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Abstract

We show that the gradient of a strongly differentiable function at a point is the limit of a single coordinate-free Clifford quotient
between a multi-difference pseudo-vector and a pseudo-scalar, or of a sum of Clifford quotients between scalars (as numerators)
and vectors (as denominators), both evaluated at the vertices of a same non-degenerate simplex contracting to that point. Such
result allows to fix a issue with a defective definition of pseudo-scalar field in Sobczyck’s Simplicial Calculus. Then, we provide

some consequences and conjectures implied by the foregoing results.
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1 | INTRODUCTION

The derivative f’(x,) of a single-variable scalar function f : Q C R — R at a point x,, internal to Q is the limit of the quotient

%, between the differences Af(a,xO) = f(a) — f(xy), and A(a’x()) =a-—x,
(a,xq)
Af
lim —2 = £(x,) .
a—Xx, (a.xg)

The strong derivative f*(x,) is deﬁne by a stronger, but fully symmetric, limit

Afus
blim > @b _ Fr(xy)
(aa’,g o) Bap)

of the difference quotient . So, f*(xg) = f'(x,) when the strong derivative exists. The existence of those limits

f(a)— f(b)
a—>b

corresponds to a well known geometric phenomenon: the line secant the graph of f at points (a, f (a)), (b, f (b))

A
y=f(@)+ Af("”’)

(x—a) (1.1)

(a,b)
assumes, as the non-degenerate segment joining a and b contracts to x, the limit position

y = f(xg) + f'(xo)(x = x) (1.2)

| R ) o
See for example 14,1,
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which is the line tangent the graph of f at point (xo, f (xo)).

1.1 | The local Schwarz paradox

By analogy, one would expect that planes secant the graph of a two-variable real function at three non collinear points always
assume as limit position (as those three points converge on the graph to a same limit@point) the position of the plane tangent the
graph at that limit point. Amazingly, this is not the case, even for smooth functions 4.

Example 1. Let f(x,y) = VI — x2. The plane secant the graph {(x, y ) (ny) € [-1,11x IR} at points (0,0, 1),
(—a, f, V1 —a?), and (a, f, V1 — a?), is defined by the relation between (x, y, z) € R?

2

a
E—
P+ V1—a?)

e If p = a and @ — 0, then the limit position of the secant plane (I.3) is the plane z = 1, which is tangent to the graph of f

at (0,0, 1);

z=1 (1.3)

e If f = a® and a — 0, then the limit position of the secant plane (I3) is the plane z = 1 — % ¥, which is not tangent to the
graph of f at point (0,0, 1);

e If f = &’ and @ — 0, then the limit position of the secant plane (I.3) is the plane y = 0, which is even orthogonal to the
tangent plane!

Such a local divergent phenomenon implies a global divergent one, concerning the area of smooth surfaces: the so-called
“Schwarz paradox” (see, for example, <! 10 1A [ 118 gy,

1.2 | Some notations for the following

In this work we perform coordinate-free vector computations. In order to better distinguish dimensionless numbers (i.e., scalars)
from vectors, we adopt the following notations:

e vectors are denoted by bold Latin lower case letters;
e real numbers are denoted by non-bold Latin or Greek lower case letters;

e [, denotes a n-dimensional Euclidean space: a real vector space with a positive definite symmetric bilinear form; this
bilinear form is denoted by u - v, for eachu,v € E,,.

In particular, if {e;,e,} is an orthonormal basis for E, (i.e., e, -e, = 0,and e, -e; = e, -e, = 1), X = xe; + ye,,a = 0,
b = —ae, + fe,, ¢ = ae, + fe,, then the foregoing Example [T can be resumed as follows: the secant plane z = f(a) —
2

a
A+ V1—a?)
because lim

@h=00 g1 4 \/1_ g2

In general, for a nonlinear two-variable function f, the local Schwarz paradox corresponds to the nonexistence of the strong
limit

¥ has no limit position when the non-degenerate triangle (having vertices a, b and ¢) contracts to the point 0,

o>
does not exist.

lim r ,
(a,b,)—(Xg,Xp.Xg) (f.ab,c)

a,b,c not collinear
where r(; 1 ¢, is the vector in E, such that the secant plane to the graph of £ at points (a, f(a)), (b, (b)), and (c, f(c)) has
Cartesian equation in E, @ R
z=fQ@) + Tfape - (X—a), (1.4)
when a, b, and c¢ are vertices of a non-degenerate triangle internal to the domain Q of f.

2See alsof?,
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Remark. The letter “r” in r(, 5, stands for “ratio”, because we will show that such vector can be considered as a ratio of a
pseudo-vector and a pseudo-scalar in a suitable Clifford algebra.

Remark. Vectors of E, will also be called “points”, because we identify the Euclidean vector space E,, with an Euclidean afﬁneﬁ
space &, (modeled on E,) where an arbitrary point O € &, is considered as reference point, and it is identified with the zero
vector 0 € E,. This allows us to interpret geometrically some subsets of E,. For instance,

e a“line” in E,, is the set
Lop=f{eatpb : a,fER, a+ =1}

for some distinct points a, b in E,,;
o three distinct points a, b and ¢ in E, are “collinear” if they all belong to a same line;

e a“plane” in E,, is the set
Lopeo={aa+pb+yc @ a,fy ER, a+p+y=1}

for some distinct and non collinear points a, b, and cin E,;

o four distinct points a,, a,, a;, and a, in E,, are “coplanar” if they all belong to a same plane.

