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1 Introduction

Let E, X, Y and V be reflexive, separable Banach spaces, H be a reflexive Hilbert space.
The dual of V' is denoted by V* and denote the dual pair between V* and V by (-, -). Let
C' C V be a nonempty, closed and star-shaped set. I denotes a bounded interval [0, b]
with b > 0. Let A: D(A) C E — E be the infinitesimal generator of a Cp—semigroup
{Tt)hsoon Eand f: IXEXY - E, w: VY, B:IXxE—=V*g:IxV =V
J:IxX — Rand ¢ :V — X be given functions. With these data, we consider a
class of differential hemivariational inequalities consisting of nonlinear abstract evolution
equations and evolutionary hemivariational inequalities as follows.

Problem P. Find a pair of functions (z,u) with z: I — E and u : I — V such that

2'(t) = Ax(t) + f(t, z(t),wu(t)) for ae. tel,
u(-) € SOL(C, B, g, J,x, uo), (1.1)
z(0) = .

Here, the notation SOL(C, B, g, J,x,ug) stands for the set of solutions for evolution-
ary hemivariational inequality constrained on nonconvex star-shaped set, consisting of
functions v : I — V such that

u(t) € C for all tel,
u'(t) + B(t, z(t)) + g(t,u(t)),v) + JO(t,Ju(t),Jv) > 0 for ae. t € I,Vv € Te(u(t)),
(0) = up.

I~

(1.2)

We note that Problem P represents a system which couples the evolution equation
(1.1) with the hemivariational inequality (1.2) of parabolic type, associated to the initial
conditions. So we refer to Problem P as a differential hemivariational inequality which
follows the terminology such as [14, 15, 21]. Also, the solution of problem P is understood
in the following sense.

Definition 1.1 A pair of functions (z,u), with x € C(I; E), uw € L*(I;V) and v’ €
L2(1,V*), is said to be a mild solution of Problem P if

¢
z(t) = T(t)zo +/ T(t—3s)f(s,z(s),wu(s))ds for all t € I,
0
where u(t) € C' solves inequality (1.2) for a.e. t € I.

It is well known that the theory of variational inequalities began in the early 1960s,
based on arguments of convexity and monotonicity. If the corresponding energy func-
tionals are nonconvex, it arises another type of inequalities as variational formulation
of a problem. Which is called hemivariational inequalities and based on properties of
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the Clarke subgradient defined for locally Lipschitz functions. The study of hemivari-
ational inequality started with the pioneering works of Panagiotopoulos in the context
of applications in engineering problems [26, 27]. The analysis of hemivariational in-
equality mainly uses the properties of the subdifferential in the sense of Clarke, which
defined for locally Lipschitz functions which may be nonconvex. Some significant re-
sults on variational /hemivariational inequalities and their application can be found in
2,6, 7,8, 19, 20, 21, 22, 23, 30, 32, 33, 34, 35] and its references.

The notion of differential variational inequalities was introduced in [1] by Aubin
and Cellina. Differential variational inequalities are systems which couple differential
or partial differential equations with a time-dependent variational inequality. Various
mathematical models arising in the study of contact and impact problems lead to dif-
ferential variational inequalities. Since a systematic study was carry out by Pang and
Stewart [29], there is a number of papers have been dedicated to the development of the-
ory of differential variational inequalities and their applications [3, 11, 13, 14, 17, 18, 24].
Furthermore, differential hemivariational inequalities was firstly introduced by Liu et al.
[15]. Interest in differential hemivariational inequalities and, more general, differential
variational-hemivariational inequalities, represent an important extension, originated,
similarly as in differential variational inequalities. Over the past decade, the theory of
this topic grew rapidly. We refer the reader to some recent references [9, 10, 15, 16, 21, 37]
and their references.

It is remarkable that some basic results concerning the properties of solution set were
obtained under the assumption of compactness and convexity on constraint set [14].
Later, by relaxing the compactness of constraint set K, the existence and properties of
solution set are obtained [12]. Also, in [15], the authors required that the constraint set
K is bounded. Furthermore, Liu et al. [11] established a general existence theorem for a
differential variational inequality with constrainted on closed convex set. So far, in many
of the existing articles, the authors obtained the existence and unique solution of differ-
ential variational inequality, hemivariational inequalities problems involving constraints
on nonempty convex subset of Banach spaces. However, there are very few results con-
cerning nonconvex constrained differential variational /hemivariational inequalities.

So far as we known, there are some references which study only a single variational
or hemivariational inequalities constraints on nonconvex sets. we refer to [7, 22| for
stationary problems, and to [8, 31] for evolution problems. The proof of the existence
theorem in [8, 31] is based on the hemivariational inequality approach, surjectivity the-
orem and penalization method. This approach was initiated in [22, 23] to concern with
existence of solutions to a problem, which can be seen as a nonconvex counterpart of a
stationary problem. It was continued in [7] to nonconvex constrained problems in the
theory of von Kgarman plates. Inspired from the above work, we apply this approach to
study differential hemivariational inequality (1.1) involving constraint is not necessarily
convex, but it is star-shaped with respect to a ball.

The main novelties of the recent paper are follows: First, for the first time, we study



a system of a nonlinear abstract evolution equation driven by a hemivariational inequal-
ity of parabolic type constrained on nonconvex star-shaped set. Until now, (1.1) has
not been studied in the literature. Second, there are a few papers devoted to this kind
problems consisting of abstract evolution equations and evolutionary hemivariational
inequalities (see e.g. [21]). Moreover, the main results can be applied to a special case
of Problem P, for instance, if the nonlinear function B is assumed to be independent
of the variable x, Problem P reduces to the hemivariational inequality constrained on
nonconvex star-shaped set. Third, the admissible set of constraints is closed and star-
shaped with respect to a certain ball, this allows one to use a discontinuity property of
the generalized Clarke subdifferential of the distance function. The existence of the solu-
tions will be proved by applying a surjectivity theorem for multivalued pseudomonotone
operators, a differential hemivariational inequality approach and a penalization method
in which a small parameter does not have to tend to zero. The penalty method in this
paper is unlike the recent literature [5, 10, 13, 16] and its references.

The rest of the paper is structured as follows. In Section 2 we state notations, basic
definitions and preliminaries. In Section 3 the necessary assumptions and the results
on existence of mild solution are given and proven. Finally, an example is provided in
Sections 4 and the proofs are based on our abstract results.

2 Notations and preliminaries

In this section, we review some notation, basic definitions and preliminaries that to be
used in the next sections. More details can be found in [4, 20, 23, 34, 36].

Let F, X, Y and V be reflexive, separable Banach spaces, H be a reflexive Hilbert
space with the norms || - ||g, || - [|x, || - ||y, || - [[v and || - || &, respectively. The dual of
V is denoted by V* and denote the dual pair between V* and V' by (-, -). 0y represents
the zero element of the space V', a similar definition of the zero element of other spaces.
I = [0,b] denotes a bounded interval with 0 < b < 4o00. In the sequel, we use the
standard Bochner-Lebesgue function spaces V = L*(I; V), H = L*(I; H), X = L*(I; X),
V* = L*(I; V*). The duality pairing between V* and V is given by

(11, D)y = /0 (u(t), v(t))dt, ue V', ve V.

