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Abstract

We can describe the norm for an operator given as $T:X\rightarrow Y$ as follows: It is the most appropriate value of $U$ that
satisfies the following inequality $$\Vert Tx\Vert_{Y}\leq U\Vert x\Vert_{X}$$ and also for the lower bound of $T$ we can
say that the value of $L$ agrees with the following inequality $$\Vert Tx\Vert_{Y}\geq L\Vert x\Vert_{X},33 where $\Vert
A\Vert_{X}$ and $\Vert .\Vert_{Y}$ stand for the norms corresponding to the spaces $X3$ and $Y$. The main feature of this
article is that it converts the norms and lower bounds of those matrix operators used as weighted sequence space $\ell_p(w)$ into
a new space. This new sequence space is the generalized weighted sequence space. For this purpose, the double sequential band
matrix $\tilde{B}(\tilde{r},\tilde{s})$ and also the space consisting of those sequences whose $\tilde{B}(\tilde{r},\tilde{s})$
transforms lie inside $\ell_p(\tilde{w})$, where $\tilde{r}=(r_{n})$, $\tilde{s}=(s-{n})$ are convergent sequences of positive
real numbers. When comparing with the corresponding results in the literature, it can be seen that the results of the present

study are more general and comprehensive.
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ABSTRACT. We can describe the norm for an operator given as T : X — Y
as follows: It is the most appropriate value of U that satisfies the following
inequality

IT=z|ly < Ullzllx
and also for the lower bound of T' we can say that the value of L agrees with
the following inequality

ITz|ly > L||=|x,

where ||.||x and ||.|][y stand for the norms corresponding to the spaces X and
Y. The main feature of this article is that it converts the norms and lower
bounds of those matrix operators used as weighted sequence space £, (w) into
a new space. This new sequence space is the generalized weighted sequence
space. For this purpose, the double sequential band matrix B (7, 8) and also the
space consisting of those sequences whose B(7, 3) transforms lie inside £, (),
where 7 = (rpn), § = (sn) are convergent sequences of positive real numbers.
When comparing with the corresponding results in the literature, it can be
seen that the results of the present study are more general and comprehensive.

1. Introduction

Let us outline some fundamental definitions and results, which we will largely be
used in the following sections. Primarily, we will offer the concept of the sequence,
the details of which are well known in elementary analysis. Although there are
many different ways to describe the sequence, all of which mean the same thing,
we we have chosen to give the following definition here. The sentence ” z is a
sequence ” means x := {x,} = {x0,21,...,%n,...}, where each z, is a complex
number. In other words, a sequence is easily introduced as an ordered list of
complex numbers. Thus if z is a sequence, then it can be viewed as a mapping
of z : N:= {1,2,...} — C. More generally terms, every z in sequence X is a
transformation = : N — X, where X is a non-empty set. The collection of all real
or complex number sequences forms a vector space which we denote by w, under the
operations of coordinate-wise addition and the familiar scalar multiplication. The
subspaces of w are significant in such applications because each of them is called a
sequence space.

Given an infinite matrix A = (ank) having complex numbers a,j as entries in
which n, k € N, it can be written for a sequence x, as follows

(Az)y = ankax; (n € N,z € Dyo(A)),
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in which Dgo(A) describes the defined subspace of w consisting of # € w for which
the summation exists as a finite sum. For a simple notation, the summation ranges
without limits from 0 to oco.

The X4 is known to be the matrix domain of an infinite matrix A for any
subspace X of the all real-valued sequence space w is described as

Xa={z=(v) cw: Az € X}

which is a sequence space. There are several techniques to create new sequence
spaces from old ones like X. One of them is to use an arbitrary matrix domain
generated by an infinite matrix A such as X 4. To briefly explain the topic, these
sequence spaces, namely X and X 4, may overlap but in any case either of them
may contain the other one. The reader can find detailed information in the book
”Summability Theory and Its Applications” by Bagar [1] and therein.

Recently we have seen a significant increase in the construction of new sequence
spaces using matrix domain in summability areas such as sequence spaces.