1.3 | Summary of this work

In this work we first provide explicit coordinate-free expressions of vector r; , ¢, € E,, both
e as a linear combinatiorﬂ of vectors a, b, ¢ (in Section[3.2)) and,

e in Section[3.]] as a non-commutative quotient

<Af (@b.c) ) (Aape) -
of a multi-difference vector
Afape = [fd) - f@)](c—a)- [f(©) - f@]|b-2a)€E,,

and the oriented area
Aapeo =(@AD)+(bAc)+(cha)=(b-a)A(c—a)€ G(z)
2.

with respect to the geometric product of the Clifford algebrfﬁ
Gz = Cf(ﬂfz) = Cl/ﬂz,o ~ R 6 [E2 @ G(Z)
2.
generated by the two-dimensional Euclidean space E,.

Then, in Section 3.4l we introduce a new multi-difference vector A Jab.c)» such that the corresponding plane

z= f(a) + [(Kf(a’byc)) (A(a‘b,c))_]] . (x—a)

(called “mean secant plane”) always assumes, as limit position, that of the tangent plane

z=f(Xg) + Vf(x9) X=X, (1.5)
because we proveﬁ that the limit
. ~x -1
lim (Af (a,b,c)) (A(a,b,c)) ]

(a,b,e)—(Xy,X¢,Xg)
a,b,c not collinear

3See for instance™,

4 Another linear combination, using vectors normal to the sides of the triangle determined by the points a, b and ¢, can be found in®®.
3See for example™ ® 5 @ 2 22 and Section 3.1 (Remark[G) for the notation G(:).

6see Theorem[I]
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always exists when f is strongly differentiableﬁ] at x,,, and it is equal to the gradient V f(x,). Moreover, we show in Proposition[I]

— . . e -1 . .
that the vector r; ,}, ), corresponding to the Clifford ratio { A f(, ¢ (A(a’b,c)) , can always be written as a sum of quotients
between numbers (as numerators) and vectors (as denominators), strongly resembling the scalar difference quotients; more
precisely, we will prove that

_f@-f@  J©-fb)

Trabeo = a—a c—b

where a is uniquely defined by points a, b and ¢ in Section[3.3.2] Then, in Sectiondlwe extend the foregoing results to dimension
three, and in Section[3to arbitrary higher dimensions@. We decided to proceed to the latter general case slowly, because a reader
eventually concerned by the local Schwarz paradox is not necessarily acquainted to general formulas in Geometric Algebra, and
we esteem that the low dimensional cases involve computations more affordable for freshmen to Clifford algebras than general
relations in Geometric Algebra. Then, in Section [6] we remark that Theorems [Il Rl and 3 can fix an issue with the defectiveﬁ
definition (3.4) of pseudo-scalar field given at page 6 in“!. Finally, in Section [7] we sketch some possible consequences and
conjectures implied by the foregoing results.

Remark. While the tangent and secant lines are represented by analogue scalar equations such as (I.I) and (I2)) , tangent and
secant planes are proposed differently: the equation of the tangent plane is universally known in the coordinate-free vector
form (I.3), but we have never met in the literature the equation of the secant plane in the coordinate-free vector form (L4). The
lack of vector r(; , ) from Calculus texts makes difficult even asking the question of which could be the vector analogy of
the scalar difference quotient. This gap is not surprising, since vector I, ) is a Clifford ratio and most mathematicians are
unfamiliar with Geometric Algebra.

2 | SOME REMINDERS OF GEOMETRIC ALGEBRA

As announced, in this work we use the associative vector algebra
Gn = Cf(lE") = Cfn,o 5

which is the Clifford geometric algebr@ generated by the n-dimensional Euclidean space E, (the geometric product being
denoted by juxtaposition). In particular, in G,, we have that

2

e forallve E, vv = v- = v - v, which implies that %(uv +vu)=u-v,forallu,vekE,;

e scalars always commute with the geometric product;

e if {e,...,e,} is an orthonormal basis for E, (i.e., e; - e = Owheni # j,and e, - ¢; = 1), then
{IJu{e, € }bigicoci<n Withl<k<n
is a basis for G,,. So, the associative vector algebra G, has dimension 2".

Thus, for instance,
{l,e ,e,, ee} isabasisforG,;
{l1,e,e,,e;,ee,,ee;,ee;,eee} isabasisforGs.
. 1 .
Definingu A v = —(uv —vu) for each u, v € E,, you can verify thatu Av=—-vAu,uAu=0,and uAv =uv when vectors u
and v are mutually orthogonal (i.e., u - v = 0).

Remark. Note that, for each u, v € E,, we have that uv = (u - v) + (u A v). In what follows, to limit the use of parentheses, we
adopt the following rule of precedence between operations: geometric product is used first, secondly the scalar product “-”, then
“A” is performed, and finally the sum “+”.

7See Definition[T]

8See TheoremsPland[3
9See™.