Besides, C(I; E') and C(I; V') represent the space of continuous functions on / with values
in F and V, respectively. We say that V' is embedded in Y if, V' is a vector subspace
of Y, and the embedding operator w : V' — Y defined by w(z) = z for all z € V' is
continuous. Moreover, we say that V' is compactly embedded in Y if the embedding
operator w is compact. Since the embedding operator is linear, the continuity condition
is equivalent to the existence of a constant ¢ > 0 such that

lz|ly < cllz||y for all z € V.



Consider an evolution triple of spaces (V, H,V*), which means that V is a reflexive
separable Banach space, H is a separable Hilbert space, The embedding V' C H is
continuous and V is dense in H. Now, introduce the space W defined by W = {v €
V|V € V*}, where the time derivative v/ = 0v/0t is understood in the sense of vector-
valued distributions. It is well known that the space VW endowed with the graph norm
Wl = vlly + [V
separability and reflexivity of V and V*. Furthermore, we have the following continuous
embeddings W C V C ‘H C V* and the embedding W C C(I; H) is continuous.

v+ is a Banach space, which is separable and reflexive due to the

In what follows, we will assume that V' is densely and compactly embedded in Y.
Let Y = L*(I;Y) and Y* = L*(I;Y*). Since the embedding V' C Y is compact, then by
the Lions-Aubin lemma, we know that the embedding W C ) is also compact. All the
limits and upper limits are considered as n — oo, even if we do not mention it explicitly.
We now proceed with the notions of pseudomonotonicity for multivalued operators.

Definition 2.1 An operator A:V — V* is said to be:

(a) bounded, if A maps bounded sets of V' into bounded sets of V*;
(b) monotone, if (Au — Av,u —v) >0 for allu, v e V;

(c) pseudomonotone, if A is a bounded operator and for every sequence {x,} C V with
T, — x weakly in V', such that lim sup(Ax,,x, — x) < 0, we have (Ax,x —y) <
liminf(Az,, z, —y) for ally € V.

(d) demicontinuous, if u, — u in 'V implies Au,, — Au weakly in V*.
Definition 2.2 Let L : V D D(L) — V* be a linear, mazimal monotone operator. An
operator A : V. — V* is said to be L-pseudomonotone, if for any sequence {v,} C V

with v, — v weakly in V', such that lim sup({Av,,v, —v) <0, it follows that Av, — Av
weakly in V* and im(Av,, v,) = (Av,v).

Definition 2.3 Let L : V O D(L) — V be a linear, maximal monotone operator. A
multivalued operator A : V. — 2V is said to be L-pseudomonotone if

(a) for allv € V the set Av is a nonempty, bounded, closed, and convex subset of V*.
(b) A is upper semicontinuous from each finite dimensional subspace of V' into w-V*

(c) for any sequences {v,} C D(L) with v, — v weakly in V', Lv, — Lv weakly in
V*, vk € Av, is such that v} — v* weakly in V* and limsup(v}, v, —v) <0, then
v* € Av and lim(v}, v,) = (v*,v).

The following surjectivity result will be crucial in our proof of the existence theorem.



Theorem 2.4 ([28, Theorem 2.1]) Assume that V is a reflexive and strictly convex
Banach space. Let L : D(L) C V. — V* be a linear, mazimal monotone operator,
and A 'V — 2V be a multivalued operator, which is bounded, L-pseudomonotone and

coercive, 1.e.,

inf{(u*,u) | v € Au}

lly—+o0 |

Then L + A is a surjective operator.

Now, we review the definition of generalized gradient in the Clarke sense and their
properties.

Assume that j : V' — R be a locally Lipschitz functional. From [4], we denote by
j%(z;v) the Clarke generalized directional derivative of j at x in the direction v, that is

. \o) — i
§%(x;v) = limsup iy +Av) ]<y)

y—x, A—0t A

And the generalized Clarke subdifferential of j at x is a subset of V* given by
dj(z) = {z* € V* | j%x;v) > (a*,v), for all v € V}.

Lemma 2.5 ([4, Proposition 2.1.2]) If the functional j : V — R is a locally Lips-
chitz continuous, then we have the following statements.

(i) There holds j°(x;v) = max { (&,v) | £ € 0j(x) } for all x,v € V.
(ii) For each x € V, 0j(x) is a nonempty, convex, weak*-compact subset of V*.

(iii) For each x € V, the function U > v — j%(z;v) € R is positively homogeneous and
subadditive, i.e., j°(x; ) = A\j°(z;v) for all X > 0, v € U and j°(x;v, + v9) <
70(z;v1) + 7%z v2) for all vy, vy € V, respectively.

Lemma 2.6 ([8, Lemma 2.1]) If V is a Banach space and j : V. — R be a locally
Lipschitz continuous function with a Lipschitz constant k > 0, then

|07 ()| < k for all v € V.

The following result provides an example of a multivalued pseudomonotone operator
which is a superposition of the Clarke subgradient with a compact operator.

Lemma 2.7 ([2, Proposition 5.6]) Let V and X be two reflexive Banach spaces, ¥ :
V — X be a linear, continuous, and compact operator. We denote by 9* : X* — V* the
adjoint operator to v. Let j : X — R be a locally Lipschitz functional such that

105 ()]

x+ < c;(1+|v|lx) for allv eV

6



with ¢; > 0. Then the multivalued operator G : V — 2V defined by
G(v) =005 (V(v)) for allv eV

15 pseudomonotone.

Let B_V(vo, r) denote the closed ball in V' with centre vy € V' and radius r > 0, i.e.,
By (vo,7) == {v eV | ||lv—wolly <7}
Deﬁn_ition 2.8 Let C be a subset of V. We say that C' is star-shaped with respect to a
ball By (vo, ), iff
M+ (1—=XN)zeC forallve O, z€ By(v,r), A €[0,1].
For a nonempty set C C V, by d : V — R, we denote the distance function of C,
ie.,

d(z) == 516% ||lv — z||y for all z € V.
The Clarke tangent cone to C' at a point u € V, denoted by T (u), is defined by
To(u) ={veV: Eo(u; v) = 0}.
Besides, we recall the discontinuity property of the generalized Clarke derivative of
the distance function for a star-shaped set.

Assume that V' C Y and the embedding operator w : V' — Y is dense and continuous.
Let C C V be a nonempty set. In what follows, we will write wC and wu instead of
w(C) (i.e. the image of the set C') and w(u) (i.e. the value of u), respectively. We denote
by d : Y — R the distance function of wC in Y, ie.,

d(z) == vleri)fC ||lv — z||y for all z €Y.
Let d : V — R be defined by
d:=dly =dow.