Many of the works [2, 3, 4, 5, 6, 7, 8, 9, 10, 11] we have studied so far have
something in common, they use the matrix domain.

Attempts have been made to find the best upper bound for some well-known
matrix operators denoted by T from ¢, (w) to F, . In the context of this statement,
note that an upper bound for a matrix operator denoted by T defined from one
sequence space X into another denoted by Y can be given by the following value
of U

[Tzlly < Ullz|x,

in which ||.||x and ||.||y denote the commonly known norms prescribed for spaces
X and Y, respectively. Here, U does not dependent on x. Among them, the best
value of U can be called the operator norm for 7.

In addition, several researchers have tried to figure out the lower bounds for
these matrix operators. This concept was first discussed in Ref [12] on the Cesaro
matrix. But after that, others such as in Refs [13, 14] and [15, 16] have studied the
lower bounds for some matrix operators defined on the sequence space denoted by
¢, and simultaneously on the weighted sequence space denoted by ¢,(w) with the
Lorentz sequence space. Similarly, a lower bound of a matrix operator defined as
T : X — Y is defined as the value of L satisfying the following inequality

ITz|ly = Ll x-

This inequality can also be used for some applications of functional analysis. For
example, for finding the necessary and sufficient conditions under which an operator
has its inverse, and for simultaneously finding the operator kernel containing only
the zero vector for this case. For these reasons, knowing the lower bound for
an operator is significant. In recent years, Dehghan and Talebi [17] have worked
on the largest possible lower bound for some matrices on the Fibonacci sequence
spaces. Furthermore, Foroutannia and Roopaei [18] have considered the problem of
computing both the norm and lower and upper bounds for some operators defined
on weighted difference sequence spaces. One can refer to these works [19, 20, 21,
22, 23, 24, 25] and those contained therein for related problems over some classical
sequence spaces.

In this article, it is assumed that w = (w,,) and also @ = (w,,) are sequences con-
sisting of positive real terms. In this paper, a new space the generalized weighted
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difference sequence space, is introduced via the generalized difference matrix. More-
over, some properties of this sequence space are investigated. Among other things,
it was found that although this space is semi-normed, it is not necessarily a normed
space. Recall that a semi-normed satisfies every axiom of a norm, but the semi-
norm of a vector must be zero without including the zero vector. Again, this is
a semi-inner product space for the value of p = 2. Moreover, one obtains an iso-
morphism when using this space. Next, the norm for some matrix operators on
the generalized weighted difference sequence space is defined. In the next step,
we address the lower bound problem for the described operators of £,(w) in the
generalized weighted difference sequence space.

2. The Sequence Space /, (1, B(7, 3))

We examined in the former chapter that many topic lead to building new se-
quence spaces. Moreover, the concepts we offered were inherently large. Let us
start by presenting the following matrix B = (b,x(7, §));

~ Sns k=n+1
bnk(7,8) = Q¢ T, k=mn
0, 0<k<nork>n+1

where 7 = (r,), § = (s,) are convergent sequences of positive real numbers. It
should be noted at this point that many authors have described various sequence
spaces and studied many different aspects of these spaces, using a different ma-
trix similar to this matrix but actually different. Some of them are available in
References [2, 3, 4, 5].

We will see later that this matrix allows us to construct an efficient structure
for solving algebraic and topological properties. Applying the definition of matrix
domain to this matrix, we define the new sequence space whose result lies in the
¢,(w) space, as follows:

o0
t, (w0, B(7,3)) = {x = (Tn) €W : Yt [T + Snni1|” < oo} :
n=1
in which 1 < p < co. We note here that, the space is a semi-normed space with the
semi-norm defined by

e’} 1/p
Hx”p,i},é = (Z W, |Tnxn + Snmn-&-llp) .

n=1

To calculate the truth of this assertion, we now give an example. If we consider

the sequence z, = % ]_[?:_11 %ﬁ), so due to r,x, + s$prpr1 = 0 we obtain
2], 4 5 =0, then it follows, from the definition of the norm, that .|, ; 5 defined

on £,(w, B(7, 3)) is not a norm.