108ee for example™ B 5 @ 2 22,



2.1 | The 2 x 2 determinant as a Clifford quotient and as a scalar product

Clifford geometric algebra allows coordinate-free vector computations having interesting geometric interpretations. For example,
we can give a coordinate-free interpretation to the determinant of a 2 X 2 real matrix

H1 Ha
Vi vz

as a Clifford ratio. As a matter of fact, let us fix any ordered couple e, e, of orthonormal vectors in E, (with n > 2), and let us
consider u = y,e; + y,e, and v=v e, + v,e, € E, C E,, then

@AVI)™" = [(ure) + pye) A (vie; + v,e))|(ee)) !
= det < H /:2 > e e, (e,e;) = det < # >

Vi Vo Vi Va
as I, = e Ae, =e e, and (I,)"' =e,e, = —e,e, = —1,. Note that, as (u A v)(1,)~! = (I,)~!(u A v), one could also write
2 AL 1€ 2 7€ 1€ 2 2 2
UAv
det Hy My :L.
Vi v I,

Remark. The geometric product I, does not depend on the particular orthonormal basis {e,,e,} of span{e,,e,}, but only on
its orientation. More precisely, if {g;,g,} is any other orthonormal basis of span{e,,e,}, then g,8, (= g, A g,) is equal to I,
or —I,. That is why I, is called an “orientation” of span{e,,e,}. An analogue property and definition is valid for the product
e, --- e, = I, of any ordered list of mutually orthonormal vectors in E, (with n > k).

Remark. We recall that span$ means the smallest linear subspace that contains the set S’ C E,,.

Thus, a 2 X 2 determinant can be considered as the Clifford ratio between the two coordinate-free blades u A v and I, (a
“blade” being the geometric product of non zero mutually orthogonal vectors). Those elements are also called “G,-pseudo-
scalars”, because they are scalar multiples of the orientation I, of E, (the Euclidean space generating G, ), and can be interpreted
as oriented areas in span{e,,e,} = E,. Later we will see that this Clifford geometric interpretation of a 2 X 2 determinant holds
for every k X k determinant. Let us also observe that, if v = v,e; + v,e,, then

vl, = (vie; + v,e))e e, = v e e e, + 1,e,e,e, = —V e e,e; — 1, ,e,e, = —e,e,(v,e; +e,) =—1,v

= —V261 + V162 S Span{el, ez} .
Thus, we can also write a 2 X 2 determinant as a scalar product

( —uvl, +Vu12) = (ll12V+ Vulz) = (‘Uz) .y = _[u(lz)—l] v,

N —
N —

det < H ) =(uA V)(Iz)_l = —l(uv -vu)l, =
Vi Vs 2

where ul, is the vector obtained by rotating vector u of a right angle counterclockwise in span{e;, e,} (provided e, and e, are

€
mutually oriented like that: T—eﬂ )

3 | THE CASE OF A TWO-VARIABLE FUNCTION

The possibility to express the determinant of a square matrix both as a Clifford quotient and as a scalar product is the key tool
to write in a coordinate-free framework the equation of a plane secant the graph of a multi-variable function.

3.1 | Coordinate-free expression of a plane secant the graph of a two-variable function

Let f : Q C E, — R be a function defined on a subset Q of the two-dimensional Euclidean space E,. A plane passing through
the three points of E, @ R ~ R?

(a, f@) = (aye; + ey, f(@) , (b, f(b)) = (Be; + Brer, f()) . (¢, f(0) = (r1e; + rre,, f(©))
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can be represented by the Cartesian relation
xX—a, y—a, z-—f(a
det| py—a; po—a, f(b)— f(a) |=0 3.1
n—a rn-a fle)-f()
between the real variables x, y, z € R. This determinant can be rewritten by a Laplace expansion as follows
[z—f(a)]det(ﬂl —uh-a > - [f(b)—f(a)]det< YT ymh >+ [f(c)—f(a)]det< xTo ym@ )
Ni—a V- = br—ay ph—a
Then, in G, the equation (3.1 becomes
[z— f@][b-a)Ac—a)|()™" = [fb) - f@][x—a)A(c—a)| ()" + [f(0) - f@][x—a)Ad-a)()"' =0,

being x = xe; + ye, € E,, and (X, z) € E, @ R. The foregoing relation is equivalent, in G,, to

[z—= f@][b-a)A(c—a)| =[f(c)- f@][b-a)Ax—a)] - [f(b) - f@)][Cc—a)A(x—a)
Let us define

Awpe =(b—2)A(c—a) [ which is also equal to (a — b) A (b — c)].

We observe that

1 ﬂl — ﬁz—az 1 .
" 2 © ( Y1 — & YV —Qy 2 (a,b,c)( 2)

is the oriented area of the triangle having vertices a, b, and ¢ (the subscript “2” in 7, anticipate the use of 7, as the hypervolume
. . . . -1
of a n-dimensional simplex). So, we can write A(a’b,c) = 27,1,, and (A(a,b’c))

an - 21 (12)_1- Then, the equation of the secant
2
pl € (B]]) becomes

20,[z = f@|1, = { [f(© = f@]|®—a)—[fb) - f@)]c- a)} A(x—a).
That is,

1 -
=@+ 5 {{ @ - s@lb- - [/t - f@le-a A}y
1 -
=@+ 5= {70 - s@le-a - 1o - s@]b-ajuy | x-a

