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Abstract

The source term identification of the time-fractional diffusion equation under Robin boundary condition is studied. This problem

is ill-posed. Therefore, we apply Landweber iterative regularization method, Fractional Landweber iterative regularization

method, TSVD method, combining TSVD method and Fractional Landweber iterative regularization method, respectively.

The comparisons of these four methods are given, which can help us select the most effective method. The error estimates

between the regularized approximate solutions and the exact solution are given under the a priori and a posteriori regularization

parameter choice rules. Finally, numerical examples verify the effectiveness of the methods.
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Source term identification of time-fractional diffusion

equation under Robin boundary condition ⋆

Jianxuan Cui, Hao Cheng∗

School of Science, Jiangnan University, Jiangsu, Wuxi 214122, P. R. China

Abstract

The source term identification of the time-fractional diffusion equation under Robin

boundary condition is studied. This problem is ill-posed. Therefore, we apply Landweber

iterative regularization method, Fractional Landweber iterative regularization method,

TSVD method, combining TSVD method and Fractional Landweber iterative regulariza-

tion method, respectively. The comparisons of these four methods are given, which can

help us select the most effective method. The error estimates between the regularized ap-

proximate solutions and the exact solution are given under the a priori and a posteriori

regularization parameter choice rules. Finally, numerical examples verify the effectiveness

of the methods.

Keywords: fractional diffusion equation; Robin boundary condition; source term iden-

tification; iterative regularization; error estimates

1. Introduction

In recent years, time-fractional differential equations have received widespread at-

tention due to the memory properties of fractional derivatives. Time-fractional differ-

ential equations have advantages in describing hereditary diffusions compare to integer-

differential equations. Time-fractional diffusion equation is one of the most important

time-fractional differential equations.

The research on the direct problem of time-fractional diffusion equation has been

investigated extensively, such as extremum principle [1, 2, 3], finite-difference method

[4, 5, 6, 7] and finite element method [8, 9, 10, 11] , etc. In addition, the inverse problem

of time-fractional diffusion equation has attracted more and more researchers, the source

term identification is a branch of the inverse problem. Many scholars have used different

⋆The project is supported by the Natural Science Foundation of Jiangsu Province, China (Grant No.
BK20190578)

∗Corresponding author.
Email address: chenghao@jiangnan.edu.cn (Hao Cheng)

Preprint submitted to Elsevier August 1, 2022



methods to study the source term identification: Wei and Wang [12] proposed a modi-

fied quasi-boundary value regularization method and obtained two kinds of convergence

rates by using an a priori and an a posteriori regularization parameter choice rule, re-

spectively. Zhang and Xu [13] used analytic continuation and Laplace transform to prove

the uniqueness of the source term identification. Yang [14] used the Landweber iterative

regularization method to identify the source term. Xiong [15] investigated an inverse

problem which is highly ill-posed in the two-dimensional setting and constructed some

new regularization methods for solving the inverse source problem. Tuan [16] proposed

the Tikhonov regularization method to reconstruct the source term and obtained error

estimates between the exact solution and its regularized solution. Kirane [17] showed the

existence and uniqueness of the solution of the inverse problem by using the properties of

the biorthogonal system of functions.

However, most of the above researchers consider the source term identification under

Dirichlet or Neumann boundary conditions. Robin boundary condition

u(x, t) + σ
∂u

∂v
= φ(x, t), x ∈ ∂D

is a more general boundary condition. In fact, when damping coefficient σ = 0, the above

function is Dirichlet boundary condition; when damping coefficient σ = ∞, the limit form

of the above function is Neumann boundary condition. Therefore, the study of Robin

boundary condition is more complex and more meaningful, compared with Dirichlet and

Neumann boundary conditions. In this paper, we consider the following time-fractional

diffusion equation under Robin boundary condition

Dα
t u(x, t) =

∂2u(x, t)

∂x2
+ r(t)f(x) + Z(x, t), 0 < x < L, t > 0,

u(x, 0) = ϕ(x), 0 ≤ x ≤ L,

u(0, t) + α1ux(0, t) = µ1(t), 0 ≤ t ≤ T,

u(L, t) + β1ux(L, t) = µ2(t), 0 ≤ t ≤ T,

(1.1)

where α1 and β1 are constants, Dα
t u(x, t) is the Caputo fractional derivative of order

α(0 < α < 1), which is defined by

Dα
t u(x, t) =

1

Γ(1− α)

∫ t

0

∂u(x, s)

∂s

ds

(t− s)α
,

and ϕ(x), µ1(t) and µ2(t) of equation (1.1) need to satisfy the compatibility condition ϕ(0) + α1ux(0, 0) = µ1(0),

u(L, 0) + β1ux(L, 0) = µ2(0).

2



We want to investigate is to identify the source term f(x) from additional final value data

u(x, T ) = g(x), 0 ≤ x ≤ L. (1.2)

Since the measurement is noise-contaminated inevitably, we assume gδ(x) be the noisy

measurement of g(x) satisfying

∥ g(x)− gδ(x) ∥≤ δ, (1.3)

where ∥ · ∥ is the L2 norm and δ > 0 is a noise level.

It is well known that the source term identification is ill-posed, so regularization

method is required to recover the continuous dependence of the solution. Iterative reg-

ularization method [18, 19] is an effective regularization method. Yang [20] investigated

an inverse source problem by using Landweber iterative regularization method. Based on

Landweber iterative regularization method, Klann [21] proposed Fractional Landweber it-

erative regularization method, which has advantages in solving nonlinear problems. Mean-

while, TSVD method is simple in construction but an effective regularization method, its

advantage is that it can filter out small singular values. In this paper, we put the above

three methods together and compare their regularization effects. In addition, we com-

bine TSVD method and Fractional Landweber iterative regularization method, trying to

integrate the strengths of two methods. For the above four methods, we have obtained

Hölder type error estimates under the a priori and a posteriori parameter choice rules.

The structure of this paper is as follows. In Section 2, we introduce the direct problem

solving process. The ill-posedness of the source term identification and the conditional

stability are analyzed in Section 3. In Section 4, we introduce four regularization methods

and provide the error estimates under two parameter choice rules. Numerical examples

to illustrate the effectiveness of our methods are in Section 5. Finally, we give a brief

conclusion in Section 6.