Before we begin with the general theory, we will first state the following basic
theorem, which indicate that the set just described plays a significant role in its
algebraic structure.

Theorem 2.1. The set £,(w, B(7,5)) is linear space, that is, sequence space.

Proof. We omit the proof which can be found in standard procedure. [
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Let us proceed with the following theorem about an algebraic property of this
newly defined sequence space.

Theorem 2.2. It is true that the inclusion relation £,(w) C £,(w, B(F, 8)) is strictly
valid.

Proof. If we take any x € £,(w), then the following calculation shows that the
inclusion is valid

W |n@n + $nng1]” < 0n2P7 (|rnanl? + [Sp@ni1|P)
< 277 maz [|supnental?, [supnensn P @n (|27 + |2n41]P)
by summing of n from 1 to oo, in which 1 < p < oco.
To show that the inclusion relation is strictly valid. If the sequence w with
(1,1,1,...), we consider again the sequence (x,,) = (% = (%1“)) € 0,(w, B(7, 8)).
From this it is easy to deduce that (x,) ¢ £, ().

Theorem 2.3. If H = {:z: = (x) € Ly(W0, B(7,8)) : Ty + Spni1 = 0 for all n € N},
the quotient space £, (10, B(7, 5))/H s linearly isomorphic to the space £,(W).

Proof. The basic approach to proving this theorem is to define a new T trans-
formation from the space £,(i, B(7,3)) to £,(i) that exploits the definition of
the fundamental matrix transformation, for all z € £,(w, B(7, 3)) uniquely Tz =
((Tx)n) = (rn®n + SnTny1). Since it is fairly obvious that T is linear, the first
issue here is to show that T' is surjective. One of the ways to accomlish this for

any y = (yx) € £y(W) is to say z, = - = e nHl n (i) yi for all n € N in the

Tit1
norm of £, (w, B(7,5)). In this case, by snnple calculations, we obtain the following
equations

fore) r oo k—1 St —s P
~ | Tn !
|| ||pr n;w Tn ];74111 (r+1> Tn+1 k;lzl;[rl <Tl+1>

0o 0 — —8; e —S; :
el —nt1i= k=n+1i=n
oo
n=1

= Hyli,m

< o0

which implies that = = (z,) € £, (0, B(7, 3)). Returning back to the T transforma-
tion described above, it is very simple to say that Tz = y. Due to the fact that
the image of the space £, (i, B(7,3)) under the transformation 7' is £,(i) and also
ker T = H, we have that £, (i, B(7,3))/H is linearly isomorphic to the space £, (1)
under the first isomorphism theorem. O

We will use an example to show that the transformation 7' defined above is not
L1 (E)) we get Tx = 0; in other

n Si

injective. Namely, for z = (x,) = (
words, ker T' # {0}.
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Theorem 2.4. If p is not equal to 2 and at the same time the space £,(, B(7, 3))
is mot_gwen as a semi-inner product space, then it is concluded that the space
Uy(w, B(7,5)) is defined as a semi-inner product space.

Proof. First, we will answer the question whether the semi-norm |.||, ; 5 can be
induced with a semi-inner product. It is convenient at this point to use the notation

2 = w;/z (rk@k + spp4r) for all k € N oand (2,2)2 = > re i lzx?. Indeed taken
arbitrary, x € ly(w, B(7, §)), we get

]

2,9,B = V (z,2)2.

Moreover, it is easy to verify from the following equations that the semi-norm

[[Il, 5 cannot be obtained when considering a semi-inner product just defined as

2
2 2 T2
o912 5+ o oI 5 = 20577+ 327) (2)

p,w,B -
~ p\ 2/p
N W
7£ 4 ('wl + 7; )

= 2(je] ; 5+ IWl2 g 5)-

2

71

in which x = (M 1 ,0707...)7 Yy = (2”7}51 " 0,0,...) and p # 2. O

27”% 72 2r7 0 2ry”

3. The Norm of Matrix Operators from ¢;(w) to ¢, (w, B(7, 5))

Having defined a function from the space £; (w) to the space ¢1 (w0, B(7, §)), we will
compute in this chapter that it is a norm. Before proceeding with the development
of the general theory, let us start by presenting a very simple definition.