=@+ {{ [/ - f@]c-a) - [f© - f@]b-a) }(Aano) " | - x—2)
Thus, we have that
-1
T(fabe = [[f (b) - f(@)](c—a)— [f(c) - f@)](b - a)] (Aabo) -
which is, in fact, the Clifford ratio between the multi-difference vector
Afape = [fb) = f@](c—a)— [f(c)- f(@)|(b-a) €E,,
and the bivector
A(a’b!c) =(b-aA(c—a)=(@-b)A(b—-c)=27,1,.
Remark 1. Asry o\ = (Af(v],vm)) (A(vl,vz’vg))_l , you can verify that

L ¥y Yoy Voy) = X viv2vs)

for every triple of non collinear vectors v;,v,,v; € Q, and every permutation ¢ € S; of the set {1,2,3}. In other words,
Af
(ab)

VECLOT X7, () 1S @ totally symmetric function of its vector arguments a, b, ¢ € E,, as the scalar difference quotient

fla) - f(b)
a—

Remark 2. In the case of the Example [Tl we have that

(a,b)
is a totally symmetric function of its scalar arguments a, b € R.

e b—a=—ae +fe, , c—a=uae + fe,

e fb)-f@=VI-a-1=7(c)- f(a)



® Afape = 2a(\/1 —a? - l)el

. A(a,h’c) = —2aflee,

So,

V1—-a2-1

Tirabe = 5 €,

3.2 | The vectorr,, . as linear combination of vectors a, b, and ¢

Given an oriented triangle in E, whose vertices are the ordered vectors a, b, and ¢ in E,, we define
Ab=b-a,Ac=c-a, Afy, = f(b)- f@), and Afi, = f(©) - f(@).
Let us recall that

® Aupo = (Ab) A (A0) = 27,1,

o (Bupe)’ =422 = |Ab]|Ac - (Ab- Ac)’

1 1 1
— Ay =—— -
2 —(@ab, 7 “(ab,c) 2
(A(a,b,c)) 472 27

® Afape = AfmAc—Af,Ab

o (Aapo) =

e W(vAW)=(-v)w—(u-w)vforallu, v, and win E,.

So, we can write

T/ ab.e) =<Af (a,b,c)) (A(a,b,c))_l = (Af mAc—Af (c)Ab> [(Ab) A (A0)]™

1
- (AfwAc— A7,Ab)[Ab) A (A0)

1

— 4% { AfwAc[Ab) A (A0)] - Af o Ab[Ab) A (A0)] |
2
. L{Afb (Ac- Ab)AC) — Af, |Ac|2Ab} + L{Af |Ab[2Ac — A f,(Ab - Ac)Ab)]
41_22 (b) (b) 4722 (c) (c)

Ac

_AwlAcP — Af@Ab-Ae) LA fo|Ab[2 = Afy (Ab - Ac)
|Ab[2|Ac|? — (Ab - Ac)’ |Ab[2|Ac]? — (Ab - Ac)’

3.3 | Mirroring vectors and points I
3.3.1 | Vector mirrored by a 1-dimensional linear subspace

We recall that to each non zero vector u € E, we can associate the 1-dimensional linear subspace of E,, span{u} = {du : 1€

. - S - 1 . .
R} = Ru. Besides, every non zero vector u € E, is invertible in G, andu™"' = mu. Then, given a vector v € [, we can write
u
= -1 _ -1 -1_Yy-u -1
v=vuu = (v)u =(v-u+vAwu —Wu+(v/\u)u (3.2)
u

Remark 3. If v € E,, is invertible and « € R the expression

v
is unambiguous, because in G, scalars commute with vectors (and with any other element, indeed). As a matter of fact,
a _1 _1 a a

—=av ' =viae=—v=—v
\4 V-V [v|?
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Remark 4. Notice that (v A u)u~! is orthogonal to u. As a matter of fact,

4[(V A u)u_l] cu=2vAwulu+2uvAwu ! =2(vAu) +u(vu —uv)u~! =2(vAu)+uv—uuva!

=2(vAw)+uv—vu=2(vAu)+2uAv)=0

v-u_ . . . . .
As ——uis parallel to u, and (v Au)u~! is orthogonal to u, we can consider relation (3.2)) as the decomposition of v = \Rast

2
u
u ,u

S L \4 _ . . Lo
into its orthogonal projection v = Wu = (u - v)u~! parallel to the line Ru = L o> and its rejection v; = (Vv A wu
u }

-1

orthogonal to Ru.

Thus, the vector ¥, obtained by mirroring v through L4 .,

can be written as

v =v,—v,=(u- v)u_1 —(VA u)u_1 =(u- V)u_1 + @A V)u_1 =u-v+uA V)u_1 =uvu!
=[2(u -V) — Vu]u_1 =2u-vu ' —v= 2%u —V E span{u, v},
u

as foreachu,v € E, uv =2(u - v) — vu. Moreover, |V| = |v|; as a matter of fact,

[9]2 = 99 = uvu'uvu! = u|v|?u~! = |v|%.

