,gj(r)“tl - t2||’ J € N’ (6)

forall z : (—oo,w] — G such that z, = ¢ € D, z : [0, w] — G is continuous and n}ng lz()]| < r;
se[0,w

(c) forzy,z, € Dandeacht € [1},s;], thereis ||g;(#, z)—g;(1, z,)|| < Lglllzl—zzllp, where ng > (O is aconstant, j =
1529 s, MG

(d) there is a constant Ly > 0 such that ||g;(#, 2)|| < Ly(1 + ||z||) foreacht € [1;,s;]and all z € G, j = 1,2, -, m;

(e) there exist constants f§; > 0 such that for each bounded set B C D,

(g1, B) < B sup HBO) ).

3 | MAIN RESULTS

Theorem 3.1. Suppose (H 1)(a)(b)(c), (H2)(a)(b), (H3)(a)(b) and (H5)(a)(b)(c)(d) hold, f,h are uniformly
S-asymptotically w-periodic on bounded sets, and {U(¢t),t > 0} is uniformly exponentially stable. If

MO+L)0=s)
[t v, |} <,

then a unique S-asymptotically w-periodic mild solution of problem (1) can be obtained.

p :=max{5

Proof. We define the operator H on the space SAP, PC(K, G) by

-

, w
U(1)(0) + / U =) (5 2oz / hS. T, Zugez, )7 ) s, te0,1,],
0 0 m
(H2)(1) = § &t Zagez): reJa.s) @)
f w =
gj(sj,za(x/,le))+/U(t—s)f(s,za(s’zs),/h(s,r,za(,,zr))d'r)ds, re eyl
5, 0 i=0

Obviously, H is well defined and the fixed points of H is actually the mild solutions of the problem (T)). Firstly, we claim
forz € SAP, PC(K,G),then Hz € SAP, PC(K, G).
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Fort € (s;,1;,,], thent +w € (s; + w, 1, + W] = ()4 14 14m])- Hence

Hw w

5 CS  Zats e, )+ / UG+ w=5)f (5 Zuge / hs. T Zugez )T ) ds

Jm 0

t w

= 805} Zugs i, ) — / U(t—s)f<s,za(s,zy), / h(s,r,za(,,zr))dr)ds” ®)

s; 0

w

t
<| / U(t+w—s)f<s,za(s,zs), / h(s,r,za(f’zf))dr>ds

j 0

t w

- / U =) (5 2z / 1,7 2 )7 )5 | |8 Zat 2 ) = 850 Zats)
s; 0

w

t
< ” / U(t-ys) [f(s + W, Zy(shwyz,, ) / h(s +w,7, za(,,zr))d‘r)

0
w

- f<s, Zo(s,2,) / h(s, 7, Za(r,z,))dfﬂ ds” + ”gj+m(sj+m, Zy(s
0
For the first term in (§)), we define

)) - gj(sj, Z“(S/’Z»fj))H'

J+moZsjam

w t

u(s) = f(s,za(w, / h(s, z, Za(T’ZT))dT, u(s) = / U(t—s)(u(t+w)—u(t))ds,
0 s;

then,

llu(s + w) — u(s)|

w w

= |7 (5 + @ 2z / B+ 10,7, 24002 )T ) = £ (8 Zagrz / hs, T Zugez )37 ) |

0 0

w w

< “f(s +w, Za(s+w,zs+w)’ / h(S +uw,r, Za(T,zr))dT> - f<S, Z‘X(‘T+W,Z:+u:)’ / h(S tw, Za(r’zf))dr) ” (9)
0 0

w

+| f<s, Zaterioz,, / h(s + w, T, za(mf))dr) - f(s, Zatsay / h(s + w, T, Za(r,zf))d’[>||

0 0
w w

+ “f(s, Zo(s,z,) / h(s+w,t, Za(r,z,))d'L') — f(s, Zo(s,z,) / h(s,, za(f’zf))dr>“, s> 0.
0 0

Obviously, the first term in (@) tends to 0 as t — oo. For the second term in () , combining (H 1)(a) and (H2)(b), we have