The matrix A = (ank) is said to be quasi-summable if A is an upper triangular
matrix, namely, a,, = 0 for n > k. As it can be clearly seen, the matrix satisfies
Zﬁzl ant = 1 for all k € N.

Theorem 3.1. The matrix T = (tux) is a bounded matrixz operator from the
space £1(w) to the space £1(w, B(7,3)) if M = supkeN% < 00, in which A\ =
chzl Wn, |rntnk‘ + Sntnt1k
”T”Lw,m,é =M.

For all n € N, taking both w, =1 and w, =1 specially, the transformation T'

is a bounded operator from the space {1 to the space {1(B(7,5)) and also |T||, 5 =
SUPen Mk -

. In that case, the norm of operator is obtained as
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Proof. We take into consideration a sequence x = (x,,) in ¢1(w), thus

ol
I
NE
ISY)
3
NE

”Tle, (Tntnk + Sntn+1,k) Tk

1)

)

k

3
I
-

1

M8

'J]n ‘Tntnk: + Sntn+17k| |.Z'k|

3
Il
—
x~
Il
—

[M]8

’an ‘Tntnk + Sntn+1,k| |.’Ek|

=~
Il
A
Il
-

n

>\k|xk|

(o)
Zwk|$k|
k=1

211,

M

IN
i

I
= B

Izl

S . Tzl o 5
From these equations it follows that ||T||, , - 3 < M since 7zl < M. We

introduce the sequence e = (0,0, ...,0, 11', 0,...) for each i € N to compute the inverse
inequality, and then obtain ||e’||1 ,, = w; and also ||Tei||17w7§ = A;. Therefore, it is
easy to see that ||T'||; , 5 5 = M, and then |T'||; , s 5 =M.

Since special choices are made in the proof of ,tfleyremaining part, no proof will
be given here. O

Theorem 3.2. Let us assume that T = (t,x) is the upper triangular matriz having
the non-negative entries and also assume that (wy,) is an increasing given sequence.
When the inequality tpr > tny1,k s valid for each values of n € N, constant k € N
and M’ = suppen D ey tnk < 00, then T is defined as a bounded operator described
from £1(w) to fy(w, B(7,3)). At the same time, the norm of this given operator
satisfies the inequality given in the form ||T|; , 5 < (Subpen [7k| + supgen [sk) M.
When the specific condition of T is being quasi summable matrix, also Ty, > —s >0
and si—1 + 1, = 1 is taken into consideration, thus the condition [T, , 5 =1 is
satisfied.

Proof. Given the hypothesis, we must say that the matrix T' = (¢,x) satisfying the
condition t,p > t,y1 5 (for all n,k = 1,2,...) is an upper triangular and also the
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sequence (wy,) is increasing. With simple calculations, we can derive the following

00
Ak = Z Wn, |Tntvlk + Sntn+1,k|

n=1
k—1

Z Wy, |Tntok + Sptntt k| + We|rk[tkk

n=1

k—1
Wi Z (‘T7L|tnk + ‘5n|tn+1,k) + |7'k|tkk

n=1
= wy [(|r1]t1k + [s1ltar) + o + (re—1lte—1,k + [Sk—1ltkr) + |7k|tr]
= wy [[r1ftie + (Isa] + |rl) tor + oo + ([Sk—1] + |7%|) trr]
k
< (sup|rg| + sup [sk|)we Z lnk-
keN keN

n=1

IN

Obviously, [Tl ,, g = SuPgen nr < (SUPren [Tk| + SUPren [Sk|) SUPLen Somoi ok =
(Supgen |7k| + supgey |Sk|) M’ from Theorem 3.1.