It is easy to see that both functions d and d are Lipschitz continuous, with Lipschitz
constants equal to one and ||w]|, respectively(see, e.g., [28, Proposition 2.4.1]). For any
v €V, we also have

d(v) = d(wv) = inf [l —wyllz < o] inf [lo — yllv = lwlld(v) (2.1)
and for any u,v € V', we have

d°(u;v) < d°(wu;wo), (2.2)
see, e.g., [20, Proposition 3.37, p. 61].

The following property of the Clarke directional derivative of the distance function
(see, e.g., [22, Lemma 2.1], [23, Lemma 7.2 and (7.2.47)]), will be crucial in our main
theorem.



Lemma 2.9 Let V and Y be reflexive Banach spaces with the continuous and dense
embedding w : V. — Y. Let C C V be a closed set, which C' C V is star-shaped with
respect to a ball By (vo,r) for some vy € C and r > 0. Let d be the function defined by
(2.1), then

—d(u) — rljwl| for all u ¢ C,
0 for all u € C.

d° (u; v — 1)

<
d°(u; vy — u) <

Finally, for every u € C, we introduce the following cone in V/

To(u): ={v eV :d(wu;wv) =0} (2.3)
={veV :wve szc(wu) =0} = w_lTZC(wu).

For this cone, we have the following property.

Lemma 2.10 ([8, Lemma 2.3]) If C' is a nonempty and convezr subset of a Banach
space V, then Tc(u) C Te(u) for allu € C.

3 Hypothesis and main results

In this section, we establish the existence results for the Problem P. For this goal, we
first state the following hypothesis.

A: D(A) C E — E is the generator of a Cy-semigroup of (3.1)
linear and continuous operators {7T'(¢) };>0 on the space E. '
([ f:Ix ExY — E is such that :
(a) f(-,x,y) is measurable on [ for all (z,y) € E X Y;
(b) ( OE,Oy) € LZ(I E)
(©) £t 21,y) = f(t 22,9)le < hiller — 22[e (3.2)
for a.e. t € I and all x1,29 € E,y € Y with [; > 0; ’
(d) f(t,z,-) is a-Hdlder continous, i.e.,
||f(t7x»y1) - f(twray?)HE S l2||y1 - yQH%
\ forae.telandallz € E, y,yo € Y withO0 < a <1, I > 0.
The embedding V C Y is compact and w : V' — Y is (3.3)
a embedded compact operatot from V to Y. ’



(B :Ix E — V*is such that:

(a) B(-,x) is measurable on [ for all x € F;

y (b) B(t,-) is continous for a.e. t € I; (3.4)
(

¢) ||B(t,x)||lv+ < bo(t) + bi||x|| g for ae. t €1,
and all x € E with by € L*(I,R") and b; > 0.

g: I xV — V*issuch that:
a) g(-,u) is measurable on [ for all u € V;

(
(b) g(t,-) is pesudomonotone on V for a.e. t € I;
(

o) lg(t,uw)||ve < ao(t) + ar||u|ly for ae. t € I, and all u € V (3.5)
with ag € L*(I, R") and a; > 0;
(d) (g(t,u),u) > mg||ull} — mollullv — my for ae. t €1
L and all u € V' with m, > 0 and mg, m; > 0.
(J:1x X — R is such that:
(a) J(-,v) is measurable on [ for all v € X;
(b) J(t,-) is locally Lipschitz continous on X for a.e. t € [; (3.6)
() I€]lx+ < cy(1+||v]|x) for a.e. t € I and all
\ ve X, e dJ(t,v) with ¢; > 0.
¥:V — X is a linear, continuous and compact operator and (3.7)
and ¥* : X* — V* is its adjoint operator. ’
my, > 2c;||9%. (3.8)
C is star-shaped set with respect to a ball By (v, ) (3.9)
with vg € C' and r > 0. ’

Firstly, we provide the follows preliminary lemma.

Lemma 3.1 Assume that (3.1)-(3.3) hold. Then, for each u € C(I;V), there ezists a
unique function x € C(I; E) such that

x(t) =T (t)zo + /T(t —38)f(s,z(s),wu(s))ds for all t € I. (3.10)

Define a solution operator R : C(I;V) — C(I; E) of (3.10) as v = Ru. Then R is a
history-dependent operator, i.e. there exists a constant My > 0 such that

t
IRu1(t) — Ruo(t)||p < Mf/ |lui(s) — ua(s)||yds  for all ¢t e 1.
0

for any uy,us € C(I; V).



Proof. Firstly, for given u € C(I;V), from [25, Theorem 6.1.2], it is well-known that
there exists a unique solution = € C(I; E) to (3.10).

Next, assume that zq,x9 € C([; E) represent the solution of problem (3.10) corre-
sponding to the functions uy, us € C'(I; V). Then for ¢t € I, we have

Rus(t) = T()o + /OtT(t ) (s, wils), wus(s))ds for i=1,2.
From assumption (3.2), we derive
[Run(t) — Rus®)ls = ll1(6) — a0
< [T = S 105 o (5) = 75l ot s
MLy [ hon) ~as(o)lods + Ma sl [ ) — waogas.

Above inequality and the Gronwall argument (see [34, Lemma 2]) yields that

[Rua (t) — Rua(t)| s SMf/O [ur(s) — ua(s)[[3-ds,

where My = MaL;|lw||*eMals® with M4 = sup ||T(¢)|. It completes the proof. O
te[0,b]

Moreover, from Lemma 3.1, we can see that there exist two constants ¢; and ¢y such
that

t
IRu(t)||lg < 1 + 02/ |lu(s)||5-ds for all t € I and any u € C(I,V). (3.11)
0

To obtain the existence results for Problem P, we will consider the auxiliary dif-
ferentail hemivariational inequality as follows.

Problem P, : For p > 0, find a pair of function (x,,u,) withz,: I - Fandu,: I -V
such that:

2, (t) = Az,(t) + f(t, 2,(t), wu,(t)), ae t €,
up(-) € SOL(B, g, %, ug, p, d), (3.12)
z,(0) = .

Here, SOL(B, g, x, ug, p, d) means the set of solution of the evolutionary hemivariational
inequality: find u,(t) € V such that

(U (0)+ B, 1))+ 90, 1,(0).0) + (0 D0 90) + — (0)50) = 0.

up(O) = Ug
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for all v € V and a.e. t € I. From Lemma 3.1, for each p > 0, the Problem P, can
be converted into the following hemivariational inequality: find a function u, € ¥ such
that

>0,

(0 (0)+ Bl Rut (1)) + gty (0).0) + (8, D8, 90) + 0 (1)50)

u,(0) = ug

(3.13)

for all v € V and a.e. t € I, where R is the solution operator of evolution equation of
(3.12). Moreover, to obtain the solution of (3.13), we shall study the following auxiliary
inclusion problem:

Find u, € W such that
1
w),(t) + B(t, Ruy(t)) + g(t, u,(t)) + 9" 0J (t, Yu,(t)) + ;8d(up(t)) 50,tel, (3.14)
u,(0) = uo.
We claim that every solution to (3.14) is also a solution to (3.13). In fact, according

to the definition of solutions for (3.14), if u, is a solution of (3.14), it means that there
exist £ € X*, € V* such that £(t) € 0J(t,Vu,(t)), ((t) € 0d(u,(t)) for a.e. t € I and

(1) + Bt Ruy(£)) + g(t uy(t)) + 9°€(t) + %C(t) 0y ae tel
u,(0) = wo,
which turns out
(il () + Bt Ry () + g(t, up(£)) + 07€(2) + %gm, o) =0,
u(0) = g

for all v € V and a.e. ¢t € I. Since {(t) € 0J(Vu,(t)) implies that (J*£(t),v)v
(E(t),9v)x < JOt, Vu,(t);9v) ae. t € I, and also ((t) € dd(u,(t)) implies (((t),v)
d®(u,(t);v) a.e. t € I, we obtain

IA

(0 (0) + Bt R (0) + 90t ,0)). 1) + (e D, 1), 00) + - (0 0) 2 0.
u(0) = ug

for all v € V and a.e. t € I. Therefore, in order to study the existence of the Problem
P,, we only need to deal with the inclusions (3.14).