3.3.2 | Point mirrored by a line in E, (with n > 2)

Given three non collinear points a, b, and ¢ in E,,, we want to mirror point a by the line L, ., passing through the points b, and
c. We denote by a that mirrored point. We can express a by computing the vector v, obtained by mirroring vector v =a — b by
the non zero vector ¢ — b. Thus, the reflected point a

can be expressed using the geometric Clifford product in G,

a=b+(c—-b)a-b)c—b)"' =b-2[(c—b) - (Ab)|(c-b)"' +(b—-a)
c=b)-@Ab) __,,_,€=b) (@b

—" — — . - _]_ = -
=2b —2[(c~b)- (AB)](c =)™ —a =2b -2 —— lc — b|2

(c—=b)—a€ L,y -



Thus,
a—a=2(Ab)-2[(c—b)- (Ab)|(c — b)™" =2(Ab)(c —b)(c —b)™' = 2[(Ab) - (¢ = b)|(c = b)™"
= 2{(Ab)(c —b) — [(Ab) - (c — b)] }(c —b)™' =2[(Ab) A (c = b)|(c—b)""
and |a—b| =|a—Db|.
Remark 5. By using Remark ] you can verify that vectors @ — a and b — ¢ are mutually orthogonal. Moreover,

@—a)A(c—b)y=@—a)c—b)=2[(Ab)A(c—b)](c=b) ' (c=b)=2(b—a)A(c—b) =244,

3.4 | The mean multi-difference vector

Let us define the “mean multi-difference vector”,

— 1 1
Afape = 3 <Af @b T AS (ﬁ,c,b)) =5 (Af @be) — AS (5,b,c)) .
Lemma 1. _ ]
Afape = 5{ [f(ﬁ) - f(a)] (c—b) - [f(C) - f(b)] (a- a)} .
Proof of Lemmal(ll

S {10 - 1 -] - (0= k- 10 ron-a)
Z%{ [f@ - f@]c+ [f©)— fM]a+[f@ - f@]b+ [fb) —f(c)]ﬁ} .

The foregoing Lemma [[]and Remark 3l allows us to obtain a simple expression for the vector corresponding to the mean multi-
. A - -1 . . . . .

difference quotient r ;o) = <A f(a,b,c)> (A(a’b,c)) , which strongly recall the usual difference quotients (as anticipated in the

abstract and in the introduction of this work).

Proposition 1.

_f@-s@ flo-rb)

T =
(fabe) a-a c-b

Proof of Proposition[Il From Remark[3lwe have that a—a is orthogonal to ¢—b, and (a—a)A(c—b) = 2Aup.o)- SO, we can write

_ _ -1 _ _
Aabo =3@-a)A(c—b)=J@—a)c—b)and (Ayp,)  =2(c-b)y'@-a)y'=-2a@-a'(c-b)".
Then, by Lemmal[I] we can write

Fyano = (Mabo ) (Bane) = { /@ - f@]@-b) - [f© - /®]@-a) e b @-a)!
_f@-f@  f©-fb)

a—a c—-b ~

=[f@-r@]@-a"+[f© - fd)|Ee-b"
coherently with Remark 3l []

3.5 | Convergence of the mean secant plane to the tangent plane

As we have seen, in the Example, the local Schwarz paradox is due to the non existence of the limit

lim (Af (a,b,c>> (A(a,b,c))_l :

(a,b,c)—(x.Xg.Xg)
a,b,c not collinear

Here we recal the definition of strong (or strict) differentiability of a multi-variable function at an internal point of its domain.

Definition 1. A function f : Q C E, — R is strongly differentiable at X, (a point internal to Q) if there exists a vector
f*(x,) € E, such that for each € > 0 there exists a 6 > 0 such that if |[u — x| < ¢ and |[v — x| < 6, then

f@) = f(v) = f*(x) - (u — v)| <e |u— v’ ,
being u, v € Q.

!1See for example?,12 9,
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Remark. We recall that, if a function is strongly differentiable at x,,, then it is also differentiable, and the vector £*(x) coincides
with the gradient V f(x,).

Theorem 1. If the function f : Q C E, — R is strongly differentiable at x,, (a point internal to Q), then

- -1
lim (A ) A = V(X))
(a,b,c)—>(x0,x'0,x0) f(a,b,c) ( (a,b,c)) f( 0)
a,b,c not collinear

Remark. The foregoing result state that the “mean secant plane”
z=f(a) + T(fape  X—2),
- - -1
where r ;. ¢ = <A f(a,b,c)> (A(a,h’c)) , always converges to the tangent plane

z=f(x9) + V (X))  X—Xp),
as the non-degenerate triangle with vertices a, b, ¢ contracts to point X,,.

Proof of Theorem[Il
Let us recall that, given three vectors u, v, and w in E,,, if u € span{v, w}, then u(vAw) = (u- v)w — (u- w)v. So, we can write

V700 (ane) = 3V G[@-2) A (e = b)] = [V - @—a)]c = b) = S[V/(xp)- €= D] @—a)
As (A(a,b’c))_1 =2(c—=b)y'@-a!=-2@-a)l(c—-b)"!, we can write
V() = V) (Bapo) (Aape) = [V - @—a)]@-a)" + [V/(x) - €~ b)] (e —b)™"
Vi(x)-@—a) Vf(x):(c—b)
= - +
a—a c—b
So, by Proposition[I] we can write
T rabe — V(X)) =[/@ — f(@) - Vi(xp) - @-a)]@-a)" + [f(©) = f(b) = V/(X,) - (= b)|(c —b)'
_S@ - @ -V G-a)  f©= /)= V() (c=b)

a—a c—b

a . .
= lal for every @ € R and for every invertible vector v € E,, we have that

vl

[04
v

As

/@ - r@-Vrexg)-@-a)| |f©=f®)=V(x)-(c=b)

= + .

|a—al |c —b|
As f is strongly differentiable at X, we know that, given e > 0 there exists 6, > 0 such thatif [u—x,| < 6, and |[v—x,| < 6, then
lf() = f(V) = Vf(xp) - (@=V)| <elu—v].

