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Abstract

Considering that the correct quantification of fatigue damage involves two load parameters, the available
load ratio data on polymeric materials are analyzed. It is shown that crack growth can be characterized by
two parameters, ΔK and Kmax, without the need for any crack closure concept. The crack growth rates,
starting from the threshold can be represented by the L-shaped curves in the ΔK-Kmax plane defining two
limiting variables, ΔK* and Kmax*. Crack growth trajectory maps for various materials are developed by
plotting ΔK* versus Kmax*, as a function of crack growth rate. The trajectory defines the crack growth
resistance curve providing a measure of material resistance to increasing crack tip driving forces.

Keywords: Fatigue Crack Growth, Polymeric materials, Viscoelastic deformation, Crack growth by Crazing.

1. Introduction :

Fatigue requires two load parameters for quantification, as Gerber [1] and Goodman [2] recognized more than
a hundred years ago. For S-N fatigue, stress amplitude and mean stress have been used. Fatigue S-N data

1
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. are conveniently presented in the form of Haigh Diagrams in handbooks [3]. Of the five parameters, stress
range (Δσ), maximum stress (σmax), mean stress (σmean), minimum stress (σmin), and load ratio (R), only
two are independent. The rest of the parameters can be expressed in terms of the two. More importantly,
at least two parameters are needed to quantify the fatigue damage correctly.

Two-load parameter requirement is also essential for the analysis of the fatigue crack growth (FCG). Still,
this aspect has been ignored since Elber proposed the plasticity-induced crack closure concept in 1970
[4]. Subsequently, other forms of crack closure, such as oxide-induced, roughness-induced, etc., have been
introduced to analyze the FCG data in different materials [5].

Note, however, that the crack closure is an extrinsic parameter and is not a substitute for the intrinsic two
parametric requirements to quantify fatigue damage. If crack closure is present, it forms a third parameter
that should be considered for FCG. Plasticity-induced crack closure was originally proposed for plane stress
conditions by Budiansky and Hutchinson [6]. However, it was later extended to analyze the FCG data
under plane strain conditions with some adjustable parameters, Newman et al. [7,8]. There are thousands
of papers in the literature correlating the R-ratio effects of FCG using the crack closure concept. Using the
dislocation theory [9], we have shown that plasticity under plane stain conditions does not contribute to
crack closure, or its contribution is very minimal to account for the R-ratio effects. There was a follow-up
discussion on this subject with Prof. Pippan’s group [10-13]. The fact remains, however, that crack closure
was originally proposed for plane stress conditions [6]. In addition, we have shown that for S-N fatigue,
fatigue can be represented better in terms of σmax and Δσ for a given number of cycles to failure, NF [14].
This representation is a modification of the familiar Haigh diagram for fatigue, where the data is generally
expressed in terms of σmean and Δσ. Similarly, we have shown that the corresponding two parameters for
FCG are Kmax and ΔK [16]. These concepts were applied to analyze FCG in metals, alloys, and their
composites. In this paper, we extend the analysis to FCG in polymers to show the applicability of the
two-parametric nature of fatigue even though they deform differently from metals and alloys [17].

2. Deformation behavior of Polymers:

Unlike metals and alloys, polymers consist of long organic chains that undergo viscoelastic deformation
depending on their composition, molecular structure, and external variables such as frequency of cycling and
test temperature [18]. Hence yielding in polymers is controlled by their chain mobility. Polymer deformation
can still be differentiated broadly into three types depending on the molecular structure. First is the shear-
band-like deformation at stress concentrations due to low mobility of the chain segments. The bands can
be 38oto 45o to the tensile axis. The second is the crazing, which is somewhat inhomogeneous deformation
depending on the relative mobility of the molecular chains. It can lead to cavitation in the deformed region.
Crazes typically form in planes perpendicular to the maximum applied stress and vary depending on the
polymer’s molecular structure. At low stains, polymers can undergo viscoelastic deformations that are time
and temperature-dependent, similar to power-law creep in metals. Hence test frequency and temperature
become important. At high strains, some viscoelastic deformation can still occur in competition with the
crazing, depending on the structure of polymers. Some polymers are also somewhat brittle at room or low
temperatures. Hence fatigue behavior of polymers can differ from material to material and vary with test
conditions. Nevertheless, we show here that the two-parametric analysis for FCG is applicable to all cases
considered.