2. Direct problem solving process

We make the following transformation of (1.1)

u(x, t) = W (x, t) + V (x, t),

where

V (x, t) =
µ1(t)− µ2(t)

α1 − β1 − L
x− (L+ β1)µ1(t)− α1µ2(t)

α1 − β1 − L
,

3



and the functionW (x, t) is the solution of the following problem with homogeneous bound-

ary conditions 

Dα
t W (x, t) =

∂2W (x, t)

∂x2
+ F̃ (x, t), 0 < x < L, t > 0,

W (x, 0) = ϕ̃(x), 0 ≤ x ≤ L,

W (0, t) + α1Wx(0, t) = 0, 0 ≤ t ≤ T,

W (L, t) + β1Wx(L, t) = 0, 0 ≤ t ≤ T,

with

F̃ (x, t) = r(t)f(x) + Z(x, t)−Dα
t V (x, t),

ϕ̃(x) = ϕ(x)− V (x, 0),

then we obtain the following Sturm-Liouville eigenvalue problem by method of separating

variables

X ′′(x) + λX(x) = 0, 0 < x < L, (2.1)

X(0) + α1X
′(0) = 0, X(L) + β1X

′(L) = 0, (2.2)

where λ is a constant to be determined. The positive and negative restrictions of the Robin

coefficient α1 and β1 do not exist in form, but do exist in physics. The reason for these

restrictions is: in mechanical problems, the elastic restoring force is always related to the

shape variation; in thermal problems, when the system exchanges heat with outside, the

heat always flows from high temperature to low temperature[22]. What’s more, because

of the arbitrariness of the Robin coefficient α1 and β1, the Sturm-Liouville eigenvalue

problem (2.1)-(2.2) may not have solutions[23].

Inspired by Geng [24], we divide Robin boundary condition into the following four

special cases.

Case 1: α1 = β1 = 1. Then the eigenvalues λn and eigenfunctions Xn(x) are

λ0 = −1, X0(x) = e−x,

λn = µ2
n, Xn(x) = −µn cosµnx+ sinµnx, n = 1, 2, · · · .

Considering the eigenfunctions

X̃n(x) :=


1√
b0
X0(x), n = 0,

1√
bn
Xn(x), n = 1, 2, · · · ,

4



where

b0 =

∫ L

0

X2
0 (x) dx =

∫ L

0

e−2x dx =
e2L − 1

2e2L
,

bn =

∫ L

0

X2
n(x) dx =

∫ L

0

(−µn cosµnx+ sinµnx)
2 dx =

(nπ)2 + L2

2L
.

One can easily check that X̃n(x) are standard orthogonal function systems in [0, L]. Using

this basis, we rewrite the analytical solution of (1.1) as

u(x, t) =
∞∑
n=0

[∫ t

0

τα−1Eα,α(−λnτ
α)F̃n(t− τ)dτ + ϕ̃nEα,1(−λnt

α)

]
X̃n(x)

− µ1(t)− µ2(t)

L
x+

(L+ 1)µ1(t)− µ2(t)

L
, (2.3)

where Eα,α(·) and Eα,1(·) are Mittag-Leffler functions [25], F̃n(t) =
∫ L

0
F̃ (x, t)X̃n(x) dx,

ϕ̃n =
∫ L

0
ϕ̃(x)X̃n(x) dx.

Case 2: α1 = β1 = −1. Then the eigenvalues λn and eigenfunctions Xn(x) are

λ0 = −1, X0(x) = ex,

λn = µ2
n, Xn(x) = µn cosµnx+ sinµnx, n = 1, 2, · · · ,

where µn = nπ
L
.

Considering the eigenfunctions

X̃n(x) :=


√

2

e2L − 1
X0(x), n = 0,√

2L

(nπ)2 + L2
Xn(x), n = 1, 2, · · · ,

then we rewrite the analytical solution of (1.1) as

u(x, t) =
∞∑
n=0

[∫ T

0

τα−1Eα,α(−λnτ
α)F̃n(t− τ)dτ + ϕ̃nEα,1(−λnt

α)

]
X̃n(x)

− µ1(t)− µ2(t)

L
x+

(L− 1)µ1(t) + µ2(t)

L
. (2.4)

Case 3: α1 = 1 and β1 = −1 (α1 ̸= L+ β1). Then the eigenvalues λn and eigenfunctions

Xn(x) are

λ0 = −µ2
0, X0(x) = −µ0 coshµ0x+ sinhµ0x,

λn = µ2
n, Xn(x) = −µn cosµnx+ sinµnx, n = 1, 2, · · · ,

where µ0 is the solution of equation tanhµL = 2µ
1+µ2 , µn satisfies the equation tanµL =

2µ
1−µ2 .

5



Considering the eigenfunctions

X̃n(x) :=


1√
b0
X0(x), n = 0,

1√
bn
Xn(x), n = 1, 2, · · · ,

where

b0 =
µ2
0

2

(
sinh 2µ0L

2µ0

+ L

)
− 2µ0 cosh 2µ0L− sinh 2µ0L

4µ0

+
1− L

2
,

bn =
µ2
n

2

(
sin 2µnL

2µn

+ L

)
+

2µn cos 2µnL− sin 2µnL

4µn

+
L− 1

2
,

then we can rewrite the analytical solution of (1.1) as

u(x, t) =
∞∑
n=0

[∫ T

0

τα−1Eα,α(−λnτ
α)F̃n(t− τ)dτ + ϕ̃nEα,1(−λnt

α)

]
X̃n(x)

+
µ1(t)− µ2(t)

2− L
x− (L− 1)µ1(t)− µ2(t)

2− L
. (2.5)

Case 4: α1 = −1 and β1 = 1. Then the eigenvalues λn and eigenfunctions Xn(x) are

λn = µ2
n, Xn(x) = µn cosµnx+ sinµnx, n = 1, 2, · · · ,

where µn satisfies the equation tanµL = 2µ
µ2−1

.

Considering the eigenfunctions

X̃n(x) :=
1√
bn
Xn(x), n = 1, 2, · · · ,

where

bn =
µ2
n

2

(
sin 2µnL

2µn

+ L

)
− 2µn cos 2µnL+ sin 2µnL

4µn

+
L+ 1

2
,

then we can rewrite the analytical solution of (1.1) as

u(x, t) =
∞∑
n=0

[∫ T

0

τα−1Eα,α(−λnτ
α)F̃n(t− τ)dτ + ϕ̃nEα,1(−λnt

α)

]
X̃n(x)

− µ1(t)− µ2(t)

2 + L
x+

(L+ 1)µ1(t) + µ2(t)

2 + L
. (2.6)

3. Source term identification and conditional stability

In this section, we analyze the ill-posedness of the source term identification and prove

the conditional stability results. In the rest of this paper, we take Case 1 as an example,

that is, the solution u(x, t) of Equation (1.1) is given by (2.3). The derivation process of

6



other cases is similar, so we won’t repeat it here. From the final value data u(x, T ) = g(x),

denote g̃(x) = g(x) −
∑∞

n=0[
∫ T

0
τα−1Eα,α(−λnτ

α)Zn(T − τ)dτ + ϕ̃nEα,1(−λnt
α)]X̃n(x) −

V (x, T ). In order to reconstruct the source term f(x), we only need to solve the following

integral equation

(Kf)(x) =

∫ L

0

k(x, ξ)f(ξ)dξ = g̃(x),

where

k(x, ξ) =
∞∑
n=0

σnX̃n(x)X̃n(ξ),

here σn =
∫ T

0
τα−1Eα,α(−λnτ

α)r(T − τ)dτ . Let K∗ be the conjugate operator of operator

K, it is easy to calculate that K = K∗, so K is a self-adjoint operator with singular value

σn. Then we obtain the source term f(x)

f(x) =
∞∑
n=0

g̃n
σn

X̃n(x). (3.1)

In order to facilitate the proof of the subsequent theorem, we give the following lemmas.