So, if we choose a, b, and ¢ non collinear, and such that

o |a—x,| < % (5e~>,

2

|F( rabve — VS (X0)| <

o |b—x,| <§(5§),
o |c—Xy| < ¢,
2

then
lF(f,a,b,c) - Vx| <e,
as

o la=bl <la=x,|+Ib—x,| < % (5:),
o |a—xo| <[a—b|+[b—xo| = [a—b|+[b—x| <5:. 0]
2

Remark. The divergence phenomenon of the local Schwarz paradox is due to the fact that vectors b—a and ¢ —a are not mutually
orthogonal, in general. On the contrary, vectors a —a and b — ¢ are always orthogonal. Moreover, the following crucial identities
hold
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(a—a)c—b)=(@-a)A(c—b)=2(b—-a)A(c—a).

Such key properties of the mirrored points will be used to extend the foregoing convergence result to higher dimensions.

Remark. In the case of the Example[Il we have that
e a=2fe, , f(a)=1,

o Af @bo = 0.

S0, T ape =0, and V f(a) = 0, indeed.
In the same example we could also choose the same points but in a different order. For example, one could choose

a=—ae, +fe,, b=ae +fe, c=0.
In this case, the mirrored point would be different, and we would have
e Ab=b-a=20e, , Ac=c—a=ae, —fe, ,c—b=-b

® Agpo =(b—a)A(c—a)=-2afee,

e fb)—f@=0, f(©)— f(a)=1-V1-a?
* Afape = [f) = f@](c—a)— [f(c) - f(@)]|D —a) =2a(V1—a? - e,

1-v1-a?

® Lirabe = — 25 I €,

as one would expect by Remark [Tland Remark 2} besides,

_ _ 367 — a? p? —3a?
e a=2b-2[(c—b) - (Ab)[(c—b)' —a= pey ae, + pe pe,,
_ _ 4ap? 40’ p _ 2 16a>f?
a—a—0(2_'_‘62el—0{2+ﬂ2e2 , |a—al s
. 362 — a2 2
of(a)z\/l—CCz(m) 5
@@ fO©-fO)
L fane = |a—al @-a+ |c — b2 (c-b)=
2 - p? 2 o
ap? l - e+
(o + 522 1_a2<3ﬁ2—a2>2+ 1~ 2 (@ + )1+ V1 -a?] l
a?+p?
2_p2 2
a’p @b 2 + o« p e, =r
(a2 + p2)2 . — (a.p) »
* 1_0{2(3:2;;,2 >2+m @2+ p)[1 + V1 - a?]

and you can verify that

lim t,_, =0=Vf().
(@p)—00) @P 10
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4 | THE CASE OF A THREE-VARIABLE FUNCTION

4.1 | The 3 X 3 determinant as a Clifford quotient and as a scalar product

Let us now recall that the determinant of a 3 X 3 real matrix

Hir Hip Hi3

Ha1 Hap M3

M3 H3p H33
can be written as a coordinate-free Clifford quotient. As usual, let us fix any ordered triple e, e,, e; of mutually orthonormal
vectors in E, (with n > 3), and let us consider w; = py; 1€ + u;,€; + py3€3, Uy = Uy 1€ + Uy 1€ + fy3€5, and Uy = s €) +
H32€5 + U3 3€3, then you can verify that

1 Hiqg Hip M3
(wy Auy Aug)(I3)™ =det| pyy pon Hos |
H31 M3z H33

because
uo.] /\l.lg2 /\llgz =€o.ll1 /\U2/\u3 5
for each permutation o € S; of the set {1, 2,3}, having parity €, € {—1, 1}; where

1
lll /\ U2 /\ 113 = 5 (11111203 - UIU3U2 + 11301112 - 113112111 + 112113l11 - U2UIU3)

1 1
=5 (y Aw)u; +us(u; Awy)| = E(uluzu3 —uzu,u),
and I; = ee,e; =€, Ae, Aey, sothat (I;)7! =ese,e; = —1;.
Remark. As I, before, also 15 does not depend on the particular orthonormal basis chosen to define it in span{e,,e,,e;} C E,,

but only on the orientation of that basis. More precisely, if {g;, g,, 83} is any other orthonormal basis of span{e,,e,,e;}, then
g2, Ag Ag; =g,8,8;1s equal to I; or —I5. That is why I; is called an “orientation” of span{e,,e,,e;} = E;.