Under cyclic load, we can still expect monotonic and cyclic plastic zones as in metals. The extent of each
depends on the strength of the polymers and the applied stresses. Hence the characteristic cyclic, Δσ (or
ΔK) and monotonic σmax (or Kmax) stresses determine their fatigue damage. Therefore, the load ratio effects
on fatigue damage can be significant since it changes with the relative ratio of ΔK and Kmax. There is little
work on the R-ratio effects in S-N fatigue of polymers. Hence, this study will be concentrated on the FCG
behavior using the available R-ratio data in the literature.

3. Fatigue crack growth in polymeric materials:

In this connection, there is an interesting paper by Hertzberg et al. on the fatigue failure of a polymer used

2
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. in the lavatories [19]. Hertzberg was a student of Paul Paris and has done a significant amount of work on
the fatigue crack growth at Lehigh University. A more exhaustive analysis of the behavior of polymers under
fatigue is presented in the book by Hertzberg and Manson [20].

Osorio [21] has done significant work on the R-ratio effects on FCG in several polymeric materials. He has
selected two modified polyvinyl-chloride (PVC) polymers. One is called PVC-PIPE grade, and the other
is called DARVIC-110 grade materials. Both are amorphous materials. The modification involves small
additions that make them more ductile and tough for applications. In addition, they have studied FCG in
Epoxy, which is a somewhat brittle material. The crazing may be restricted to the crack tip plane at low
R-ratios or mean stresses. At high ratios or high Kmax values, the craze can spread around the crack tip
in the plastic zone, thereby increasing the crack growth resistance of the material by energy dissipation.
Craze formation is governed more by tensile stress than cyclic stress. For viscoelastic materials, deformation
can also change with temperature and time. Hence frequency effects become important. FCG behavior in
the brittle Epoxy will be different, where the fracture occurs by brittle crack extension, which is also Kmax

dependent.

Fig. 1 shows the crack growth behavior of PVC-PIPE grade polymer at 1Hz at different R-ratios. Fig. 1a
shows the data in terms of ΔK and Fig. 1b in terms of Kmax parameters. The spread in the data in terms of
ΔK appears to be small except at low crack growth rates. In terms of Kmax, the spread is more significant.
Fig. 1c shows ΔK-R curves at low crack growth rates, and Fig. 1d shows the typical L-shaped ΔK-Kmax

curves defining the limiting values, ΔK* and Kmax* at each selected crack growth rate. These L-shaped
curves define the relative variation of the two parameters to enforce the selected crack growth rates. The
limiting values indicate that both minima must be met for a crack to grow at the selected growth rate while
one or the other will be controlling. In addition, each L-shaped curve defies a particular mechanism of crack
growth. If the mechanism changes the corresponding L-curve also changes along with its new limiting values.
Plotting of the limiting values ΔK* vs. Kmax* defines the crack growth trajectory map for the material.
Each point in the trajectory defines a crack growth rate, starting from the threshold. The 45o line with
ΔK* = Kmax* defines the pure fatigue line. The data representing the material performance can deviate
to the left of the pure fatigue line depending on the extent of the superimposed Kmax-dependent process
present during crack growth. For example, a viscoelastic deformation or deformation by crazing can shift
the curve to the left depending on their contribution. Fig. 1e shows the crack growth trajectory map for
the polymer. The trajectory initially seems to move towards the pure-fatigue line as the crack growth rate
increases. With a further increase in crack growth rates, it diverges from the pure fatigue line. Thus, the
contribution from the Kmax-dependent process appears to change with increasing crack growth rate. The
detailed fractographic analysis will be helpful to identify the crack growth mechanisms involved.