Hf(s,za(ﬁw,zw),/h(s +w,7, za(,,zr))dr> - f<s, L. / h(s + w,, Za(r,zg)dT)H

0 0

S Ly(Dlals +w, zgy,,) — als, z,)|

< LOla(s +w, zg,,) — al(s, zg )| + L(Olals, z,,,) — als, z,)|

S LpOlals + w, 2gy,) = a5, Zg )| + L Lo |2 = 2

-0, s— o0.

w

s
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For the last term in (9), combining (H 1)(b), one gets

w w

”f(s, Zo(s,2,)> / h(s+w,, Za(,[,z1))dT> - f(s, Zo(s,2,)> / h(s + w, t, za(f’zr))dr> ”

s 0
< L} / Hh(s +w,7, Za(r,zr))dT — h(s. 7, z“(r’zf))“df

-0, s— 0.

Therefore, there holds |[u(s + w) — u(s)|| - 0, s — oo, thatis u € SAP,PC(K,G). Combining {U(?)},5, is uniformly
exponentially stable, then from Lemma 2.3, v(s) € SAP,,PC(K,G) as s — 0.
For the second term in (8), combining (6)), we have

||gj+m(sj+m’za(s )) gj(sj’zll(Y ,Zg ))”

jmoZs) +m

< ||gj+m(s + w, za(s ) - gj+m(sj + w, Za(sj,zsj))” + ||gj+m(sj +w, Za(sj,zsj)) - gj(sja Zoz(sj,zsj))”

jamiZs; +m

<L (r)“a(strm, )~

JERS (Sj + w, za(sj’zsj)) - gj(sj’ za(Sj,ij))”

From (@), one can get that ngm(sj + W, Zys, ‘)) —g;(s;, Zas) 2, ))H — 0 as s; — oco. From (H2)(a) and (H2)(b), there is

)= als;. z,)

|<“a(sj+m, o) = (85 2 )”+“a(sj, 5yon) ~ (855 Z )

< ||a(sj+m’ s m) - (Z(Sj, ZsHm)” + La”zsj+w - zsj ”

““(SHW Zs

-0, 5; = oo.

Then ||gj+m(sj+m7za(sl. 5 ) = 8085 Zas, ))H — Oas s; — oo, which shows Hz € SAP,,PC(K,G) fort € (s;,1;,,], j =
+moZsjym s
0,1,2,-

Fort € (t thent+ w € (t +w,s; +w]= (tj+m, Sjsmls combining (H 2)(a)(b) and (H5)(a)(b), one has

j»Sils
18+m(® + w, Za([+w,zr+w)) - g1, za(t,zt))”
SNgjam( + W, Zg(irz,,,) — &jam( + W, Zo o DI+ 18t + W, 24 2) — 85, Zagr )l
< L Ol + 10, 710) = 1 2D+ LallZisss = 2]+ 180+ 0, Zarri,) = B Zaterin, )
-0, t-> o,
which implies that Hz € SAP,PC(K,G) fort € (1}, s;].

Fort € [0,1,], since U(#)¢(0) — O ast — oo, then U(-)¢p € SAP,PC(K, G). Therefore the problem is reduced to verify
that [ U(t — s)f (s, Zatszr Jo P(S,Ts Zge . ))dT )ds € SAP,PC(K,G), which can be viewed as the special case when 1 €
(sj, tj+1]. Thus, Hz € SAP,PC(K, G) fort € [0,¢,] is obtained.

Secondly, set B, = {z € SAP,PC(K,G) : ||z|| < n},itis obvious that B, is a closed and convex subset of SAP,, PC(K, G),

then we show that for any n > 0, there is a constant b > 0 such that for each z € B,, there holds || Hz|| < b. Define y,which
can be regarded as the extension of ¢ € D, as

d@), t € (—0,0],
w(t) =4 U@(0), t€[0,1],
0, t € (1), ).
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Therefore, z, = ¢. Let z(t) = y(1) +w (1), t € (—o0, w], if z(-) satisfies @), then y, = 0 and z, = y, +y,, where y(¢) is defined by

-

t w

/ U= ) (5 Yatos, vy + Vo, wuy / BT Vate, iy + Ve w7 ) s, 1€10.1,],

0 0 "