Next, we introduce the operators T:V—=2V and NV =2 by
T (u) = {w € V* 1 w(t) = 9*&(t) with £(t) € AJ(t, Yu(t)) ae. t € I} for u €V,
N@) ={we V*:wt) € dd(u(t) ac. t eI} forue).

By virtue of Lemma 2.5, Lemma 2.6 and [19, Lemma 11], we have the following lemmas
by a similar proof.
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Lemma 3.2 For each u € V, the sets j(u) and ./\A/(u) have nonempty, convex, bounded
and weakly compact values.

Lemma 3.3 The operator N satisfies: if u, — uw inV, w, — w weakly in V* and
wy, € N (uy,), then we have w € N'(u). The operator J also has this property.

From the hypothesis (3.4)—(3.6), we introduce the operators G : V — V* B:V — V*,
J:V—=2Yand N :V =2V by

Bu(t) = B(t, R(u(t) + ug)) for all u € V,

Gu(t) = g(t,u(t) + up) for all u € V,
Ju(t) =970 (V(u(t) + up)) for all u € V,
Nu(t) = %&l(u(t) +ug) for all u € V),
and define the following operator F : V — 2V" that assigns
Fu:=Bu+Gu+ Ju+ Nu for all u € V.

Carrying out the same arguments as in the proof of [20, Lemma 5.5], we have the
following results.

Lemma 3.4 If (3.5) hold, then the operator G : V — V* has the following properties:

(i) G is L-pesudomonotone;

(i) [|Gu

v < ag+ ailully for alluw € V with ag > 0,4, > 0;
(iil) (Gu,u)yrxy > %mgHuH%} —my||u|ly —ma for all w € V with my, ma > 0;
(iv) G is demicontinous.

Now, we present the first existence results.

Theorem 3.5 If (3.1)-(3.8) hold, then the inclusion problem (3.14) has at least a solu-
tion u, € W for any p > 0.

Proof. Firstly, we define an operator L : D(L) C V — V* by
Lu = for all u € D(L) = {u €W | u(0) = 0}.
Then, it is well known, see [36, Proposition 32.10, p. 855], that the operator L is linear

and maximal monotone and therefore D(L) is dense in V and L is graph closed (see [36,
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Theorem 32.L, p. 897]). Using above notation, it follows, that auxiliary problem (3.14)
is equivalent to the following problem

Find u € D(L) such that Lu + Fu 3 Oyp-. (3.15)

Then, u, = u + uy € W solves problem (3.14) if and only if w € D(L) solves problem
(3.15). In order to show that (3.15) has a solution, we apply a surjectivity result of
Theorem 2.4. For this purpose, we need to prove that F is bounded, coercive and
L-pseudomonotone.

Next, we divide the rest of the proof into three steps.
Step (i). F is bounded, i.e., F maps bounded sets of V into bounded sets of V*.

Firstly, taking advantage of (3.4)(c) and (3.11), the Minkowski inequality and Holder
inequality guarantee that
%
%ds)

< </Ob[bo(t) + 01| R(u(t) + UO)HE]Qd‘S)

1Bully- = ( | 1B Rute) + ua))

b =
< llbollz2qrzy + bl( [+ el + uo>r|a12ds)
0

b
< lboll ey + biesv/b + b( [ttt +uou%ads)
0
= [|bo||L2(1.r+) + brey Vb + byerb = ||u(-) + uol[$.

Next, from the fact that the function d is Lipschitz continuous with Lipschitz constant
lw|| (see Sect. 2) and Lemma 2.6, we derive

10d(w)]

ve < ||wl|, for all v € V,

and subsequently
1, [° 1
|INully = sup {;(/ 1C(E)|IPdt)2[¢ € V*,((t) € dd(u(t) + uo) ae. t € I}
0
< VB (3.16)

Moreover, by virtue of (3.6)(b) and a similar way as above, we conclude

1Ty = sup {(/0 [ E()|2dE)? 1€ € X%, £(t) € DI(t, I(ult) + up)) ace. L € I}

< 19llesVo+ esllOIPflul-) +uollv. (3.17)
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Here we used the equality ||0*| = ||¢||, which is a consequence of [20, Proposition 1.51].
Therefore, applying above estimatation and Lemma 3.4(ii), we reach the estimate

|| Fu

ve < ||Gullv + ||Bully- + || Tullv- + [Ny
< ailully 4 brer|lu(-) + oS + ey |92 {|u(-) 4 uolly

—~ 1
+ @ + ||bollr2(r.rry + bieiVh + g |9 VD + ;HWH\/E

for all u € V, which proves that F is bounded.
Step (ii). F is coercive.

First, we can exploit hypotheses (3.4)(c), (3.11) and apply again the Holder inequality
to obtain the estimate

[(Bu, upyesv| < /O [(B(#, R(u(t) + uo)), u(t))|dt

< [ olt) + uIRu(t) + o)) ) v

b

b t
<, / (c1 + ¢ / () + ol )dr lfu(t) v dt + / bo(t) () vt
0 0 0
b b
< blcg/ Hu(t)—i—uoH{‘}dt/ l|u(t) + uo — uo||vdt
0 0
b
T biey / la®) vt + [1Boll 2.z el
0

< bes [b%”‘uu(a ol (VBuC) + uolly + buuouv)]

+ (byey Vb + bol| 221,z +))[|u]lv
= biea[b 2" Ju() + uoll§™ + b7 JuollvIlu-) + woll]
+ (biey Vo + l|bol| 221,z +)) 2]y

Then, through the fact that ||u—|—v||{'frl < (JJully + |lv|ly)ett < 2a(|]u||{’j+1 + ||v||)‘3}+1)7 we
conclude

[(Bu, uyecv] < brea |07 2% (full + (VBlluo ) ) + uollv b % [[u(-) + uo

+ (e Vb + [1bol 2 lully
= biflull5™ + ballully + bsllu() + uoll3 + bs (3.18)