Let us suppose that T is a quasi summable matrix, so M’ = 1. If rp > —s >0
holds, then of course r,t,i + sptni1,k > 0 holds for every k,n € N and also if
the equality sp_1 + r = 1 is satisfied, then we can easily write A\ < wy Zﬁzl tnk
thus |7, ,, 5 < 1. To obtain the inverse inequality, let us consider the sequence
el = (1,0,0,...). It follows that |e!|1., = w; and ||Tel||17w’3 = wj, namely
1T, . 5 = 1. As a result, we obtain [T, ,, 5 = 1. O

In the light of the above theorems, we are concerned here with the computation
of the norm of some specific quasi summable matrices. First, we consider the
transpose of the well-known Riesz matrix R = (7,,) which is described as follows:

An n<k
1 s Qn’ >
(1) "k { 0, n>k,

where (g,) is a non-negative sequence with ¢; > 0 and Qr = ¢1 + ... + g for all
ke N.

Taking g, = 1 for all n € N, we derive the transpose of the Cesiro matrix of
order one, also known as the Copson matrix (see [16]). We denote this particular
matrix by C' = (&), where

I { %, n<k

Cnk = 0, n>k.
Corollary 3.3. When (qn) is a decreasing sequence and (w,) is an increasing
sequence, in that case R is a bounded operator from the space {1(w) into the space

¢1(w, B(7,8)) and, also ||RH1,w,B =1 forr, > —s, >0 and sp—1 + 7, = 1 for
every n € N.

Proof. First of all, since (g,) is a decreasing sequence from the hypothesis the
following inequality 7 = & > % = Tpt1,% holds for all n € N, each fixed
k € N. For R is a non-negative upper triangular matrix and (w,,) is an increasing
sequence, it follows from Theorem 3.2 that R is a bounded operator from ¢;(w)

into ¢ (w, B(7,5)). Also due to the fact that Zi:l T = 1 for every k € N, R is a
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quasi summable matrix. If r,, > —s, > 0 and s,,—1 + 7, = 1 for every n € N, then
it is clear that ||R]|; , 5 =1 from Theorem 3.2. O

k .
En:l Wn

o <09, then the matriz C defined just above

Corollary 3.4. If sup;cn

is a bounded operator from the space €1(w) into El(a,B(f, 3)) and ||(~7||1 wi B S
. -

(suPgers 7| + Sy [s1]) supjen =42

Proof. We get the following inequality

oo
)\k = E wn |rnénk + 5n5n+1,k|
n=1

1 k—1

< % nz::lwn (Irnl + |sn]) + @k |7n]

SUPken |7k | zk: B+ SUPken |Sk| ki:l ~
= — w —_— w
k — " k "

n=1

k
sup TE| + sup Sk -
< s bl + supienlon] g,

n=1

~ k _
Therefore, we obtain that ||C||1 w,w,8 < (SUPgey |Tk| + SUDgen |Sk]) SUPLen 2757;,:”
from Theorem 3.1.

Theorem 3.5. Let us suppose that T = (t,1) is a matriz having the non-negative
entries and the inequalities t,;, > tyy11 hold for alln € N and each fized k € N.
If >0 [ tae < oo for each k € N and also M" = supyen Y opey bk < 00, then
the matriz T is a bounded operator from the space {1 to €1(B(7,3)) and the norm
of operator is |T||; 5 < (supgen |7k| + Suppey |sk|)M”. When the fact that the
specific condition ofT s being quasi summable matriz is taken into consideration
forry > —si, >0 and sp—1 +r, =1 (for all k € N), then the condition | T'||, 5 =1
is derived. '