8/ Vatsytw) T Vatsy ) re U(tj’ Sils
=5 , . i

/ U - s)f(s, Yats.y,+wy) T Vatsy v, / h(s, z, Yoy +p) + Wa(fvy1+wf))d7>ds

Sj 0

-
+8(Sj Vats .y, +u,) T Vats, o, +u,)> re H)(sf’ fsrl

Set SAP,,PC(K,G) = {y € SAP,PC(K,G) : y, = 0}. For simplicity, define D, = SAP,,PC(K,G). Then for any y €
D,,, one has

I¥lls, = sup lIyll-
t€[0,00)

The space (D, || - ll5,) is a Banach space. Define N : D, — D, by

t w
/ U - s)f<s’ya(s,ys+ws) * Wats.y ) / h(s, T, Yae,y 4y + V’a(r,yﬁwr))dl')ds’ t€[0,1],
0 0

m
gj(t9 ya(s,ys+yls) + Wa(s,y5+yls))’ re U(tj’ sf]’
Ny =3 w0 =t 10

/ U - s)f(s, Yats.ytwy) T Vatsy 4w / hs, 7, Yatey+p) T V/a(fsyﬁwf))d‘[)ds

s; 0

m
+gj(sj’ ya(s/,yxjﬂ,sj) + Wa(sj’y§j+V’5j))’ te LJO(Sj, tj+l].
j=

Since {U(r),t > 0} is uniformly exponentially stable, then from Definition 2.1, there yields |[U(®#)|] < Me™ < M,
thus, U (#)¢(0) is bounded. The problem is reduced to prove that N maps any closed ball B, of D,, into bounded sets in D,,. We
only need to show that forany y € B, = {y € D,, : ||y||D-w < L}, one gets || Ny|| is also bounded.

For any y € B, and for ¢t € [0, ¢,], we have

t w
INYOlp, <M / e f(s’ya(s,yﬁ%) F Vatsy+w) / h(s. 7. Yoy, 1w + W"(T’erf‘/’r))dT) ||Dds
0 0
t w
<M / | Lo+ LillVatosnp + Vatosewolp + L / 1AGS. . Vatey ) + Ve lpd7 | ds
0 0

t w

<MLyt + MLt ||ya(s,yx+qld.) + Wa(s,yx+y/&)”D +ML, / / lA(s, 7, Ya(@.y,i,.) + W(x(‘[,yr-}-v/r))”Ddes
0 0

t w

<MLy, + MLt ||ya(s’yl+%) + ll/a(s,yj+ws)”D +ML,L, / /(1 + ||ya(f,ym) + Wa(r,y,+u/,)“D)deS
0

0
rw

SMLyty+ MLt Vo5 4y + Watsy+wpllp + WMt Ly Ly + ML, Ly / / ||ya(f’yr+%) + Vo, 4y llpdTds.
0 0
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From (2) and the properties of the norm, one has

Yats.y ) + Yatsyrunlp < Watsyvup o + 1Waisy 4D
< G0 sup Iyl + COllyollp + €, (@) sup [lw ()l + GOl 9lp 1D
] r€[0.1]

se€[0,w

<G Sup] Iy + [MC,(DC, + C;OM 9l p

se[0,w

<6 sup |yl +C',

s€[0,w]

where § = sup C,(r) and C’ = [M C, + C,(1)]||@|lp- Therefore, combining (TT)), we can obtain that

te[0,w]
I(NYDIlp, <t yMLy+t,ML(6n+ C')+wMtL,Ly+ ML, Ly(6n + Chuwt,
= Mt,[Ly+ (L, + wLyLy)(6n + C") + wL,Ls].
Fort e (tj,sj], we have

”(Ny)(t)”Du = ”gj(t’ ya(’d’r*"l’r) + wa(t,y,+y/,))” S L4(1 + ||ya(t,y,+l,,,) + Wa(t,y,ﬂ,/r)”) S L4(1 + 57] + C,)