Fig. 2 shows the behavior of the same material but at a higher frequency, 10Hz. Interestingly, the author
plotted the original data for both frequencies in terms of Kmax and not ΔK, as indicated in

3
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Fig. 1 FCG in PVC pipe grade material tested at 1Hz at 20oC. a) rates as a function of ΔK and b) Kmax.
c) ΔK-R plots for selected crack growth rates and d) ΔK-Kmax plots showing an L-shaped type of behavior
with limiting values of ΔK* and Kmax*. e). The crack growth trajectory map in terms of ΔK* and Kmax*.

Fig.2a. The data spread is more extensive in terms of Kmax than in terms of ΔK. The ΔK-R plots at low
crack growth rates, Fig. 2c, seem to indicate two mechanisms governing the behavior, one at low R and
the other at high R. The corresponding ΔK-Kmax plots, Fig. 2d, indicate the possible two L-shaped curves
corresponding to the two mechanisms involved. Fig. 2e shows the crack growth trajectories at both test
frequencies. The two mechanisms operating at a higher frequency are shown, one following the pure fatigue
behavior with ΔK=Kmax, and the other deviating from
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.

Fig. 2. FCG rates in Pipe grade PVC at 10 Hz at 20oC. a) in terms of Kmax and b) in terms of ΔK. c) ΔK-R
plots at low crack growth rates showing possible two mechanisms one at low R and the other at high R. d)

5
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. ΔK-Kmax plots showing two L-shaped curves. e) Comparison of crack growth trajectories for PVC-PIPE
GRADE material.

the pure fatigue line. At a lower frequency, the mechanism falls between the two. Osorio has also tested
another PVC material, DARVIC110 at several R-ratios. Fig. 3a shows the da/dN curves in terms of ΔK and
Fig. 3b in terms of Kmax. The data for this PVC material seem to spread out in terms of both parameters,
indicating that the response of this material differs from that of the Pipe grade material. The ΔK-R cures at
low crack growth rates are shown in Fig.3c. Again, there seem to be two governing mechanisms operating,
one at low R and the other at high R. The

6
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Fig. 3 FCG in DARVIC 110 material plotted in terms of a) ΔK and b) Kmax. c) ΔK-R curves for crack
growth rate near thresholds showing two possible mechanisms. d) The corresponding two L-shapedΔK-Kmax

curves with limiting values. e)FCG trajectory for the two mechanisms.

corresponding two L-shaped ΔK-Kmax curves are shown in Fig.3d, with limiting values at each crack growth
rate. The FCG trajectories for the material are shown in Fig.3e. Both mechanisms deviate from the pure
fatigue line, with mechanism two operating at high R-ratios, deviating more towards the Kmax-axis.

Osorio has determined FCG for somewhat brittle Epoxy(828/959) material also at many R-ratios. Fig. 4a
shows the crack growth rates in terms of ΔK and Fig. 4b in terms of Kmax. In contrast to PVC material,
the data for Epoxy seem to spread out in terms of both parameters. Fig. 4c shows the plot of ΔK-R curves
at low crack growth rates, which follows a typical trend. Fig. 4

7
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.

Fig. 4 FCG for Epoxy at different R-ratios. a) in terms of ΔK and b) in terms of Kmax. c) ΔK-R plots
at low crack growth rates. d) corresponding ΔK-Kmax plots with limiting ΔK and Kmaxvalues. e) The
trajectory showing deviation from the pure fatigue line.

shows the corresponding ΔK-Kmax plots with characteristic L-shaped behavior. For this material, only
one mechanism seems to operate for all R-values. Fig. 4e shows the FCG trajectory. Each point again
corresponds to a crack growth rate starting from the threshold. The trajectory deviates from the pure fatigue
line due to the superimposed Kmax-dependent process. Here the mechanism could be the superimposed
monotonic fracture which depends on Kmax.

Fig.5 compares the crack growth trajectories of the three polymer materials tested by Osorio. Only Epoxy
shows one crack growth mechanism governing FCG for all R values, while the other

8
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Fig. 5 Comparison of crack growth trajectories of three polymer materials tested by Osorio, 1981. PVC and
DARVIC show two mechanisms while Epoxy shows one.

two show two mechanisms governing FCG, one at low Rs and the other at high Rs. PVC-Pipe grade
material shows a pure fatigue mechanism at low Rs as the trajectory falls on the pure-fatigue line. For all
other cases, the trajectories deviate toward the Kmax-axis depending on the extent of the superposition of
the Kmax-dependent mechanism.