Proof. For any k € N, we get

o0 oo
A = Z [Pntnk + Sntnt1k| = (sup |rg| + sup|sk|) Z tok-
oyt kEN kEN oyt
Using Theorem 3.1 here, we find that the norm |||, 5z < (supgen |rk|+supgen [sk|) M.
The rest of the proof can be done similarly to the proof of Theorem 3.2. O
The matrix H = (hy,) defined as h,, = nTl-k for all n,k € N is known to be
the Hilbert matrix operator. Here, we will discover the norm of the operator just
mentioned.
Now, let us give the following integral to be used in the proofs:

e 1 ™
dt = - ,
o t(t+c¢) ¢ sin am
in which 0 < oo < 1.
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Theorem 3.6. Let w, = na for all n € N, in which 0 < a < 1. In this case,
the Hilbert matriz operator H just described is bounded from the space ¢1(w) to the
space {1 (w, B(F, ) and also the norm |H||, , 5 < gias (SUPsen 73] + sup;en [si])-

Proof. For all n € N, we have

o0
Ap = Zwl |Tihin + Sihit1n]

i=1

7 [5il
<
Zza (z—i—n t+n+1

< /Ooi Sup; e |73l n SUp; ey |8 dt
o t° t+n t+n+1
__T sup;en |7l + Sup;en |8l
sin am ne (n+ 1)«

It follows that

Dt)\ < ™ n ¢ 7T
ne\, < — sup |r;| + sup|s;] ] < - sup |r;| + sup s

SIN QT | ;&N i€EN SIN QT \ jeN i€N

Considering Theorem 3.1, this means that [|H||, ,, 5 < 5o (Supsen 73] + sup;en [sil)-
(]

4. The Norm of Matrix Operators from £,(w) to £,(w, B(7,5))

In this section, we are going to discuss calculating the norm of some matrix oper-
ators from the space £,(w) to the space £, (i, B(7, 5)). We now present an essential
lemma which is obtained by Jameson and Lashkaripour, since this important result
is used in the proofs.

Lemma 4.1. [16] Let us suppose that A = (ank) is a matriz operator having the
nonnegative entries any > 0, also suppose that (u,) and (vg) are positive sequences
given such that

o} an
WY S K o, KieR)
=1 Vg
and
1
- (1-p)/
=PI/ Zlu PiPany, <Ky (fork €N, Ky €R)

in that case, that inequality || A|, < is valid, in which p > 1.

1
K2/P
Kilfm/in
Now, let us state and prove another necessary lemma.

~\1/p
Lemma 4.2. Let us assume that the equality an) = (%:) (rtnk + Sntn+1,k) 08

valid for the matriz operators T = (tnr) and A = (ank). At the same time, we
have T, 5.5 = lAllp, for p > 1. Under the conditions of this hypothesis, T' is

bounded operator from the space £,(w) to the space £,(w, B(F,3)) iff A is bounded
operator onto the space £p.
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Proof. If the z lying in the space £,(w) is taken as arbitrarily, and the sequence

y = (yr) is defined as y, = wi/pa:k for all £k € N by making use of it, then we

derive that equality ||z||p.w = ||y|lp- Therefore, the proof should be clear with the
following basic calculations

o kil
o sup ____pwi
p,w,w,B me[p(w),m;éo ||.'L'||£7'w

ZZO:1 Wn, |ZZC:1 (Tntnk + Sntnt1,k) J31@|p

= sup

€Ly (w),x#0 Z:il wk‘xk|p

) 0o ) 1/p P
En:l Ek:l (ﬁ) (Tntnk + Sntnt1,k) Yk

= sup

y€ELy 220:1 Y|P

. ZZL ‘220:1 ankyk|p } ||Ay\|§ AllP
= sup o p = su p = || ||p

yeLlp Zk:l Y| yELy Iyl

O

Theorem 4.3. Let us assume that the matriz operator R is as defined in (1), and
also assume that (qy,) is a decreasing sequence having ¢ = g2 = 2 and lim,,_, o Qn =

P
oco. For all n € N, if the sequence (wy,) is taken as (%) with Qg = 1, in
that case, R is bounded operator from the space £,(w) to the space £,(B(7,3)) and
1Rl 5 < 2ostlratbmpacnloal sy

Proof. In Lemma 4.2, utilize the matrix R in place of T'. So, the matrix A = (ank)
is described by