Fort € (s;,1;,,], one gets

t w

INDOlp, <M / 17/(5 Yatos o + Vo vuer / BT e )+ Watoo )T ) s
S

j 0

+118CS 2 Vs, vy 4w F Wats, +w5,>)H

<M, —s,) [LO + (L, +wLyLy)(6n +C') + wL2L3] + Ly(1+ 61+ C"),

then, one can get that [[Nyllp, < g, where ¢ = M(t;,; — ;)| Ly + (L; + wL,L3)(6n + C') + wL2L3] + L,(1+6n+C").
Set b = M||¢(0)|| + g, then for any z € B,, there holds || H z|| < b.
Finally, for u, v € D,, and for ¢ € [0,1,], there holds

| Hu(t) — Ho(@)|

w t w

t
<| / Ut —s) f(s,ua(w_), / h(s, T,ua(T’uT))d’r)dS— / Ut —s) f<s, Vs / h(s, T, Ua(T’Ur))d'L')ds”

0 0 0

0
t
—y(t— !’
<M / e ¢ S)Lf [||ua(s,u3) — Ua(s,vs)”D + Lh||ua(mr) — Ua(r,u,)”]ds
0

t

<M1+ Lh)”L,f / e_Y(t_S)”ua(s,ux) — Ug(s.op llpd's.
0
From (@), we have
”ua(s,uJ) - Ua(s,u\.)”D < Cl(t) sup ”u(t) - U(t)” < 5”“ - U” (12)
’ 1€[0,w]
Therefore,

sMt,(1+L,)

I(Hu)(®) — (Ho)®)]| < L flu=vll.

Foru,v € D,, and fort € (t;,5;], combining (T2), we have
ICHu)(®) = (HO)OIl < Ly ) = Vaguyllp < 0L llu =0l
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Foru,v € ij andr € (sj, tj+1], one can obtain

ICHu)(®) = (Hu)@)|

t

<ML, / €7 M) = Va1 + LiWacesy = Baceapll| 45 + L Wags ) = a1

6[M(1 + L)ty —5;)
B Y

Thus, we get that ||(Hu)(t) — (Hv)(®)|| < pllu — v||, from which one can get that H is contractive. From the Banach’s fixed
point theorem, H has a unique solution which is the mild solution of problem (T). Since for any z € SAP,PC(K, G), there

is Hz € SAP,PC(K, G), then, the uniqueness of S-asymptotically w-periodic mild solution for problem (1) is obtained. []

L+ ng] llu = o]l.

Theorem 3.2. Suppose (H1)(c)(d), (H3)(b), (H4) and (H5)(a)(d)(e) hold, {U(?)},5q is uniformly exponentially stable and
equicontinuous, therefore, at least one S-asymptotically w-periodic mild solution of problem (1)) can be obtained provided

t

: ::max{4M(tj+1 —s)( +2,3)/Lj(s)ds+2/3j} <1
0

Proof. Consider the operator defined by (I0). It is obvious that the fixed pionts of (I0) are actually the mild solutions
of (I). Therefore, we mainly prove the operator N has at least one fixed piont.
(a) First, we are going to prove N is continuous.
Let y" — yasn — oo in D. Then for 7 € [0, 1,], there is
ICNYH@) = (Ny)Dllg

t w

j— n
= ” / U-sf (s’ aGs.yrwy) T Yty ry)» / h(s. 7. Voo y vy + "’a(f,yﬁwf))dT)
0 0

t w

- / U@ - s)f(s, Yats.yow) T Vatsy+w)» / h(s. T, Yoy, 1w + Wa(r,yﬁw,))df)dsu

0 0
t w

—y(t—s) n n
<M / € ’f<s’ ya(s,yx+u/x) + Yais,y,+w,) / h(s, z, ya(r,yr+y/r) + Wu(r,y,+v/,))d7>
0
w

0
- f<s, Yatsy+w) T Vats.y 4w / h(s. 7, Yaey, v + V’a(r,y,+u/,))d7> ”ds.
0
Since f € C(KXDXG,G),and h : {(t,s) € KXK : s <t}XD — G iscontinuous, then, ||(Ny")(#)—(Ny)(®)|| - Oasn — oo.
Fort e (tj, sj],

”(Nyn)(t) - (Ny)(t)”G = ”gj(t’ yZ(l,,\’,'HI/r) + Wa(z,yrﬂ,/,)) - gj(ta ya(,,y,ﬂ,,,) + Wa(t,y,+q/,))”7
from the continuity of g;, one can easily obtain that |[(Ny")(1) = (Ny)()|lg — 0 as n — oo.
Fort € (sj,tj+1], we get
w

n n
f<s’ ya(s,ys+%) + Wa(s,yﬁ%)’ / /’l(S, 7 ya(‘r,y1+w1) + Wa(r,yr+wr))dr)
0

1N Y@ — (N)Dllg < M / o)