Thus, a 3 X 3 determinant can be considered as the Clifford ratio between the two “3-blades” u; Au, Au; and I5 (a “k-blade”
being the geometric product of k£ non zero and mutually orthogonal vectors). Those elements can also be called “G;-pseudo-
scalars”, as G5 is generated by E; = span{e,,e,, e;}, and can be interpreted as oriented volumes in E;. Let us observe that,
if

V = Vlyzelez + V1’3ele3 + V2’36263 S Span{elez 5 6163 s 6283} = G(S),
2
(such elements in G5 are also called the “2-vectors”), then
VI =(vi €16, + V) ;€185 +V,38,€3)e €.05 = V) 1€,€,€,€,€3 + V) 3¢ €3¢ €,€3 + v, 38,e3¢,€,e3
=V12€1€,€;€,€; + V) 3€,€,€;€,€; + V; 3€,€,€;€,8; = €,€,€3(v) ,€,€; + V) 3,85 + V) 3e,¢;) = [V
==Vvige t V36— Vvy3¢ €F5,
that is why the elements in G sy are also called “G;-pseudo-vectors”: geometric multiplication by I5 establishes a duality between

vectors of E; and elements of G In a similar way, you can verify that ul; = I;u for all u € E;. The foregoing properties
allows us to write a 3 X 3 determinant as a scalar product

Hig M2 M3 ] 1
det| ppy Hpp Moz |= (U AU Aw)(3) = —3 [(u1 /\u2)u3 +u,4 (ul A u2)]13
H31 Hap M3z

1 -
=-3 [(ul Ay I3us +us () A u2)13] = —[(u; Au)Is| cuy = [(u; Auy)(T3)7'] - ug,
where (u; A u,)(I;)7! is a vector orthogonal to span{u,,u, }, because it is orthogonal to both u, and u,, as
[ Au)T)™] -uy =y Auy Au)T3)™ =0 and [(u; Au)(3)7] -y = () Auy Auy)(3)7 =0.

As a matter of fact, (u; A u,)(I3)~! corresponds to the classical Gibbs and Heaviside cross product of u, and u,, when E; =
span{e,,e,,e;} is identified with R3.



| 13

4.2 | Coordinate-free expression of a hyper-plane secant the graph of a three-variable function
Let us write the equation of a hyper-plane secant the graph of a three-variable function f : Q C E; — R at four non coplanar

points of that graph. A hyper-plane passing through the four non coplanar points
(a, f(@)) = (a; €, + 56, + 2,365, f(a)) EE; DR,

with i = 1,2, 3, 4, can be represented by the Cartesian relation

Xo—0Q1p X3~ 013 z— f(a)

a2,3 - al,3 f(aZ) - f(al) =0 (41)
az3— a3 f(a;)— f(a)

ay3— a3 f(ay)— fap)

X1~ 0
det Uy — Ay Gpp — &y
31— Q) G3p — &y
Ag — Ay Fyp — &
between the real variables y,, v», x3, z € R. This determinant can be rewritten by a Laplace expansion as follows
Ay =0 Gop — & p Up3— U3 X1~ Q1 X2~ %o X3~ 03
[Z - f(al)] det| a3 —ay; a3, — a1, az3— a3 |— [f(az) - f(al)] det| a3 —a;; azp — a1, az3—ap3 |+
Ug) =0 Gy —Qpp Oy3— 03 Ay =01 Xy —Qpp Qg3 — 03

X1~ Q1 X~ % X3~ 013

+ [f(a3) - f(al)] det| o) —a;y ayp — 1, @3 —ay3 |- [f(a4) - f(al)] det| o) — @y app — @1, @3 — a3
31— Q) Q3 — @ p A33— A3

X1— Q1 X~ % X3—013

Ag) — Q1) Xy — @Xp Qg3 — A3

Then, in G5 the equation (&.I)) becomes
[Z - f(al)] [(32 —a)A(a;—a))A(a, - 31)](13)_1 - [f(az) - f(al)] [(X —a)A(a;—a))A(a, - 31)](13)_1+

+[f(as) - f@)|[x—ap) A, —a) A, —a)|U)™ - [fa) - f@)][x-a)A@,—a)A@—a)|Uy)" =0,
being x = y e, + r,e, + y3€; € k3, (X, z) € E5 @ R. The foregoing relation is equivalent, in G;, to
[z - f(al)] [(a2 —a)A@;—a)A(a — al)] =[f(32) - f(al)] [(x —a)A@;—a)A(a — al)]+
= [f@) = f@p][x-a)A@,—a) A, —a)|+
+[f@) - f@p][x-apA@-a)A@; -a)).
Let us define
ranaay = (82 —a) A (a3 —a)) A (a; — ) [ which is also equal to — (a; — a,) A (8, — a3) A (a3 — a4)].
We observe that
Gy — @y Gpp = App Gp3 = Q3
5= det| as; —a;; azp—ap ;33— a3 | = EA(al,az,a3,a4)(13)_l
Agp =@ Qyp — QA X3 — A3
= 671315, and

is the oriented volume of the tetrahedron having vertices a,, a,, a3, and a,. So, we can write A, , 4 )

(A(al,m,:a3,an4))_1 = 6%(13)_1. By denoting A f,, = f(a,) — f(a;) and Aa; = a, — a,, when i = 2,3, 4, the equation of the secant

hyper-plane (£.I)) becomes
1 -
z=f(a,)+ 6T{Af(*‘2)(x —a)AAazAlda, —Af, (X—a)AAa, Ada, + Af, (X —a)) AAa, AAag }(13) !
3