Lemma 3.1 [26]: Let r(t) ∈ C[0, T ] satisfies r(t) > 0, t ∈ [0, T ], for any λn satisfying

λn ≥ λ1 > 0 and 0 < α < 1, there exist positive constants C1 and C2 which depend on α,

T and λ1, such that

C1

λn

≤ σn =

∫ T

0

τα−1Eα,α(−λnτ
α)r(T − τ)dτ ≤ C2

λn

, n = 1, 2, · · · .

Lemma 3.2 [21]: Let 0 < β < 1
∥K∥2 , m > 0, γ ∈ [0, 1], µ ∈ [0, 1], when γ > µ/2,

sup
0<σn≤σ1

|(1− (1− βσ2
n)

m)γσ−µ
n | ≤ β

µ
2m

µ
2 .

Lemma 3.3 [20]: As constants β > 0, p > 0, s > 0 and 0 < β
C2

1

s2
< 1, we have(

1− β
C2

1

s2

)m

s−
p
2 ≤

(
p

βC2
1

) p
4

(m+ 1)−
p
4 ,

(
1− β

C2
1

s2

)m−1

s−
p
2
−1 ≤

(
p+ 2

2βC2
1

) p+2
4

m− p+2
4 .

Lemma 3.4 [27]: For 0 < γ < 1 and k ≥ 1, define pk(γ) =
∑k−1

i=0 (1 − γ)i and rk(γ) =

1− γpk(γ) = (1− γ)k. Then,

pk(γ)γ
µ ≤ k1−µ, 0 ≤ µ ≤ 1,

rk(γ)γ
v ≤ θv(k + 1)−v,

7



where

θv =

1, 0 ≤ v ≤ 1,

vv, v > 1.

According to Lemma 3.1, we notice that

1

σn

=
1∫ T

0
τα−1Eα,α(−λnτα)r(T − τ)dτ

≥ λn

C2

→ ∞, n → ∞.

It means that the small disturbance for the data g(x) will lead to a huge change in the

source term f(x). Therefore, the recovery of the source term f(x) from the measured

data gδ(x) is an ill-posed problem.

Theorem 3.1: Let source term f(x) satisfies the following a priori bound

∥ f(x) ∥p=

(
∞∑
n=0

(
λn

L

)p

| fn |2
) 1

2

≤ E, (3.2)

where p and E are both positive constants, then we obtain

∥ f(x) ∥≤
(

L

C1

) p
p+2

E
2

p+2 ∥ g̃(x) ∥
p

p+2 .

Proof : Applying the Hölder inequality, we obtain

∥ f(x) ∥2 =
∞∑
n=0

g̃2n
σ2
n

=
∞∑
n=0

g̃
4

p+2
n

σ2
n

g̃
2p
p+2
n =

∞∑
n=0

g̃
4

p+2
n

σ
4

p+2
n

σ
− 2p

p+2
n g̃

2p
p+2
n

≤

(
∞∑
n=0

g̃2n
σ2
n

σ−p
n

) 2
p+2
(

∞∑
n=0

g̃2n

) p
p+2

≤

(
∞∑
n=0

(
λn

L

)p(
L

C1

)p

f 2
n

) 2
p+2
(

∞∑
n=0

g̃2n

) p
p+2

=

(
L

C1

) 2p
p+2

∥ f(x) ∥
4

p+2
p ∥ g̃(x) ∥

2p
p+2≤

(
L

C1

) 2p
p+2

E
4

p+2 ∥ g̃(x) ∥
2p
p+2 .

4. Regularization methods

In this section, we apply four regularization methods to solve the source term iden-

tification. Moreover, we present the error estimates under the a priori and a posteriori

regularization parameter choice rules, respectively.

4.1. Landweber iterative regularization method (method 1)

In this subsection, we give the Landweber iterative regularization method. Let fm,δ(x)

satisfy

f 0,δ(x) := 0, fm,δ(x) = (I − βK∗K)fm−1,δ(x) + βK∗g̃δ(x),m = 1, 2, · · · ,

8



where m > 0 is iteration step, β is the relaxation factor which satisfies 0 < β < 1
∥K∥2 . By

simple calculation, we obtain the regularized approximate solution of equation (1.1) as

follows

fm,δ(x) =
∞∑
n=0

1− (1− βσ2
n)

m

σn

g̃δnX̃n(x). (4.1)

4.1.1. A priori regularization parameter choice rule

In 4.1.1, we will give an error estimate under the a priori regularization parameter

choice rule.

Theorem 4.1: Let f(x) given by (3.1) be the exact solution. Let fm,δ(x) given by (4.1)

be the regularization solution. The conditions (1.3) and (3.2) hold. If we choose

m = [

(
E

δ

) 4
p+2

],

where [x] denotes the largest integer less than or equal to x, then we have the following

error estimate

∥ fm,δ(x)− f(x) ∥≤

(√
β + L

p
2

(
p

βC2
1

) p
4

)
E

2
p+2 δ

p
p+2 .

Proof : Using triangle inequality, we have

∥ fm,δ(x)− f(x) ∥≤∥ fm,δ(x)− fm(x) ∥ + ∥ fm(x)− f(x) ∥ .

From Lemma 3.2 and (1.3), we have

∥ fm,δ(x)− fm(x) ∥ =∥
∞∑
n=0

1− (1− βσ2
n)

m

σn

(g̃δn − g̃n)X̃n(x) ∥

≤
√
βm ∥ g̃δ(x)− g̃(x) ∥≤

√
βmδ, (4.2)

then

∥ fm(x)− f(x) ∥ =∥
∞∑
n=0

(1− βσ2
n)

m

σn

g̃nX̃n(x) ∥

=∥
∞∑
n=0

(1− βσ2
n)

m

(
λn

L

)− p
2
(
λn

L

) p
2

fnX̃n(x) ∥

≤ L
p
2 sup

n≥1

(
(1− βσ2

n)
mλ

− p
2

n

)
E,

from Lemma 3.3, we have

(1− βσ2
n)

mλ
− p

2
n ≤

(
1− β

C2
1

λ2
n

)m

λ
− p

2
n ≤

(
p

βC2
1

) p
4

m− p
4 ,
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thus,

∥ fm(x)− f(x) ∥≤ L
p
2

(
p

βC2
1

) p
4

m− p
4E. (4.3)

Combining (4.2) and (4.3), and choosing the regularization parameter m = [
(
E
δ

) 4
p+2 ], we

complete the proof.