J
w

-f (S’ Yats.yrw) T Vats.y+u) / (s, T, Yty 4y T Wa(r,yﬁwr))df) Hds
0

1

+ ng(sj’ ya(sj,ysl +yy) + wa(sj,y:?/ +Wx,)) - gj(sj’ ya(sj,ysj +v;)) + wa(sj,yslﬂllxl))H'
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Therefore, ||[(Ny")(#) — (Ny)®)|lg — 0asn — oo, since f, h and g; is continuous.

(b) We will prove that N maps bounded sets into bounded sets in D,,, which can be directly obtained from the proof of
Theorem 3.1, we omit it here.

(c) We will prove that N maps bounded sets B, into equicontinuous sets of D,.

Foreachr € [0,7,],0 < p, < py <t;,z € B, we have

I(N 2)(uy) — (N 2)(u)l

Ha w
< / “[U(Ml - S) - U(,le - S)]f(S, ya(s,ys+uls) + lllﬂt(s,y5+llls)’ / I’l(S, 7 ya(f-yfﬂl/f) + W‘X(Tvy1+Wf))dT> ||dS
0 0
Hy w
+ / ”U(”l - s)f(s, Ya(s.y,+w,) + Vals.y,+w,) / h(s, z, Ya(z.y.+y.) + lVoc(f»y,+w,))d1-> ”ds
Ha 0
Hy w
< / [0 = 9= Uy = 9015 (5 Vo, w0y + Vs su / BT e * atoe)7 )| 5
0 0
My w
+M ”f(s, Yatsy+u) T Vats.y+w) / h(s. T, Yaey, 4w + Wa(f,y,ﬂ/,))dT) “ds.
Ha 0

Since f is continuous function, thus it is integral. Combining {U (), t > 0} is equicontinuous, we can conclude that ||(V z)(¢;)—
(Nz)(u)|l = O as py — .
Foreacht € [tj,sj],tj SHy<p <s;,z€ Bn, one gets
(N z)(uy) — (N2)()l < ”gj(ﬂp ya(ﬂl,yulq.wm) + U/a(ﬂl,yﬂﬁwﬂl)) - gj(//lz, ya(ﬂz,yﬂﬁwﬁ) + V’a(,lz,y”ﬁw”z))”-
From the fact that g;(7, z) is continuous, thus [|(Nz)(y;) — (N 2)(u)|l = 0 as p; = py.
Foreacht € [s;52;01],8; < pp < py <tj4y,2 € B, one has

ICN 2)(uy) = (N 2)(y) |

w

Hy
< ” / Ul = 9)f <s’ Yats.y+v) T Vats.y v / RS, Vaceyvu) +V’a<r,y,+w1>)d7>ds
S; 0

Hy w

- / Uu, = s)f(s, Yats.y,+w) T Vatsyty,) / CH I MR V’a(r,y,+w,))d7>dsH
0

J

S

+

’gj(sj’ Vats vy +w) T V/a(s/,yxﬁ%j))ds =855 Vats;yg+u,) T Wa(s/,y:ﬁwsl.))“
w

Ha
< / [10Gu =9 = Uty = 917 (5 ooy + Vet / RS T Vute, ) + ate o7 |ds

j 0

Hy w
+ M/ ”f(s, Yats.yrw) T Vatsy+w) / h(s. 7, Yatey 4w T Wa(r,yﬁw,))di—) Hds
Ha 0
+ ”gj(sj’ ya(S,,ysj+%,) + Wa(sjyyxﬁwsj)) - gj(sj’ ya(sj.yx,+wx,) + Wa(spyxﬁwx,))H'

Combining the fact that f,g; are continuous functions and {U(#),t > 0} is equicontinuous, there holds [|[(Nz)(y;) —
(N z)(up)|| = 0 as u; — u,. So the operator N is equicontinuous.
Forany B C B,, by Lemma 2.4, there is B = { ¥’} which is a subset of B and countable such that