2qu+'1@k (TnQn:” SpGn+1), n<k

— 1 g —
Ank = 1 =
nk SX Fepaevors n==%k

0, n>k

and besides that, HRHWH 5 = ||A|lp is obtained.
We derive

S Tn n 1 — Gk
2 =g TG 5 P oo

k=n+1
o 1 1Y) 1 1
=5 n <in - Qn) + 5 (TnGn + Sndn+1) 0.
_ ™ dn Sn qn+1
C2Qn1 2 Qn
< SUP,en |Tn| + SUP,en [Snl

2
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for all n € N. Also, we derive

dk

00 1 q k—1
Z Qpk = . LI (rnQn + ann-i-l)
2Qr-1Q

ilng

1 @
2 Qr-1Qx

k-1
g1+ Z (Tn+1 + sn) Qn+1]

n=1

k
Supgen |7k| + Subgen ISk qx
< q
2 Qr—1Qx nz:; "

_ Sbgen el + supyer s
- 2

for all £k € N. Now, In Lemma 4.1, if we take u, = v, = 1 for all n € N, we

4+ Tk 9k
2 ququk

11

sup,, T +su " s su T +au s
get ) < P enlrnltswbnenlonl o g, < SUPkenleltsuPren skl wpich yequire that

SuPneN |7“nH‘SUPn€N 3 for p> 1.

IR

P>w7

Theorem 4.4. Let w, =

O

n%forallnEN, in whichl—p<a<landp>1. In

that case, the Hilbert matric operator H is a bounded operator from the space £,(w)

to the space Ep(w,B(F, 3)) also following inequality

s ™
IH, 05 < (SUP rn| + :‘ég'sﬁl) max{sinﬁw’ sin'wr} '

is valid, in which B = %‘1 and v = B= ;—s—a

Proof. Let us define the matrix A = (an) as follows

" B E a/p T N Sn
"=\ n+k n+k+1

for all n,k € N. In this case, | H||

p,w,B

4.2. Specifically, when we choose u,, = v, = n in Lemma 4.1 for all n € N, we find

that

o0 o0

a/p
i~k _ N~ L (R n Sn
tn Z T =" ;kl/ff’ n n+k+n—|—k+1

k=1 Uk?
o0
L ral [sn]
/8 . n n
Zkﬁ (n+k+n+k+1
/ (il el
1o P t+n t+(n+1)
o (SWpenlralt | supenlsalr
nP sin 7 (n+1)#sin B

IN
3

| /\

< (sup 7] + sup sn|)
neN neN

sin [37r

5 = ||All, which obtained by using Lemma
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for all n € N also

L e (N[ Sn
”Zunpa"k k(- p)/pZn n ntk  ntkel

Uk n=1
o0
ot n+k n-I—k-l—l

/ SUp,,eN |7 + Sup,eN |51 dt
o t7 t+k t+(k+1)

o (Shagalrln | b )
™

k7 sin vy (k+ 1)vsinyrw

< =
sinym

for all k € N, where g = 1_70‘ and v = p_l%. We therefore obtain that

™ T
IH|l,.05 < <sup |7 | + sup |3n|) max{ - )= }
neN neN

sin B7 sinymw

(sup |7 | + sup |sn|)
eN neN

n

from Lemma 4.1. O

5. Lower Bounds of Matrix Operators from /,(w) to £,(w, B(7, ))

An important problem posed in this paper is to calculate the lower bound of an
operator T from the space ¢,(w) to space £,(w, B(7, §)). Thus, the goal is to obtain
the lower bound of the operator T for the largest value L satisfying the following
inequality

IT| > Llzlpw

for every decreasing sequence x = (x) with z; > 0.
We need the following lemma to perform the calculations in the proofs in this
section.

pu;B =

Lemma 5.1. [16] Let us assume that both (g,) and (x,,) are non-negative sequences,
and that (x,,) is also a decreasing sequence satisfying condition lim,, o x, = 0. For
Qn =1 ¢ with Qo =1 also R, =Y .| qix;, the following statements holds, in
which p > 1 and n € N.