4.1.2. A posteriori regularization parameter choice rule

In 4.1.1, the regularization parameter m is chosen by m = [
(
E
δ

) 4
p+2 ]. It shows that

the choice of m depends on the a priori bound E, which is hard to obtain in practical

problems. So here we give a posteriori regularization parameter choice rule that does not

depend on a priori information.

Using Morozov’s discrepancy principle, we have

∥ Kfm,δ(x)− g̃δ(x) ∥≤ ωδ ≤∥ Kfm−1,δ(x)− g̃δ(x) ∥, (4.4)

where ω > 1 is a constant.

Theorem 4.2: Let f(x) given by (3.1) be the exact solution. Let fm,δ(x) given by

(4.1) be the regularization solution. The conditions (1.3) and (3.2) hold. Regularization

parameter m is chosen by (4.4), then we have the following error estimate

∥ fm,δ(x)− f(x) ∥≤

(
L

p
p+2

(
p+ 2

2C2
1

) 1
2
(

C2

ω − 1

) 2
p+2

+

(
L(ω + 1)

C1

) p
p+2

)
E

2
p+2 δ

p
p+2 .

Proof : Using triangle inequality, we have

∥ fm,δ(x)− f(x) ∥≤∥ fm,δ(x)− fm(x) ∥ + ∥ fm(x)− f(x) ∥ .

From Lemma 3.3 and (1.3), we have

ωδ ≤∥ Kfm−1,δ(x)− g̃δ(x) ∥=∥
∞∑
n=0

(1− βσ2
n)

m−1g̃δnX̃n(x) ∥

≤∥
∞∑
n=0

(1− βσ2
n)

m−1(g̃δn − g̃n)X̃n(x) ∥ + ∥
∞∑
n=0

(1− βσ2
n)

m−1g̃nX̃n(x) ∥

≤ δ+ ∥
∞∑
n=0

(1− βσ2
n)

m−1g̃nX̃n(x) ∥

≤ δ+ ∥
∞∑
n=0

L
p
2C2(1− βσ2

n)
m−1fn

(
λn

L

) p
2

λ
−1− p

2
n X̃n(x) ∥

≤ δ + L
p
2C2 sup

n≥1

(
(1− βσ2

n)
m−1λ

−1− p
2

n

)
∥

∞∑
n=0

fn

(
λn

L

) p
2

X̃n(x) ∥
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≤ δ + L
p
2C2

(
p+ 2

2βC2
1

) p+2
4

m− p+2
4 E,

then, we deduce that

m ≤ L
2p
p+2

(
p+ 2

2βC2
1

)(
C2E

(ω − 1)δ

) 4
p+2

, (4.5)

similar to (4.2), it is easy to get that

∥ fm,δ(x)− fm(x) ∥ ≤
√

βmδ

≤ L
p

p+2

(
p+ 2

2C2
1

) 1
2
(

C2

ω − 1

) 2
p+2

E
2

p+2 δ
p

p+2 . (4.6)

On the other hand, we have

∥ K(fm(x)− f(x)) ∥ =∥
∞∑
n=0

(1− βσ2
n)

mg̃nX̃n(x) ∥

≤∥
∞∑
n=0

(1− βσ2
n)

m(g̃δn − g̃n)X̃n(x) ∥ + ∥
∞∑
n=0

(1− βσ2
n)

mg̃δnX̃n(x) ∥

≤ δ + ωδ,

based on (3.2), we have

∥ fm(x)− f(x) ∥p =

(
∞∑
n=0

(
λn

L

)p
(1− βσ2

n)
2m

σ2
n

g̃2n

) 1
2

=

(
∞∑
n=0

(
λn

L

)p

(1− βσ2
n)

2mf 2
n

) 1
2

≤∥ f(x) ∥p≤ E,

using Therorem 3.1, we have

∥ fm(x)− f(x) ∥≤
(
L(ω + 1)

C1

) p
p+2

E
2

p+2 δ
p

p+2 . (4.7)

Combining (4.6) and (4.7), we can easily obtain the desired result.

4.2. Fractional Landweber iterative regularization method (method 2)

In this subsection, we introduce the Fractional Landweber iterative regularization

method, which overcomes the over-smoothness of solution compared to Landweber itera-

tive regularization method. Let fm,δ(x) satisfy

f 0,δ(x) := 0, fm,δ(x) = (I − β(K∗K)
γ+1
2 )fm−1,δ(x) + β(K∗K)

γ−1
2 K∗g̃δ(x),m = 1, 2, · · · ,

where 1
2
< γ ≤ 1. By simple calculation, we obtain the regularized approximate solution

of equation (1.1) as follows

fm,δ(x) =
∞∑
n=0

[1− (1− βσ2
n)

m]γ

σn

g̃δnX̃n(x). (4.8)
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4.2.1. A priori regularization parameter choice rule

In 4.2.1, we will give an error estimate under the a priori regularization parameter

choice rule.

Theorem 4.3: Let f(x) given by (3.1) be the exact solution. Let fm,δ(x) given by (4.8)

be the regularization solution. The conditions (1.3) and (3.2) hold. If we choose

m = [

(
E

δ

) 4
p+2

],

then we have the following error estimate

∥ fm,δ(x)− f(x) ∥≤

(√
β + L

p
2

(
p

βC2
1

) p
4

)
E

2
p+2 δ

p
p+2 .

Proof : Using triangle inequality, we have

∥ fm,δ(x)− f(x) ∥≤∥ fm,δ(x)− fm(x) ∥ + ∥ fm(x)− f(x) ∥ .

From Lemma 3.2 and (1.3), we have

∥ fm,δ(x)− fm(x) ∥ =∥
∞∑
n=0

[1− (1− βσ2
n)

m]γ

σn

(g̃δn − g̃n)X̃n(x) ∥

≤ sup
0<σn≤σ1

(
[1− (1− βσ2

n)
m]γ

σn

)
∥ g̃δ(x)− g̃(x) ∥≤

√
βmδ, (4.9)

then

∥ fm(x)− f(x) ∥ =∥
∞∑
n=0

[1− (1− (1− βσ2
n)

m)γ]

σn

g̃nX̃n(x) ∥

≤∥
∞∑
n=0

(1− βσ2
n)

mL
p
2λ

− p
2

n

(
λn

L

) p
2

fnX̃n(x) ∥

≤ L
p
2 sup

n≥1

(
(1− βσ2

n)
mλ

− p
2

n

)
E,

similar to the proof of Theorem 4.1, we have

∥ fm(x)− f(x) ∥≤ L
p
2

(
p

βC2
1

) p
4

m− p
4E. (4.10)

Combining (4.9) and (4.10), and choosing the regularization parameter m = [
(
E
δ

) 4
p+2 ], we

complete the proof.
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4.2.2. A posteriori regularization parameter choice rule

In 4.2.2, we will give an error estimate under the a posteriori regularization parameter

choice rule.