Wlth l;\l = 20‘b102b3_Ta, 6; = blcl\/z_)+‘|b0||L2([7R+), 6;, = b102||u0]|vb2_%, 6:1 = 2°‘b10262||u0||°‘+1.
Finally, combining the inequalities (3.16), (3.17), (3.18) and Lemma 3.4(iii), for
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u* € Fu, there exist 2* € Ju and p* € Nu such that u* = Gu + Bu + z* + p* and

(U, whyexy = (Gu, w)yrxy + (Bu, wypexy + (25, w)pexy + (1", W)y
1 . -
> §mgHUHV — mallully — M2

— (by[Jull55™ + bollully + bs|lu(-) + uoll$ + ba) — |27

vellwlly — [y ||ully

(0% 1 — . = (0%
> 5™ ((Gmg = eslldIP) Il = br) = bsllu(-) +uoll3

V*

o~ 1 o~
= (4 B s WIVE VBl — s [0V Bl (s + 52)

Thus above inequality and (3.8) imply that

inf{(u*, u)yxp|u* € Fu}

lim
[ully =400 l|lully
, o1 .~ o~ 1
> dim ull$((5mg — a9l = i) — (71 + b + cq |9 VD + —||w||VD)
[l y—-+o0 2 p
~ [Ju(-) + uoll$s i cs|19)12V/b|uol| + s + by
— b Jul-) T Uolly
lulv=too  |Jully ufly—+o0 |||y
= +00.

Therefore, we prove that F is coercive.
Step (iii). F is L-pseudomonotone.

As known from Lemma 3.2 and Step (i), Ju and Nu are nonempty, bounded, closed
and convex subset of V* and so is the operator Fu for each u € V.

Next, we prove that the operator F satisfies the condition (c) of the definition of
L-pseudomonotonicity (see Definition 2.3). Assume that the sequence {u,} C D(L)
with u, — u weakly in V, u/, — v’ weakly in V*, u} € Fu, such that u; — u* weakly
in V* and lim sup(u};, u, — u)yp+xy < 0.

Then there exists two sequences {z:} C Ju, and {u:} C Nu, such that v =
Gu, + Bu,, + 2z + p’. Notice that u, — u weakly in V, u/, — u' weakly in V* and form
20, Lemma 2.55(i)], we can see that u,, — u weakly in W and w,,(t) — u(t) weakly in V/
for all ¢ € I. From condition (3.3), it is obvious that wu,(t) — wu(t) in Y for all t € I.
Moreover, Lemma 3.1 and assumption 3.4(b) guarantees that Ru,(t) — Ru(t) in E for
all t € I and

B(t, R(un(t) + uo)) = B(t, R(un(t) + ug)) in V* for all t € I.
By virtue of the Lebesgue-dominated convergence theorem, we are aware of

Bu, — Bu in V* and (Buy,, u,)yxy — (Bu, u)p«xy. (3.19)

From the compactness of embedding W C ), we infer that u,, — w in ). Since the
function d is Lipschitz continuous with Lipschitz constant one, from Lemma 2.6, we note
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that

1od(y)|

v+ < |jw|| for all y € Y.

Carrying out the same arguments as (3.16), it is true that

v < [Nl

. 1
Iros e < /—)IIwH\/E-

Which implies that the sequence {u*} C Y* is bounded, so passing to a subsequence if
necessary, we may assume that p* — p* weakly in *. Because N has a closed graph
with respect to the strong topology in ) and weak topology in Y* (see Lemma 3.3), it is
immediate that N is upper semicontinuous in these topologies and p* € AMu. Moreover,
we have

(s Un )y xy =t Un)yexy = (15, W) yexy = (15, W)y xy. (3.20)

By a similar way, based on (3.6), (3.7) and Lemma 2.7, it follows that J is upper
semicontinuous from VYV to w-V* and there is an element z* € Ju such that

(2 un)yexy = (25, Wyexy. (3.21)
Besides, through (3.19), (3.20) and (3.21), we obtain

0 > lim sup(uf, uy — )y xy
= lim sup(Guy,, uy, — w)yrxy + Hm(Buy, uy, — w)psxy + Hm(z) + wr, wy, — u)psxy

= lim sup(Guy,, U, — u)p+xy-

Next, the L-pseudomonotonicity of the operator G (see Lemma 3.4(i)) implies that
Gu,, — Gu weakly in V* and lim(Gu,, u,)yxy = (Gu, v)yp+xy. Therefore, v = Gu, +
Bu, + 2z + pr — Gu+ Bu + 2" + p* = u* € Fu and

<u1*17 un)V*XV = (gum un>v*xv + <Bum un>v*xv + <Z:L>un>V*><V + <u2, un)V*xv

— (Gu, w)yrxy + (Bu, w)pexy + (27, wpexy + (15, Wy = (U, u)pep.

Finally, keeping in mind that B is continuous from w-) to V*, G is demicontinuous, J
and N is upper semicontinuous from V to w-V*, we can immediately conclude that F is
upper semicontinuous from each finite dimensional subspace of V' into w-V*. Therefore,
we prove that the operator F is L-pseudomonotone.

According to the Step (i)-(iii), we can apply the surjectivity result of Theorem 2.4
to get that (3.15) has a solution u, € W. Thus it immediately to know that (3.14) has
a solution u, € W for p > 0. 0J

The main result in the section is the following.
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Theorem 3.6 If (3.1)-(3.9) hold, Problem P has at least a mild solution (x,u) with
x € C(I; E) and w € W. Moreover, there exists a constant M > 0 such that

lully < M and ||z(t)||g < M for allt € 1. (3.22)

Proof. The proof consists of three claims.
Claim 1. The solution u, of (3.14) satisfying ||u,|ly < M, with a constant M, > 0.
From Theorem 3.5, we know that (3.14) has at least one solution and so is (3.13).
Thus assume that for p > 0, u, € W satisfies (3.13). Then the auxiliary inclusion
problem (3.14) implies that there is a function ¢ € V* such that ((¢) € 9d(u,(t)) and
(C(t),v) < d(upy(t);v) for a.e. t € I, thus we have
1
(u),(t) + g(t, up(t)) + B(t, Ru,(t)) +07¢(t), v) + ;do(up(t); v) >0 (3.23)

for a.e. t € I and all v € V, where £ € X such that {(t) € 0J(t,Vu,(t)) for a.e. t € I.
Inserting v = vy — u,(t) in (3.23), we reach that

(W () + gt up(1)) + Bt Ruy () + 9°€(t), v — up(8)) + %do(up(t); oo — () = 0
for a.e. t € I. Then it ensures that
/0 (00t up(6)) + Bt Ruy(8)) + 0€(0) 0, (1) — w0}t
< /0 (1), o) — (ul (8) ()t + /0 " P, (0): v0 — 1, (1) (3.24)

p

Moreover, taking into account the identity, we obtain

b 1 1 1 1
/0 (w0, up ()t = 3 |up(B)13r = Sllup(0) 5 = 5 ) = 5ol

1 1
< Sllup Oz + ol + Iluollnlvoll-

Combining (3.4)(c), (3.5)(d), (3.6)(c), (3.11) and using the Holder inequality, we are led
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to
/0 (9(t,up(1)) + Bt Rup(t)) + 0°€(t), up(t) — vo)et
b b
>m, / et (8) 2t — ool / gt uy () -dt
- / (IB(t, Ru, (1))|

ve + (17O (lup @)l + l[vollv)dt
>mylu, |3, — Hvollv/o (ao(t) + ar[|u,(t)[[v])dt

b
- /0 [bo(t) + brler + callup (DT + 197 [[es (1 + [[9up () D]l (Ollv + llvollv)di