(N (B))p < 2u(N(By))pc- (13)
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From the boundedness and equicontinuity of N (B;) C N(B,), by Lemma 2.6, one gets
upc(N(By) = max u(N(By)(®). (14)
Jrhi+l
For t € [0,1,], from Lemma 2.5 (H 1)(d), (H4) and the fact that —co < a(s, y, + y,) < s, we have

t w

HINBY) = w( / U= )1 (5:Y5 1) + Vatsor / BT gy gy * Wit 17 ) 5 )

0 0
t w

/ /
< MM( / f(S, ya(s,y£_+lyl.) + ll/a(s,y;+lllx)’ / ]’l(S, . ya(‘r,y;+w,) + lIja(‘r,y"r+ll/,))d,’:)ds)

0
w

0
t
/ /
< 2M / M(f(ss ytl(S,y’s+l/IX) + Wa(s,y»’y+q/x)’ / h(S, T, ya(T’y/T+wr) + Wa(r,y’r+wr))d7>>ds
0

0
w

t
[ ’ /
<2M / L;(s) LS, H(Va(syr 4y + Vatsyaw) T e /4( / h(S, T Yooy vy T Vateyr4w))d T)] ds
0 ' ' 0
t w
< 2M/Lj(s) sup  u(('(s+0)+w(s +0))ds+2/pj(s,1) sup (3'(s+6)+w(s +9))d1]ds
0

- 0E€(—00,0] 0€(—00,0]
0

- 7€[0,s] 7€(0,s]

t
<M / L) sup w0/ @) +27 sup w2
0

s€[0,w]

SZMt1(1+2ﬁ)/L,-(S) sup u(y'(s))ds
0

t

<2M1 (1 +2p)upc(B) - /Lj(S)dS,
0
where 5= [“ p (s, 7)dt < co. Therefore,

t
H(IN(B))pe < 4M1,(1 +25)ptpc(B) - / L;(s)ds. (15)
0

Fort € (tj, sj], combining (H 5)(e), one has

HONBOO) = (8,8 VL 1oy + Vi) )

<B; sup u(y'(t+6)+y(t+0))
6e(—00,0]

< B; sup u(y'(7)

7€[0,1]

< B; sup ] u(y'(2))

te[0,w
< ﬁjﬂPC(B)-
Thus,
H(N(B))pc < 2B;pupc(B). (16)
In a similar way, for 7 € (s;,;,,], from , (H1)(d),(H4),(H5)(e) and Lemma 2.5, there is

t
HINB)) pe < 2u(N(By))pe < [4M 1), = 5,)(1 +27) / L,(5)ds + 25, | upc(B).
0
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Then, N is a pu-set-contraction. We can conclude from Lemma 2.8 that N has at least one fixed point y* € B, C D,
Let z(¥) = y*(t) +w (), t € (—o0, w], therefore, one can easily obtain that z is a fixed point of the operator H, which implies z is
a mild solution of (EI) From the proof of Theorem 3.1, for any z € SAP, PC(K,G), thereis Hz € SAP, PC(K, G), from
which one can conclude that the problem (1)) has at least one S-asymptotically w-periodic mild solution. O

4 | EXAMPLES

Set G = L*([0, z], R) be a complete normed vector space equipped with the L? norm || - ||,. Set K = [0, z], 0 = 5y < 1; = % <
5 = % <t, = %” =5, <t3 =, m=2.DeﬁneAz=—:—;zforzeD(A)withD(A)= {ze G : %,% € G,z(00) = z(x) =
0}. From 5%, A generates an analytic C,-semigroup of bounded operators (U(®);»p on G, which is uniformly exponentially
stable with ||[U(?)|| < 1.

Example 1. Consider

P

t

2 z(s — a(s)a, (|| z()]], x
%z(t,x) = %z(r,x)+/es—’ ( i )72(” Il ))ds
J [ sinG - 9)] [°. 2(r=9) 2z @OUzOND) 4oy ¢ (t,x) € (5;,1,11% [0,7],j = 0,1,2, -+, m,

o2(t — ay (|| 2()]], X)) - sin(t)) an

z(t, x) = ; >0, (t,x) € (t,s,1x[0,7], j=1,2,--,m,
z(t,0) = z(t,7) = 0, t e (0, w),
| z(2,x) = ¢(1, x), t € (—0,0], x € [0, x].