Theorem 4.4: Let f(x) given by (3.1) be the exact solution. Let fm,δ(x) given by

(4.8) be the regularization solution. The conditions (1.3) and (3.2) hold. Regularization

parameter m is chosen by (4.4), then we have the following error estimate:

∥ fm,δ(x)− f(x) ∥≤

( L
p
2 θ p+2

4

C
p
2
1 (ω − 1)

) 2
p+2

+

(
L(ω + 1)

C1

) p
p+2

E
2

p+2 δ
p

p+2 .

Proof : Using triangle inequality, we have

∥ fm,δ(x)− f(x) ∥≤∥ fm,δ(x)− fm(x) ∥ + ∥ fm(x)− f(x) ∥ .

From Lemma 3.4 and (1.3), we have

ωδ ≤∥ Kfm−1,δ(x)− g̃δ(x) ∥=∥
∞∑
n=0

[1− (1− (1− βσ2
n)

m−1)γ]g̃δnX̃n(x) ∥

≤∥
∞∑
n=0

(1− βσ2
n)

m−1(g̃δn − g̃n)X̃n(x) ∥ + ∥
∞∑
n=0

(1− βσ2
n)

m−1g̃nX̃n(x) ∥

≤ δ+ ∥
∞∑
n=0

(1− βσ2
n)

m−1σnfnX̃n(x) ∥

≤ δ + L
p
2 sup

n≥1

(
(1− βσ2

n)
m−1λ

− p
2

n σn

)
∥

∞∑
n=0

fn

(
λn

L

) p
2

X̃n(x) ∥

≤ δ + L
p
2 sup

n≥1

(
(1− βσ2

n)
m−1C

− p
2

1 σ
p+2
2

n

)
E

≤ δ +

(
L

C1

) p
2

θ p+2
4
(mβ)−

p+2
4 E,

where

θ p+2
4

=


1, 0 ≤ p ≤ 2,(
p+ 2

4

) p+2
4

, p > 2,

then, we deduce that

m ≤ 1

β

(
L

C1

) 2p
p+2

(
θ p+2

4
E

(ω − 1)δ

) 4
p+2

,

similar to the proof of Theorem 4.2, it is easy to get that

∥ fm,δ(x)− fm(x) ∥ ≤

(
L

p
2 θ p+2

4

C
p
2
1 (ω − 1)

) 2
p+2

E
2

p+2 δ
p

p+2 , (4.11)
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and

∥ fm(x)− f(x) ∥≤
(
L(ω + 1)

C1

) p
p+2

E
2

p+2 δ
p

p+2 . (4.12)

Combining (4.11) and (4.12), we can easily obtain the desired result.

4.3. TSVD method (method 3)

In this subsection, we introduce TSVD method, which is simple in structure but

effective. Its advantage is to filter large and small singular values separately to ensure the

stability of the solution. We give the regularized approximate solution as follows

fm,δ(x) =
∑

σ2
n≥ 1

m

1

σn

g̃δnX̃n(x). (4.13)

4.3.1. A priori regularization parameter choice rule

In 4.3.1, we will give an error estimate under the a priori regularization parameter

choice rule.

Theorem 4.5: Let f(x) given by (3.1) be the exact solution. Let fm,δ(x) given by (4.13)

be the regularization solution. The conditions (1.3) and (3.2) hold. If we choose

m = [

(
E

δ

) 4
p+2

],

then we have the following error estimate

∥ fm,δ(x)− f(x) ∥≤

(
1 +

(
L

C1

) p
2

)
E

2
p+2 δ

p
p+2 .

Proof : Using triangle inequality, we have

∥ fm,δ(x)− f(x) ∥≤∥ fm,δ(x)− fm(x) ∥ + ∥ fm(x)− f(x) ∥ .

Then

∥ fm,δ(x)− fm(x) ∥ =∥
∑

σ2
n≥ 1

m

1

σn

(g̃δn − g̃n)X̃n(x) ∥≤
√
mδ, (4.14)

from (3.2), we have

∥ fm(x)− f(x) ∥ =∥
∑

σ2
n<

1
m

1

σn

g̃nX̃n(x) ∥=

∑
σ2
n<

1
m

(
λn

L

)−p(
λn

L

)p

f 2
n

 1
2

≤

∑
σ2
n<

1
m

(
L

C1

)p

σp
n

(
λn

L

)p

f 2
n

 1
2

≤
(

L

C1

) p
2

m− p
4E. (4.15)

Combining (4.14) and (4.15), and choosing the regularization parameter m = [
(
E
δ

) 4
p+2 ],

we complete the proof.
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4.3.2. A posteriori regularization parameter choice rule

In 4.3.2, we will give an error estimate under the a posteriori regularization parameter

choice rule.

Theorem 4.6: Let f(x) given by (3.1) be the exact solution. Let fm,δ(x) given by

(4.13) be the regularization solution. The conditions (1.3) and (3.2) hold. Regularization

parameter m is chosen by (4.4), then we have the following error estimate

∥ fm,δ(x)− f(x) ∥≤

( √
2L

p
2

C
p
2
1 (ω − 1)

) 2
p+2

+

(
L(ω + 1)

C1

) p
p+2

E
2

p+2 δ
p

p+2

Proof : Using triangle inequality, we have

∥ fm,δ(x)− f(x) ∥≤∥ fm,δ(x)− fm(x) ∥ + ∥ fm(x)− f(x) ∥ .