>(my = ca 9 upllyy — mallu, 5™ — solluplly — ssllupllf — £,

where
k1 = bieab 2", ka = Vb(ax ||vollv + bier + e (9] + 1[9)[|voll) + lloll 2z, m+);

kg = bicalvol[vb 2", Ky = Vb(|laollz2(z,r+y+ 1ol 2(r,r+)) [vollv +(bier+c 119 )bl|vo [ v).-
Therefore, it reads

(mg = e[l <ralluplls™ + salluplly + riallu 15
1
+ K1+ ;/ d°(u, (t); vy — u,(t))dt (3.25)
0

with £y = k4 + 5(||uol|m + [Jvo||#r)?. Moreover, Lemma 2.9 guarantees that d°(u,(t); vo —
u,(t)) < 0 for t € I. Thus the inequality (3.25) and (3.8) reveal that there exists a
constant My > 0 such that

lluplly < My for all p > 0. (3.26)

Claim 2. There exists a constant ¢ > 0 such that u,(t) € C for all t € I and
JZBS (0760)'

We proceed the by contradiction. Suppose that for any € > 0, there exists a point
to € I and a constant py € (0,€) such that u,,(ty) ¢ C. Since u, € W C C(I;V) for
any p > 0 and the set C' is closed, we can find a set [y C I with meas(ly) > 0 such that
to € Iy and

up,(t) ¢ C for all t € I,.

Now, we can choose py = 3 min {eo, r||w||meas(Io) (k1 My+" + koMo + ks Mg + 1) 7'}

Obviously, pg € (0, €). Moreover, from Lemma 2.9, we know that

A (up (£); 00 — Uy (1)) < —7||w|| for all ¢ € I,
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Then, taking account of (3.25) and (3.26), we infer that
0 < my MY + koM + ks ME + 7y
1
#2( [ Plunin = un O+ [ 05— o))
p Io I\]O
T
< Ky MO 4 koMo + kg M + Ry — p—Hmeeas([o),
0

which equivalent to
r||wl||meas(1y)
Po > a+l o o
lilMO + RQMQ -+ /€3M0 + Ky

However, it is a contradiction to the choose of pg. Therefore, there exists a ¢y > 0 such
that u,(t) € C for all t € I and p € (0, ).

Claim 3. Problem P has a mild solution (z,u) € C(I; E) x W satisfying (3.22).

Fix p € (0,¢) with ¢y > 0 defined in Claim 2. From Theorem 3.5, let u = u, € W
be a solution to Problem P, satisfying u(t) € C for all ¢ € I. Moreover, Lemma 3.1
implies that there exists a solution # € C(/; E) such that z(t) = Ru(t) corresponding
to u the intergal equation
¢

x(t) =T (t)zo + /T(t —38)f(s,z(s),wu(s))ds for all t € I.
0
Moreover, since £(t) € 0J(Vu,(t)) implies that (9*£(t), v)y = (£(t), Jv)x < JO(t, Ju,(t); Yv)
a.e. t € I, we now use (3.23) and (2.2) to derive

u(t) € C,
(W' (t) + g(t,u(t)) + B(t,x(t)),v) + JO(t, Du,(t); Yv) + %Jo(wu(t); wv) >0, (3.27)
u'(0) = up.

for a.e. t € I and all € V. Next, we are in the position to choose v € T (u(t)) in (3.27).
Then the definition of To(-) of (2.3) lead to d®(wu;wv) = 0 for any v € To(u) and the
follows

u(t) € C,

(W' (t) + g(t,u(t)) + Bt,z(t)),v) + JOt, Ju,(t);Vv) >0, t €I, Yv € Te(ult))

u(0) = up.

Therefore, we obtain that (x,u) € C(I; E) X W is a mild solution of Problem P. Finally,
Claim 1 allow us to invoke inequality (3.11) obtaining
b
o0z < er+x [ utlpds
0
<c + ch/BMOO‘ forall t € 1.

Now, setting M = max{ My, ¢; + c;v/bDMZ}, we infer that (3.22) holds. The proof of the
theorem is complete.

O
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4 An application

In this section, we provide an example of particular problem, for which our previous
result can be applied. Let I = [0,b] with 0 < b < oo and Q be an open bounded
domain in R™(n > 2) with a Lipschitz continuous boundary I' = 9€2. The boundary is
composed of two disjoint relatively open parts I'p and I'y, such that meas(I'p) > 0.
Let v denote the unit outward normal vector at the boundary I'. We now consider the
following parabolic initial-boundary value problem.

Problem Q. Find z : [0,0] x 2 — R and u : [0,b] x Q© — R such that

xi(z,t) — Aw(z,t) = e(z,t,2(2,1),u(z,1)))  inQxI,

x(z,0) = 0(2) in €, (4.1)
x(z,t) =0 in'x I

(wy(z,t) + diveo(z,t) + B(z,t, 2(2, 1)) = ¢1(2,1) + h(z,t)  in Qx I,
w(z,t) = —(z,t,u(z,t), Vu(z,1)) in Qx1,
w(t) - v = ¢o(t) on 'y x I,
8u{(;,t - onTp x I, (4.2)
_—a“éi’ ) on Iy x I,

[ u(z,0) =((2) in Q2

In order to provide the differential hemivariational formulation of problem Q, we
need the Lebesgue spaces £ =Y = L*(Q), X = L*T'p) with standard norm and the
Sobolev space

V={veHY(Q) : v(z2) =0 ae z€Tlp} (4.3)

endowed with the inner product
(u,v)y = / Vu-Vvdx (4.4)
Q

and the associated norm || - ||y,. It is well known that (V|| - ||v) is a Hilbert space.
Moreover, as usual, we use V* for the dual of V" and (-, -) for the duality pairing mapping
between V* and V.

Moreover, from Rellich-Kondrachov compactness theorem, V' is compactly embedded
into Y. This means the inclusion operator w : V' — Y is compact. Let v : V — X
denote the trace operator, so yu stands for the trace of u € V at the boundary 0f).
Hence, the symbol u in the boundary conditions of Problem ©Q should be understood in
the sense of trace. Further, C' C V is a nonempty, closed set of constraints which can

20



be convex or nonconvex. We now provide the following hypotheses.
The function e : 2 x I x R x R — R is such that
(a) e(-,-,n, &) is measurable on Q x I for all (n, ) € R
(b) le(z,t,0,0)] < ag(z,t) for ae. (z,t) € QA x T
with ag € L2 (2 x I); (4.5)

(c) le(z, t,m, &) — e(z,t,m2, &2)| < la(2)|m — m2| 4 12(2)[&1 — &
for a.e. (2,t) € Q x I and all (1,&), (12,&) € R?
with 4,1y € L2 () and « € [0,1). This means e(z,t,7,§) is
L Lipschitz continuous in 7 and is a-Holder continous in &.