We next analyze another polymer called PMMA, a polymethyl methacrylate, known as acrylic or acrylic
glass, with different trade names. It is a transparent thermoplastic used as an alternative to glass. The FCG
studies were made on a commercial PMMA material at three different R-ratios, one Kmean = constant test
and one Kmax = constant test by Clark et al. [22]. The crack growth rates are plotted in terms of ΔK, Fig.
6a, and Kmax, Fig. 6b. The growth rates in terms of ΔK run all over the plot while the same data in terms
of Kmax get compacted into a narrow band. The ΔK-R plot at crack growth rates close to the threshold is
shown in Fig. 6c. All the crack growth data is falling on a straight line indicating of fully Kmax-controlled
mechanism governing the crack growth. As before, in these figures, we chose to draw a horizontal line at
R = 0.8 to define the minimum ΔK needed for crack growth. Based on this, a corresponding ΔK-Kmax

plot is shown in Fig. 6d. All the experimental data is falling on the vertical line with a constant Kmax

value. Interpolated points and assumed constant ΔK value provide the horizontal line defining the selected
ΔK constant minimum required for crack growth. Even here, the data from the constant Kmean test and
constant Kmax test also fall on the same L-shaped curve indicating the intrinsic

9
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.

Fig. 6. FCG behavior of commercial PMMA plastics a) as a function of ΔK with three R-ratios and one
Kmean and one Kmax constant tests. b) The data in terms of Kmax. c) ΔK-R plots at selected crack growth
rates close to the threshold value. d) The ΔK-Kmax plot showing L-shaped curves. e) The FCG trajectory
showing its deviation from the pure-fatigue line.
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. behavior of the material under fatigue. Fig. 6e provides the crack growth trajectory map for this material.
Naturally, the data deviate from the pure fatigue line toward the Kmax-axis.

Fig.7 shows crack growth rate data of Epoxy resin but toughened by rubber, studied by Hamda et al.[23].
Fig. 7a shows crack growth rates in terms of ΔK. Two values for some Rs imply that two tests were done
at those R-values. The crack growth data is represented in terms of Kmax in Fig.
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. Fig. 7 Crack growth rates in rubber toughened epoxy resin. a) in terms of ΔK and b) in terms of Kmax.
c) ΔK –R plots for selected crack growth rates showing two mechanisms. d) ΔK-Kmax plots showing two
L-shaped curves. e) Crack growth trajectory maps for the two mechanisms. The results are compared with
the trajectory of Epoxy material tested by Osorio.

7b. From the data, ΔK-R plots are made as shown in Fig. 7c. Only one line can be drawn through the
data at low crack growth rates. On the other hand, at high Rs, the data diverges into two levels indicating
two possible mechanisms operating at high R values. Thus, both mechanisms seem to have the same Kmax

limiting value but different ΔK limiting values. It is the first time we are observing this type of behavior.
Fig. 7e shows the crack growth trajectories for

Fig 8. The FCG rates in Rice Husk composite. a) in terms of amplitude, [?]ΔG. b) the [?]ΔG versus R
plots for selected crack growth rates. c) [?]ΔG vs [?]Gmax plots at selected crack growth rates showing the
L-shaped curve with limiting [?]ΔG and [?]Gmax values. d) shows the cack growth trajectory deviating from
the pure fatigue line.

the two mechanisms involved. It also compares the Epoxy trajectory data of Osorio discussed earlier.

Fig. 8 shows the FCG behavior of a polymer composite with rice husk fibers as a strengthening phase [24].
The crack growth rates were determined at three R ratios, 0.1, 0.3, and 0.5. Interestingly the authors have
used ΔG instead of ΔK, where G corresponds to the crack tip driving force. From our analysis point, it
would not make any difference in terms of the two-parametric requirement. In this case, the corresponding
two parameters will be [?]ΔG and [?]Gmax as the stress intensity factor K is proportional to [?]G.