Then

ωδ ≤∥ Kfm−1,δ(x)− g̃δ(x) ∥=∥
∑

σ2
n<

1
m−1

g̃δnX̃n(x) ∥

≤∥
∑

σ2
n<

1
m−1

(g̃δn − g̃n)X̃n(x) ∥ + ∥
∑

σ2
n<

1
m−1

g̃nX̃n(x) ∥

≤ δ+ ∥
∑

σ2
n<

2
m

σnfnX̃n(x) ∥

≤ δ +

∑
σ2
n<

2
m

(
L

C1

)p

σp+2
n

(
λn

L

)p

f 2
n

 1
2

≤ δ +

(
L

C1

) p
2
(

2

m

) p+2
4

E,

then, we deduce that

m ≤ 2

(
L

C1

) 2p
p+2
(

E

(ω − 1)δ

) 4
p+2

,

similar to the proof of Theorem 4.2, it is easy to get that

∥ fm,δ(x)− fm(x) ∥ ≤

( √
2L

p
2

C
p
2
1 (ω − 1)

) 2
p+2

E
2

p+2 δ
p

p+2 , (4.16)

and

∥ fm(x)− f(x) ∥≤
(
L(ω + 1)

C1

) p
p+2

E
2

p+2 δ
p

p+2 . (4.17)

Combining (4.16) and (4.17), we can easily obtain the desired result.
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4.4. Combining TSVD method and Fractional Landweber iterative regularization method

(method 4)

In this subsection, we combine two methods, its advantage is that not only retains the

characteristics of Fractional Landweber iterative regularization method, but also increases

the advantages of TSVD method for filtering large and small singular values separately.

We give the regularized approximate solution as follows

fm,δ(x) =
∑

σ2
n≥ 1

m

1

σn

g̃δnX̃n(x) +
∑

σ2
n<

1
m

[1− (1− βσ2
n)

m]γ

σn

g̃δnX̃n(x). (4.18)

4.4.1. A priori regularization parameter choice rule

In 4.4.1, we will give an error estimate under the a priori regularization parameter

choice rule.

Theorem 4.7: Let f(x) given by (3.1) be the exact solution. Let fm,δ(x) given by (4.18)

be the regularization solution. The conditions (1.3) and (3.2) hold. If we choose

m = [

(
E

δ

) 4
p+2

],

then we have the following error estimate

∥ fm,δ(x)− f(x) ∥≤

(√
β + 1 +

(
L

C1

) p
2

)
E

2
p+2 δ

p
p+2 .

Proof : Using triangle inequality, we have

∥ fm,δ(x)− f(x) ∥≤∥ fm,δ(x)− fm(x) ∥ + ∥ fm(x)− f(x) ∥ .

From Lemma 3.2, we have

∥ fm,δ(x)− fm(x) ∥ =∥
∑

σ2
n≥ 1

m

1

σn

(g̃δn − g̃n)X̃n(x) +
∑

σ2
n<

1
m

[1− (1− βσ2
n)

m]γ

σn

(g̃δn − g̃n)X̃n(x) ∥

≤ (
√
m+

√
βm) ∥ g̃δ(x)− g̃(x) ∥≤ (

√
m+

√
βm)δ, (4.19)

from (3.2), we have

∥ fm(x)− f(x) ∥ =∥
∑

σ2
n<

1
m

[(1− (1− βσ2
n)

m)γ − 1]

σn

g̃nX̃n(x) ∥

=∥
∑

σ2
n<

1
m

1

σn

g̃nX̃n(x) ∥=

∑
σ2
n<

1
m

(
λn

L

)−p(
λn

L

)p

f 2
n

 1
2
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≤

∑
σ2
n<

1
m

(
L

C1

)p

σp
n

(
λn

L

)p

f 2
n

 1
2

≤
(

L

C1

) p
2

m− p
4E. (4.20)

Combining (4.19) and (4.20), and choosing the regularization parameter m = [
(
E
δ

) 4
p+2 ],

we complete the proof.

4.4.2. A posteriori regularization parameter choice rule

In 4.4.2, we will give an error estimate under the a posteriori regularization parameter

choice rule.

Theorem 4.8: Let f(x) given by (3.1) be the exact solution. Let fm,δ(x) given by

(4.18) be the regularization solution. The conditions (1.3) and (3.2) hold. Regularization

parameter m is chosen by (4.4), then we have the following error estimate

∥ fm,δ(x)−f(x) ∥≤

(
(
√

β + 1)
2

p
2p+4

β
1

p+2

(
L

C1

) p
p+2 1

(ω − 1)
2

p+2

+

(
L(ω + 1)

C1

) p
p+2

)
E

2
p+2 δ

p
p+2 .

Proof : Using triangle inequality, we have

∥ fm,δ(x)− f(x) ∥≤∥ fm,δ(x)− fm(x) ∥ + ∥ fm(x)− f(x) ∥ .

Then

ωδ ≤∥ Kfm−1,δ(x)− g̃δ(x) ∥=∥
∑

σ2
n<

1
m−1

[1− (1− (1− βσ2
n)

m−1)γ]g̃δnX̃n(x) ∥

≤∥
∑

σ2
n<

1
m−1

(1− βσ2
n)

m−1(g̃δn − g̃n)X̃n(x) ∥ + ∥
∑

σ2
n<

1
m−1

(1− βσ2
n)

m−1g̃nX̃n(x) ∥

≤ δ+ ∥
∑

σ2
n<

2
m

(1− βσ2
n)

m−1σnfnX̃n(x) ∥

≤ δ +
1√
βm

∥
∑

σ2
n<

2
m

fnX̃n(x) ∥

= δ +
1√
βm

∑
σ2
n<

2
m

(
λn

L

)−p(
λn

L

)p

f 2
n

 1
2

≤ δ +
1√
βm

(
L

C1

) p
2
(

2

m

) p
4

E,

then, we deduce that

m ≤ 2
p

p+2

β
2

p+2

(
L

C1

) 2p
p+2
(

E

(ω − 1)δ

) 4
p+2

,
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similar to the proof of Theorem 4.2, it is easy to get that

∥ fm,δ(x)− fm(x) ∥ ≤ (
√

β + 1)
2

p
2p+4

β
1

p+2

(
L

C1

) p
p+2 1

(ω − 1)
2

p+2

E
2

p+2 δ
p

p+2 , (4.21)

and

∥ fm(x)− f(x) ∥≤
(
L(ω + 1)

C1

) p
p+2

E
2

p+2 δ
p

p+2 . (4.22)

Combining (4.21) and (4.22), we can easily obtain the desired result.

5. Numerical experiments

In this section, numerical experiments are presented to illustrate the effectiveness of

our methods. We take Case 1 as an example, that is, let α1 = β1 = 1. Assume that

F (x, t) = r(t)f(x) + Z(x, t), then equation (1.1) can be rewritten as

Dα
t u(x, t) =

∂2u(x, t)

∂x2
+ F (x, t), 0 < x < L, t > 0,

u(x, 0) = ϕ(x), 0 ≤ x ≤ L,

u(0, t) + ux(0, t) = µ1(t), 0 ≤ t ≤ T,

u(L, t) + ux(L, t) = µ2(t), 0 ≤ t ≤ T.

(5.1)

Due to the difficulty in getting the exact solution of the direct problem, we use the finite

difference method (FDM) to solve the direct problem (assumed that fuctions F (x, t), ϕ(x),

µ1(t) and µ2(t) are known). Then the final value data g(x) is easily obtained.