( H()) : The function ¢ : Q@ X I x R X R" — R", ¢ = (¢, -+, 1)
is such that, for k =1,--- ,n,
(a) (-, -, n,&) is measurable on  x [ for all (n,§) € R x R";

Yr(z,t,+,-) is continuous on R x R™ for a.e. (z,t) € Q x I;

(0) k(2 t,m, &) < mo(alz,t) + |n| + > p_, [&]) for ae. (2,t) € Qx [ (4.6)
and all (n,€) € R x R® with mg > 0, a € L*(2 x I);

(C) ZZ:l ((wk(zvt7na£1> - @Dk(z,t,n,g))(@i - 513)) >0
for all n € R, £ €% € R™ and for a.e. (z,t) € Q x I,

(d) > opy Uz, t,0,8)& = ma(In|* + > p_, |&[?) for all £ € R™
L and for a.e. (z,t) € Q x I with m; > 0.

(H(B) : The function 8 : Q x I x R — R is such that

a) B(-,-,n) is measurable on Q x [ for all n € R;

b) B(z,t,-) is continuous on R for a.e. (z,t) € Q x I; (4.7)
)

c) 1B8(z,t,n)| < bo(z,t) + bi|n| for a.e. (2,t) € Q2 x I
and all n € R with by € L*(2 x I) and by > 0.

(
(
(

( H(j) : The function j : Q x I x R — R is such that

(a) 7(+,-,m) is measurable on 2 x [ for all n € R;
(b) 7(z,t,-) is locally Lipschitz continuous on R; (4.8)
(c) €] < ¢j(L+1n]), € €0j(z,t,n), forae. (2,t)eQxI
L and all n € R with ¢; > 0.
¢1 € L*(Q x I),¢3 € L*(I; L*(Tw)), ¢3 € L*(I; L*(I'p)). (4.9)
ye kb CeV. (4.10)

Define the operator A: D(A) C E — E as follows
D(A) = H*(Q)N Hy(Q) C L*(Q), Az =Ax V€ D(A). (4.11)
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Obviously, one can see that A generates a Cp-semigroup semigroup {7'(t) };>0 on E (see
25], for instance). Assume now that w is sufficiently smooth solution to (4.2) and v € V.
We multiply the first equation of (4.2) by v and use the Green formula to find

/Q o (b dz + /Q Ot ut), Va(t)) - Vo dz + /Q B(t, 2(t))v dz + /F (2,1, yu(t)): yo)dT

N

Z/Qle(t)vquL/Qh(t)vder/FN ¢2(t)vdF+/FD fr(tyvdl

(4.12)

Under above assumptions, let f: I X ExY — E g: I xV = V* B: I xFE — V*
J:IxX —=Rand ¢:I— V*Dbe defined as follows:

ft,z,y)(2) =e(zt,x(2),y(2)) Vitel, x€ E, yeY, ae z€, (4.13)

(g(t,u),v):/Qw(t,u(t),Vu)-VUdZ—/{)(ﬁl(t)vdz— A Ga(t)v dl’

- os(t)vdl Vtel, u,v eV, (4.14)
'y
(B(t,z),v) = [ p(t,x)vdz Viel, ze E,v eV, (4.15)
Q

J(tu) = / J(zt,u(2)) dT for all u € X, (4.16)
I'n

(p(t),v) = / h(t)yvdz  Vtel, v eV. (4.17)
0

We are in a position to formulate more general problem.

Problem Q;. Find z : [0,7] — E and u : [0,7] — V such that

2/ (t) = Ax(t) + f(t,x(t),wu(t)), for t € I,
u'(t) + g(t,u(t)) + B(t,xz(t)) + v 0J(t,vu(t)) > ¢(t) ae. t € I, (4.18)
z(0) =0, u(0) =¢.

In fact, let (x,u) be a solution of Q; and let v € V. Then, there exists n € X*, such
that

{ (u'(t) + g(t, u(t)) + B(t, (t)), v) + (n(t), ) x+xx = (p(t),v) ae tel, (4.19)
n(t) € dJ(yu(t)) for a.e. t € I. '

Hence, by Theorem 3.47 of [20] , it follows that for a.e.t € (0,b) , n(t) can be treated as
a function 7n(t) : Ty — R, such that n(t) € L?*(T'y) and it satisfies

(0(0) ) = [

'y

n(zt) - o(2)dl < / 2 (yu(z, £)); 70 (2)) .

I'n
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Next, we suppose that ¢(t) € V is a function of u(t), introduced in order to incor-
porate constraints to the model. We will assume that u(t) € C' and —p(t) € Neo(u(t)),
where N¢(u(t)) is Clarke’s normal cone to C' at u. Therefore

(o(t),v) >0 for all t € I and v € To(u(t)), (4.20)

where T¢(v) is Clarke’s tangent cone of C' at v. Therefore, from (4.12)-(4.17), (4.20),
the problem (4.1)—(4.2) can be transformed into the following abstract differential hemi-
variational inequality:

Problem Qy. Find z:[0,7] — E and w: [0,7] — V such that

o' (t) = Ax(t) + f(t, x(t),wu(t)), fort € I,

z(0) =6,

u(t) € C, (4.21)
(/' (t) + g(t,u(t)) + B(t,z(t)),v) + Jot,yu(t),yv) > 0, t € I, Vv € Te(u(t)),

u(0) = (.

Now, we can consider the concept of mild solution following Definition 1.1 for problem
Qy. Moreover, we have the following existence result.

Theorem 4.1 Assume that (4.5)-(4.10) hold. If mg > 2c;, then the Problem Qy has
at least a mild solution (z,u) € C(I,E) x W.

Proof. The proof can be obtained by using the abstract result of Theorem 3.6 with
E=Y =1%9Q), X = L*(T'p), V defined above. Let g = §, ug = (. 9 =, and A, f,
g, B and J given by (4.11), (4.13)—(4.16). Indeed, it is easy to check that in this case
assumptions (3.1)—(3.9) are satisfied. Therefore, we obtain the conclusion and omit the
detail of proof. O

Acknowledgement

This project is supported by the National Natural Science Foundation of China Grant
No. 12001120, Guangxi Natural Science Foundation under Grant Nos. 2021GXNS-
FAA075022, 2022GXNSFAA035617, Middle-aged and Young Teachers’ Basic Ability
Promotion Project of Guangxi under Grant No. 2020KY16017, High Level Innovation
Team Program from Guangxi Higher Education Institutions of China (Document No.
[2018] 35), Hundred Talent Program for Introducing the Overseas High-Level Talents of
Guangxi Colleges and Universities, Guangxi First-class Discipline Statistics Construc-
tion Project Fund.