(1) RE, — Ry = (QF —Qp_y)abh.

(2) When the series > oo, qix; converges, the following inequality is satisfied.

<ZQZ$2> ZZQZ@ — T 41)-
=1 n=1

Theorem 5.2. When T = (tnx) is a matriz operator with tn, > 0 from the space
£y(w) into the space Ep(w,é(f,é)), in which p > 1, the following inequality t,;. >
tny1,k s valid for all n € N, each fized k € N also the series > - w, diverges
to infinity, in that case, for every decreasing sequence x = (xy) having xy > 0, we
have

T|,0,5 = Llllpw

i which LP = inf,, ¢y Vf,—", Wo = g qwi and Sy =3 00 Wi (O p_q (ritir + Siti+1,k))p
where ry, > —s, > 0 for all n € N.
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Proof. Under the conditions of the hypothesis formulated in the theorem, we can
give the proof as follows. Since ZZOZI w, = 00, we obtain limg_, . xx = 0, and also,
we can be establish that the series Zzozl (rtnk + Sntnt1,k) Tk is convergent for all
n € N. On the other hands, using Lemma 5.1 and Abel summation, we have

e’} e’} p
HTJ:HP,H";,B = Z ’J)n (Z (rntnk + sntn-‘rl,k) $k>

n=1 k=1
0o oo i p

> Z 'U~}n (Z (Tntnk + S’I’Lthrl,k)) (l’f - xzi)+1)
n=1 i=1 \k=1
0 0o 7 p

= Z W, <Z (Tntnk + Sntn+1,k)> ] (xf - x?—&-l)
i=1 Ln=1 k=1

= Z Si@y — i) 2 LP Z Wi(z} — 27,,) = L ||z} .,
which completes the proof. (Il

The following lemma can be verified using a technique similar to the proof of
Proposition 1 in [16].
Lemma 5.3. Let us assume that T = (t,r) be a non-negative matriz operator
defined from the space £,(w) to the space €,(w, B(F,8§)), in which p > 1. If the
following inequality
Tntnk + Sntn—i-l,k > Tntn,k+1 + Sntn+1,k+1
is valid also t,;, > typy1k for all k € N, each fired n € N and r,, > —s,, > 0, if the
series Yoo wy is divergent the infinity, then we have
t
L? > inf [nP — (n — 1)P] =,
neN Wn
in which t, = Y7, W; (Titin + Sitiz1n)”.
Theorem 5.4. Let H = (hn) is the Hilbert matriz operator, w, = np% and
Wy, = n% for everyn € N, in whichp>1,0<p+a <1 andr, > —s, > 0. For
every decreasing sequences x = () that are not negative terms, we have
[Hz, 55 = Llzlpw
in which LP >

Proof. Tt is clear that both the Hilbert matrix H = (h,)) and the sequence (wy,)
satisfy the conditions listed in Lemma 5.3, therefore, we obtain

tn

LP > inf [nP — (n —1)P] —

neN Wnp,
1

P
r 5
> inf pPinPte Y — : :
~ neN ;ia i+n+i+n+1

=1 T S; P
> f 2p+a—1 - ? K .
= nen’ ;ia itn Tiznsl
The rest of the proof can be obtained in the same way as in the proof of Theorem
4.3 in [18]. O

o1
i=1 @G D)P(i+2)P *
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Conclusion. In this manuscript, we have presented the norms for matrix operators
which are defined between the weighted sequence space denoted by ¢,(w) and the
weighted difference sequence space £, (w, B(#,§)) which is valid for 1 < p < co. To
make the presentation more understandable, we have used some specific matrices
like quasi summable ones (that is the transposes of Riesz and Cesaro matrices of
the first order) and Hilbert matrix. Firstly, £,(w, B(,5)) space has been presented
and its properties have been scrutinized. Next, we have tried to compute the lower
bound for the matrix given from £,(w) into £, (@, B(7, 5)).
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