For (¢,¢) € [0, w] X D, where £(0)(x) = £(0, x), (0, x) € (—00,0] X [0, z]. Let z(t)(x) = z(t, x), a(t,&) = a;(H)a,y(]|£(0)]]), then
one gets
0

F1.E,pEYx) = / e %ds + pE).
g, () = ot sin()
j b . 9

T 0
where pé(x) = / | sin(t — s)| / e gdrds.
0 —o0

Therefore, the problem is transformed into the form of (I). And it is obvious that f is an S-asymptotically w-periodic
function on the bounded set [0, z]. In the following, we assume that a; [0, 00) = [0, ), j = 1,2 are continuous all the time.
Then, for t € [0, 7], we have

7 0 T 0
s < ([ ([ e Slas+ [rsina-sn [ & |fasas) ax)’
0 —0co 0 —c0
z 0 0

L[ L[ o 2 \E_2m
< (/(7/@-sup||5||ds+7/e25-sup||§||ds> dx)z < == l¢llp,

0 -0 -0
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and

—1——|d +/|sm(t—s)|/ 20 ” 2Hdrds>2dx>%
0
1

1 2s 2 2
e supllé —&llds+ 5 [ & supllé, - &llds) dx)
0 —00

—o0

1f (@ &, pé) — (1. &, Pé)Il, < / / *

27r
< —II51 &Sllp-

In addition, g i [t I j] X G — G is continuous and for any z € G, there is

. oz(s)sin(t + w)(j +m)  oz(s)sin(tj) 2 3
lim gyt + 7.2~ g0 Dl = _lim / [ e e KOO
t—00,j t—00,j—00 J+m J

1
2
Izl

< lim 2°%

j—>oo
=0,
and for any z,, z, € G, we have

1

= 1
P <oz = zllp.

et 20) = /0. 2l = = | / |21()sin(t) = 25(s) sin(t)*ds|
0

Furthermore,

ll' 1
oz(s)sin(tj) 12 . \3 3 1
eyt = [ |72 ) < 2z < omt 1+
0

Then, the conditions in Theorem 3.1 are satisfied. From Theorem 3.1, we get the following result:

Proposition 1. If p := max 25”

periodic mild solution.

+a7r P < 1, then under the above conditions, the problem (I7)) has a unique S-asymptotically z-

Example 2. We discuss briefly the existence of S-saymptotically w-periodic mild soltuions for problem (I7).
For each bounded set B, C D and B, € G, there holds

D=

KU BB < 25 sup u(BL(6) + u(By),

0€(—c0,0]
and for any t € (¢ S j], j=1,2,--,m, we can directly derive from the proof of Example 1 that

b4 ) |
oz(s)sin(tj) |2 > L orm? 1
eyl = ([ [ as) at < gl < omiar+ el
0

Besides, for each bounded set B C D, one has

u(g;(t, B)) <ox> sup u(B(©)), j=1,2,-,m

0€(—00,0]

Therefore, the conditions in Theorem 3.2 are satisfied, then, the following proposition holds:

5
Proposition 2. Under the above assumptions, if M% + 2017 < 1, then the problem (I7) has at least
one S-asymptotically w-periodic mild solution in [0, z].
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S | CONCLUSIONS

We have mainly considered the nonlinear non-instantaneous impulsive integro-differential equations with state-dependent
delay. First, by utilizing Banach’s fixed point theory, the uniqueness of S-asymptotically w-periodic mild solution has been
obtained. And then we have considered the existence of at least one S-asymptotically w-periodic mild solution via the non-
compactness operator semigroup theorem. However, compared with the classical instantaneous impulse differential system, the
theoretical development of the existing non-instantaneous impulse differential system with delay is still lagging behind and the
research results on the properties of the solutions are not perfect. What’s more, during this process, we find it is difficult to prove
the existence of periodic solutions for non-instantaneous impulsive differential equations with state-dependent delay. There-
fore, in the future work, we can consider suitable conditions to ensure the existence of periodic solutions for non-instantaneous
impulsive differential equations with state-dependent delay.
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