Denote the discrete points in the space interval [0, L] as xi = ih(i = 0, 1, · · · ,M)

with the space step size h = L
M
, the discrete points in the time interval [0, T ] as tn =

nτ(n = 0, 1, · · · , N) with the time step size τ = T
N
. Let the value at each gird point is

un
i = u(xi, tn).

Take the average of two adjacent time layers. Adopting the finite difference scheme,

we discrete the equation Dα
t u(x, t) =

∂2u(x,t)
∂x2 + F (x, t) as follows

τ−α

Γ(2− α)
[un

i −
n−1∑
k=1

(a
(α)
n−k−1 − a

(α)
n−k)u

k
i − a

(α)
n−1ϕ(xi)] =

1

h2
(un

i+1 − 2un
i + un

i−1) + F n
i , (5.2)

where a
(α)
k = (k+1)1−α − k1−α(k > 0), F n

i = F (xi, tn), denote λ = h2

ταΓ(2−α)
and (5.2) can

be simplified as

18





− 2un
1 + (λ+ 2− 2h)un

0 = −2hµ1(t) + λ

n−1∑
k=1

(a
(α)
n−k−1 − a

(α)
n−k)u

k
0 + λa

(α)
n−1ϕ(x0) + h2F n

0 ,

− un
i+1 + (λ+ 2)un

i − un
i−1 = λ

n−1∑
k=1

(a
(α)
n−k−1 − a

(α)
n−k)u

k
i + λa

(α)
n−1ϕ(xi) + h2F n

i , 1 ≤ i ≤ M − 1,

(λ+ 2 + 2h)un
M − 2un

M−1 = 2hµ2(t) + λ

n−1∑
k=1

(a
(α)
n−k−1 − a

(α)
n−k)u

k
M + λa

(α)
n−1ϕ(xM) + h2F n

M .

Then we get the following matrix equation:

AUn = A1 + λA2 + λa
(α)
n−1A3 + h2A4,

where A is a tridiagonal matrix:

A(M+1)×(M+1) =



λ+ 2− 2h −2 0 0 · · ·
−1 λ+ 2 −1 0 · · ·
· · · · · · · · · · · · · · ·
· · · 0 −1 λ+ 2 −1

· · · 0 0 −2 λ+ 2 + 2h


,

Un = (u0, · · · , uM)T , A1 = (−2hµ1(t), 0, · · · , 0, 2hµ2(t))
T , A2 = (

∑n−1
k=1(a

(α)
n−k−1−a

(α)
n−k)u

k
0, · · · ,

∑n−1
k=1(a

(α)
n−k−1−

a
(α)
n−k)u

k
M)T , A3 = (ϕ(x0), · · · , ϕ(xM))T , A4 = (F n

0 , · · · , F n
M)T .

Noisy data is generated by adding a random disturbance, i.e.

gδ(x) = g(x) + ϵg(x) · (2rand(size(g(x)))− 1),

where ϵ > 0 reflects the noise level and δ = ∥gδ(x)− g(x)∥.
In order to facilitate the subsequent description, we call the Landweber iterative regu-

larization method as method 1, Fractional Landweber iterative regularization method as

method 2, TSVD method as method 3, combining TSVD method and Fractional Landwe-

ber iterative regularization method as method 4. The absolute error e(f, ϵ)1∼4 and relative

error er(f, ϵ)1∼4 between the regularized approximate solution and the exact solution of

method 1 ∼ 4 are

e(f, ϵ)i = ∥fm,δ(x)− f(x)∥, er(f, ϵ)i =
∥fm,δ(x)− f(x)∥

∥f(x)∥
, i = 1, · · · , 4,

respectively. In our following numerical experiments, we take L = 1, T = 1,M = 50, N =

100, β = 1
σ2
n+1

, γ = 0.75. The regularized approximate solutions of four methods are given

by (4.1), (4.8), (4.13) and (4.18), respectively. The regularization parameter m under the
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a priori choice rule is given by m = [
(
E
δ

) 4
p+2 ], where E =∥ f(x) ∥p. The regularization

parameter m under the a posteriori choice rule is given by (4.4), with ω = 1.1.

Example 1: Take functions

f(x) = sin(
π

2
x), r(t) = 2(t2 + 1), Z(x, t) =

2t2−α

Γ(3− α)
x,

ϕ(x) = sin(
π

2
x), µ1(x) = −(t2 + 1), µ2(x) = −2(t2 + 1).

ϵ er(f, ϵ)1 er(f, ϵ)2 er(f, ϵ)3 er(f, ϵ)4 e(f, ϵ)1 e(f, ϵ)2 e(f, ϵ)3 e(f, ϵ)4

0.001 0.0391 0.0361 0.0398 0.0386 0.1974 0.1823 0.2010 0.1949

0.005 0.0572 0.0513 0.0783 0.0560 0.2888 0.2591 0.3954 0.2828

0.01 0.0661 0.0659 0.0861 0.0767 0.3338 0.3328 0.4349 0.3873

Table 1: Errors by using a priori parameter choice rule for Example 1

ϵ er(f, ϵ)1 er(f, ϵ)2 er(f, ϵ)3 er(f, ϵ)4 e(f, ϵ)1 e(f, ϵ)2 e(f, ϵ)3 e(f, ϵ)4

0.001 0.0378 0.0312 0.0375 0.0359 0.1909 0.1576 0.1894 0.1813

0.005 0.0488 0.0478 0.0771 0.0546 0.2464 0.2414 0.3893 0.2757

0.01 0.0634 0.0626 0.0843 0.0725 0.3202 0.3161 0.4257 0.3661

Table 2: Errors by using a posteriori parameter choice rule for Example 1

Example 2: Take functions

f(x) =

2x, 0 ≤ x < 0.5,

2− 2x, 0.5 ≤ x ≤ 1,
r(t) = t2 + 1, Z(x, t) =

2t2−α

Γ(3− α)
x,

ϕ(x) = 2x, µ1(x) = −(t2 + 1), µ2(x) = −2(t2 + 1).