References

[1] J.P. Aubin, A. Cellina, Differential Inclusions, Springer-Verlag, New York, 1984.

23



2]

[10]

[11]

K. Bartosz, Numerical methods for evolution hemivariational inequalities, Advances
in Variational and Hemivariational Inequalities, Springer, Cham, 2015, 111-144.

X.J. Chen, Z.Y. Wang, Differential variational inequality approach to dynamic
games with shared constraints, Mathematical Programming, 2014, 146: 379-408.

F.H. Clarke, Optimization and nonsmooth analysis, Wiley, New York, 1983.

Z. Faiz, O. Baiz, H. Benaissa, D. Moutawakil, Penalty method for a class of differ-
ential hemivariational inequalities with application, Numerical Functional Analysis
and Optimization, 2021, 42(10): 1178-1200.

J.F. Han, L. Lu, S.D. Zeng, Evolutionary variational-hemivariational inequalities
with applications to dynamic viscoelastic contact mechanics, Zeitschrift fiir ange-
wandte Mathematik und Physik, 2020, 71(1): 1-23.

D. Goeleven, On the hemivariational inequality approach to nonconvex constrained
problems in the theory ofvon Karman plates. Zeitschrift fiir Angewandte Mathe-
matik und Mechanik, 1995, 75: 861-866.

L. Gasinski, Z.H. Liu Z, S. Migorski, A. Ochal, Z.J. Peng, Hemivariational inequal-
ity approach to evolutionary constrained problems on star-shaped sets, Journal of
Optimization Theory and Applications, 2015, 164(2): 514-533.

X.W. Li, Z.H. Liu, Sensitivity analysis of optimal control problems described by d-
ifferential hemivariational inequalities, STAM Journal on Control and Optimization,
2018, 56(5): 3569-3597.

Z.H. Liu, D. Motreanu, S.D. Zeng, Generalized penalty and regularization method
for differential variational-hemivariational inequalities, STAM Journal on Optimiza-
tion, 2021, 31(2): 1158-1183.

Z.H. Liu, S. Migéski, S.D. Zeng, Partial differential variational inequalities involving
nonlocal boundary conditions in Banach spaces, Journal of Differential Equations,
2017, 263: 3989-4006.

Z.H. Liu, S.D. Zeng, Differential variational inequalities in infinite Banach spaces,
Acta Mathematica Scientia, 2017, 37(1): 26-32.

Z.H. Liu, S.D. Zeng, Penalty method for a class of differential variational inequali-
ties, Applicable Analysis, 2021, 100(7): 1574-1589.

Z.H. Liu, S.D. Zeng, D. Motreanu, Evolutionary problems driven by variational
inequalities, Journal of Differential Equations, 2016, 260: 6787-6799.

Z.H. Liu, S.D. Zeng, D. Motreanu, Partial differential hemivariational inequalities,
Advances in Nonlinear Analysis, 2018, 7(4): 571-586.

24



[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

L. Lu, L.J. Li, M. Sofonea, A generalized penalty method for differential variational-
hemivariational inequalities, Acta Mathematica Scientia, 2022, 42(1): 247-254.

L. Lu, Z.H. Liu, D. Motreanu, Existence results of semilinear differential variational
inequalities without compactness, Optimization, 2019, 68(5): 1017-1035.

L. Lu, Z.H. Liu, V. Obukhovskii, Second order differential variational inequalities
involving anti-periodic boundary value conditions, Journal of Mathematical Anal-
ysis and Applications, 2019: 473(2): 846-865.

S. Migérski, A. Ochal, Quasi-static hemivariational inequality via vanishing accel-
eration approach, STAM Journal on Mathematical Analysis, 2009, 41: 1415-1435.

S. Migérski, A. Ochal, M. Sofonea, Nonlinear Inclusions and Hemivariational In-
equalities. Models and Analysis of Contact Problems, Advances in Mechanics and
Mathematics 26, Springer, New York, 2013.

S. Migorski, S.D. Zeng, A class of differential hemivariational inequalities in Banach
spaces, Journal of Global Optimization, 2018, 72(4): 761-779.

Z. Naniewicz, Hemivariational inequality approach to constrained problems for star-
shaped admissible sets, Journal of Optimization Theory and Applications, 1994, 83:
97-112.

Z. Naniewicz, P.D. Panagiotopoulos, Mathematical Theory of Hemivariational In-
equalities and Applications. (Monographs and textbooks in pure and applied math-
ematics; vol. 188). New York: Marcel Dekker; 1995.

T.V.A. Nguyen, D.K. Tran, On the differential variational inequalities of parabolic
elliptic type, Mathematical Methods in the Applied Sciences, 2017, 40: 4683-4695.

A. Pazy, Semigroups of linear operators and applications to partial differential
equations, Springer-Verlag, New York, 1983.

P.D. Panagiotopoulos, Nonconvex superpotentials in sense of F.H. Clarke and ap-
plications, Mechanics Research Communications, 1981, 8: 335-340.

P.D. Panagiotopoulos, Hemivariational Inequalities, Applications in Mechanics and
Engineering, Springer, Berlin, 1993.

N.S. Papageorgiou, F. Papalini, F. Renzacci, Existence of solutions and periodic
solutions for nonlinear evolution inclusions, Rendiconti del Circolo Matematico di
Palermo, 1999, 48: 341-364.

J.S. Pang, D.E. Stewart, Differential variational inequalities, Mathematical Pro-
gramming, 2008, 113: 345-424.

25



[30]

[31]

[32]

[33]

[34]

Z.J. Peng, Optimal obstacle control problems involving nonsmooth cost functionals
and quasilinear variational inequalities, STAM Journal on Control and Optimization,
2020, 58(4): 2236-2255.

Z.J. Peng, L. Gasinski, S. Migérski, A. Ochal, A class of evolution variational
inequalities with nonconvex constraints, Optimization, 2019, 68(10): 1881-1895.

Z.J. Peng, K. Kunisch, Optimal control of a class of elliptic variational- hemivari-
ational inequalities, Journal of Optimization Theory and Applications, 2018, 178:
1-25.

Z.J. Peng , Z.H. Liu, X.Y. Liu, Boundary hemivariational inequality problems with
doubly nonlinear operators, Mathematische Annalen, 2013, 356(4): 1339-1358.

M. Sofonea, S. Migorski, Variational-Hemivariational Inequalities with Applica-
tions, Pure and Applied Mathematics, Chapman & Hall/CRC Press, Boca Raton-
London, 2018.

M. Sofonea, S. Migérski S, W. Han, A penalty method for history-dependent
variational-hemivariational inequalities, Computers and Mathematics with Appli-
cations, 2018, 75: 2561-2573.

E. Zeidler, Nonlinear Functional Analysis and Applications IT A/B, Springer, New
York, 1990.

S.D. Zeng, S. Migoérski, Z.H. Liu, Well-Posedness, optimal control, and sensitivity
analysis for a class of differential variational-Hemivariational inequalities, SIAM
Journal on Optimization, 2021, 31(4): 2829-2862.

26