Fig. 8a shows the crack growth rates in terms of [?]ΔG. The [?]ΔG – R plots for crack growth rates near
the threshold are shown in 8b. The linear portion is extended up to R = 0.7, and a horizontal line is drawn
with a possible constant [?]ΔG value at high R-ratios. The corresponding [?]ΔG - [?]Gmax plot, Fig. 8c
resembles the typical L-shaped plot of ΔK-Kmax defining the limiting values of the parameters for each crack
growth rate. The crack growth trajectory of this rice-husk composite is shown in Fig. 8d. The trajectory

12
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. as expected deviates from the pure fatigue line indicating the [?]Gmax-controlled mechanism governing the
crack growth. The behavior of this composite follows that of other polymer materials. This data further
proves that the two parametric nature involving amplitude and peak stress is fundamental to FCG.

4. Summary and Conclusions:

It was well established that fatigue requires two load parameters for proper analysis. For fatigue crack
growth these parameters correspond to the amplitude ΔK and the peak stress intensity factor, Kmax. Crack
closure is not required to account for the load ratio effects. This two-parametric approach is shown to be
applicable to account for the crack growth behavior in several polymeric materials. In contrast to metals
and alloys, polymers deform either by crazing, viscoelastic deformation, localized brittle fracture, or their
combination. The analysis establishes that the two-parametric nature of fatigue crack growth remains the
same and is relevant for all materials.
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Figure Captions

Fig. 1 FCG in PVC pipe grade material tested at 1Hz at 20oC. a) rates as a function of ΔK and b) Kmax.
c) ΔK-R plots for selected crack growth rates and d) ΔK-Kmax plots showing an L-shaped type of behavior
with limiting values of ΔK* and Kmax*. e). The crack growth trajectory map in terms of ΔK* and Kmax*.

Fig. 2. FCG rates in Pipe grade PVC at 10 Hz at 20oC. a) in terms of Kmax and b) in terms of ΔK. c) ΔK-R
plots at low crack growth rates showing possible two mechanisms one at low R and the other at high R. d)
ΔK-Kmax plots showing two L-shaped curves. e) Comparison of crack growth trajectories for PVC-PIPE
GRADE material.

Fig. 3 FCG in DARVIC 110 material plotted in terms of a) ΔK and b) Kmax. c) ΔK-R curves for crack
growth rate near thresholds showing two possible mechanisms. d) The corresponding two L-shapedΔK-Kmax

curves with limiting values. e)FCG trajectory for the two mechanisms.

Fig. 4 FCG for Epoxy at different R-ratios. a) in terms of ΔK and b) in terms of Kmax. c) ΔK-R plots
at low crack growth rates. d) corresponding ΔK-Kmax plots with limiting ΔK and Kmax values. e) The
trajectory showing deviation from the pure fatigue line.

Fig. 5 Comparison of crack growth trajectories of three polymer materials tested by Osorio, 1981. PVC and
DARVIC show two mechanisms while Epoxy shows one.

Fig. 6. FCG behavior of commercial PMMA plastics a) as a function of ΔK with three R-ratios and one
Kmean and one Kmax constant tests. b) The data in terms of Kmax. c) ΔK-R plots at selected crack growth
rates close to the threshold value. d) The ΔK-Kmax plot showing L-shaped curves. e) The FCG trajectory
showing its deviation from the pure-fatigue line.

Fig. 7 Crack growth rates in rubber toughened epoxy resin. a) in terms of ΔK and b) in terms of Kmax.
c) ΔK –R plots for selected crack growth rates showing two mechanisms. d) ΔK-Kmax plots showing two
L-shaped curves. e) Crack growth trajectory maps for the two mechanisms. The results are compared with
the trajectory of Epoxy material tested by Osorio.
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. Fig 8. The FCG rates in Rice Husk composite. a) in terms of amplitude, [?]ΔG. b) the [?]ΔG versus R
plots for selected crack growth rates. c) [?]ΔG vs [?]Gmax plots at selected crack growth rates showing the
L-shaped curve with limiting [?]ΔG and [?]Gmax values. d) shows the cack growth trajectory deviating from
the pure fatigue line.
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