ϵ er(f, ϵ)1 er(f, ϵ)2 er(f, ϵ)3 er(f, ϵ)4 e(f, ϵ)1 e(f, ϵ)2 e(f, ϵ)3 e(f, ϵ)4

0.001 0.0780 0.0779 0.0749 0.0772 0.3186 0.3182 0.3059 0.3153

0.005 0.0852 0.0846 0.0871 0.0897 0.3480 0.3455 0.3557 0.3663

0.01 0.1140 0.1088 0.1034 0.1101 0.4656 0.4444 0.4223 0.4497

Table 3: Errors by using a priori parameter choice rule for Example 2
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(a) A priori parameter choice rule (ϵ = 0.001)
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(b) A posteriori parameter choice rule (ϵ = 0.001)
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(c) A priori parameter choice rule (ϵ = 0.005)
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(d) A posteriori parameter choice rule (ϵ = 0.005)
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(e) A priori parameter choice rule (ϵ = 0.01)
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(f) A posteriori parameter choice rule (ϵ = 0.01)

Fig 1: The exact solution f(x) and its approximation with different methods for Example 1
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(a) A priori parameter choice rule (method 4)
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(b) A posteriori parameter choice rule (method 4)

Fig 2: The exact solution f(x) and its approximation by using method 4 with different noise levels for

Example 1

ϵ er(f, ϵ)1 er(f, ϵ)2 er(f, ϵ)3 er(f, ϵ)4 e(f, ϵ)1 e(f, ϵ)2 e(f, ϵ)3 e(f, ϵ)4

0.001 0.0757 0.0737 0.0716 0.0765 0.3092 0.3010 0.2924 0.3124

0.005 0.0840 0.0810 0.0841 0.0862 0.3431 0.3308 0.3435 0.3520

0.01 0.1108 0.1033 0.0998 0.0996 0.4525 0.4219 0.4076 0.4068

Table 4: Errors by using a posteriori parameter choice rule for Example 2

Example 3: Take functions

f(x) =


0, 0 ≤ x < 0.25,

2, 0.25 ≤ x < 0.75,

0, 0.75 ≤ x ≤ 1,

r(t) = t2 + 1, Z(x, t) =
2t2−α

Γ(3− α)
x,

ϕ(x) = 2x, µ1(x) = −(t2 + 1), µ2(x) = −2(t2 + 1).

ϵ er(f, ϵ)1 er(f, ϵ)2 er(f, ϵ)3 er(f, ϵ)4 e(f, ϵ)1 e(f, ϵ)2 e(f, ϵ)3 e(f, ϵ)4

0.001 0.2281 0.2274 0.2280 0.2292 2.2810 2.2740 2.2800 2.2920

0.005 0.2833 0.2804 0.3055 0.2758 2.8330 2.8040 3.0550 2.7580

0.01 0.3106 0.3059 0.3273 0.3128 3.1060 3.0590 3.2730 3.1280

Table 5: Errors by using a priori parameter choice rule for Example 3

22



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

x

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

f(
x
)a

n
d
 i
ts

 a
p
p
ro

x
im

a
ti
o
n

exact

method1

method2

method3

method4

(a) A priori parameter choice rule (ϵ = 0.001)
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(b) A posteriori parameter choice rule (ϵ = 0.001)
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(c) A priori parameter choice rule (ϵ = 0.005)
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(d) A posteriori parameter choice rule (ϵ = 0.005)
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(e) A priori parameter choice rule (ϵ = 0.01)
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(f) A posteriori parameter choice rule (ϵ = 0.01)

Fig 3: The exact solution f(x) and its approximation with different methods for Example 2
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(a) A priori parameter choice rule (method 4)
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(b) A posteriori parameter choice rule (method 4)

Fig 4: The exact solution f(x) and its approximation by using method 4 with different noise levels for

Example 2

ϵ er(f, ϵ)1 er(f, ϵ)2 er(f, ϵ)3 er(f, ϵ)4 e(f, ϵ)1 e(f, ϵ)2 e(f, ϵ)3 e(f, ϵ)4

0.001 0.2259 0.2252 0.2263 0.2253 2.2590 2.2520 2.2630 2.2530

0.005 0.2797 0.2777 0.3026 0.2727 2.7970 2.7770 3.0260 2.7270

0.01 0.3002 0.2964 0.3233 0.3095 3.0020 2.9640 3.2330 3.0950

Table 6: Errors by using a posteriori parameter choice rule for Example 3

In Figs 1, 3 and 5, we provide the comparisons between the exact solution f(x) and

its regularized approximate solution by using a priori and a posteriori parameter choice

rules with different methods. Since the a prior bound E is difficult to obtain in practical

problems, we give an accurate a prior bound E =∥ f(x) ∥p, then both a priori and a

posteriori parameter choice rules achieve desired results. In Figs 2, 4 and 6, we take

combining TSVD method and Fractional Landweber iterative regularization method as

an example, then we provide the comparisons between the exact solution f(x) and its

regularized approximate solution by using a priori and a posteriori parameter choice

rules with different noise levels. Tables 1-6 show the absolute errors and relative errors

with different methods and different noise levels.

From these examples, it can be seen from Figs 1-6 that the numerical results of four

regularization methods are similar, and when the smoothness of the solution gets better,

the numerical results get better. These are consistent with our theoretical results. It can

be seen from Table 1-6 that the smaller ϵ, the better the approximation effect. Moreover,

we can see that the a posteriori parameter choice rule is even comparable to the a
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(a) A priori parameter choice rule (ϵ = 0.001)
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(b) A posteriori parameter choice rule (ϵ = 0.001)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

x

-1

-0.5

0

0.5

1

1.5

2

2.5

f(
x
)a

n
d
 i
ts

 a
p
p
ro

x
im

a
ti
o
n

exact

method1

method2

method3

method4

(c) A priori parameter choice rule (ϵ = 0.005)
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(d) A posteriori parameter choice rule (ϵ = 0.005)
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(e) A priori parameter choice rule (ϵ = 0.01)
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(f) A posteriori parameter choice rule (ϵ = 0.01)

Fig 5: The exact solution f(x) and its approximation with different methods for Example 3
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(a) A priori parameter choice rule (method 4)
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(b) A posteriori parameter choice rule (method 4)

Fig 6: The exact solution f(x) and its approximation by using method 4 with different noise levels for

Example 3

priori parameter choice rule. These numerical examples verify the validity of our iterative

regularization method.

6. Conclusion

In this paper, we consider the source term identification of the time-fractional diffusion

equation under Robin boundary condition. Landweber iterative regularization method,

Fractional Landweber iterative regularization method, TSVD method, combining TSVD

method and Fractional Landweber iterative regularization method are used to solve the

equation (1.1). Error estimations between the regularized approximate solution and exact

solution under two parameter choice rules are given. The numerical simulation results

show that: (1) Fractional Landweber iterative regularization method outperform Landwe-

ber iterative regularization method, (2) numerical results of four methods are similar,

which is consistent with our theoretical results. Combining TSVD method and Fractional

Landweber iterative regularization method does not show advantages in numerical ex-

amples of this paper, probably because the equation (1.1) is linear. On other types of

inverse problem, such as nonlinear equations, combining TSVD method and Fractional

Landweber iterative regularization method will achieve better numerical results, which

awaits our further study.
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