1 _
=f(a;)+ Q{Af(az)mg ANAagA(x—a;)— Af(a‘;)Aa2 ANAa, A(x—a))+ Af(a4)Azi2 AAa; A (X — al)}(I3) !
3
1 ) _ _
=f(a)+ — { Af oy Aas A Aa) (T3 = Af (Aay A Aa)(T)™ + A f;, (Aay A Aay)(T;)! } (x—a)
3
1 _
—f(a,) + 6—13{ [A fapAaz A Aa, — Af, Aay A Aa, +Af, Aa, A Aa3] (Iy)"! } (x—a,)

Thus, we have that the vector Iy, o a.a,) € Es, characterizing the equation of the hyper-plane secant the graph of f as z =

F@)+ T a0 a0, X—a),is
4

. . -1
p— 1 1
Lifama.0) = Z(_l) Af(a,)A(al,az,a3,a4)] (A(al,az,ag,av) ,

P
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(where A2 = Aa; A Aa,, A} = Aa, A Aa,, A? = Aa, A Aa;), which is, in fact, the Clifford quotient
(a,a5,23,a4) E (a;,3;,a3,2,) (a,a5,a3,a4) 3

between the multi-difference G;-pseudo-vector
Af(al*aZva3:a4) = Af(a2)A33 A Aa4 - Af(as)Aaz A Aa4 + Af(a4)Aaz A Aa3 S G(;) 5

and the G;-pseudo-scalar

A(al = A32 A Aa3 /\Aa4 = 67313 (S G(;) >~ RI3 .

,2y,a3,8y)

4.3 | Mirroring vectors and points II

4.3.1 | Vector mirrored by a 2-dimensional linear subspace

We recall that to each pair of linearly independent vectors u,;, u, € [E, we can associate the 2-dimensional linear subspace
span{u;,u,} C E,. Moreover, u; A u, is always a 2-blade. As a matter of fact, there always exists an orthogonal basis {g;, g, }
of span{u;,u,}, and you can verify that u; A u, is a non zero multiple of the geometric product g, g,. We recall that

e the square of every 2-blade is a non zero scalar,
1

e cvery 2-blade B is invertible in G,, and B~ = EB.
Let us recall that, if v € E,, and B = u; A u, is a 2-blade, then
v=vBB ! = (vB)B™! = (voB+VvAB)B! = (voB)B™! + (vA B)B™! 4.2)
where
1

voB = (VB - BV) = —Bov e G(»Ix)

2

1
V/A\BIE(VB+BV):B/A\V€G(;)

VAU, Aw,)=VAu Au,
R iftk=0
@(z)={

span{e; =€ } ¢ c.cj<n f1<k<n

Remark 6. Elements of G(n) are called “k-vectors”. Notice that the dimension of G(n) is the binomial coefﬁcient(Z) =
k k

n! T
m Moreover Gn = g G(Z)
k
Remark 7. We recall that the foregoing operations “o” and “A” can be extende to k-blades B=u; A - Au, = /\ u; € G(n)
k
j=1
where

1
WA Al = Pl é €l oo U,
oeo;
(Sk being the group of all permutations of {1, ...,k}, e, € {—1, 1} the parity of permutation o-), as follows
voB = = (VB - (—=1)*Bv) = (=1)**'Bov € Gy

VAB=

N ==

(VB+(-1)*Bv) =(-1)*BAve Gy -

We also recall that
k k
vo(u; A+ Aly) = Z(—l)’“(v ;) /\ u;
i=1
j=1

JFi
VA@ A AW)=VAU A AU, .

12See for example? orH,
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So, we have the following
Bv = 2(Bov) + (=1)*vB = (Bov) + (BAV) .

Remark. Notice that, if u and v are vectors in E,, thenuov=u-v,anduAv=uAv.

[Pt

Remark. The operations “o” and “A” are particular cases of more general operations between blades. More precisely, if H is a
h-blade, and K is a k-blade, then
HoK = (HK - (—l)thH) = (=D"*'KoH is called “graded commutator”

HAK=<(HK+(-1))KH) =(-1)"")K A H is called “graded anti-commutator”.

N ==

Such operations can then be extended, by linearity, to linear combinations of blades that is, to every element of the geometric
algebra G,,.

Remark 8. If B = u; A u, is a 2-blade, then (v A B)B~! is a vector which is orthogonal both to u; and u, that is, to all
two-dimensional span{u,,u,}. As a matter of fact, for i = 1,2 we have that

2[vAB)B™'| -w, = (vA B)B 'u; + u,(vA B)B™
You can verify that Bu; = —Bu, (for i = 1,2 ). So we have that
2[(vAB)B™'| -, = [— (VA B, +u,(vAB)| B!
As v A B =v Au; Au, is either zero or a 3-blade, then we can write
4{vABB'|-u;=[u;,A(WAB)|B = (u;AvAu, Au,)B' =0.
In a similar way you can verify that for every vector v € E, we have that
v = (voB)B™! € span{u,,u,}.

So, relation (@.2)) corresponds to the orthogonal decomposition of vector v with respect to the two-dimensional linear subspace

span{u;,u,} = E(O,ul,uz)'
Then, the vector v, mirrored of vector v by the 2-dimensional linear subspace span{u,,u,}, can be written as

V=v,—v, =(oB)B™' = (vAB)B™' = [(voB) = (VA B)|B™' = [ - (Bov) = (BAV)|B™'
=—[(Bov)+ (BAV)|B' = -BvB™' = - [Z(Bov) +VB|B™' = —2(Bov)B™' —v.

Moreover, |V| = |v|; as a matter of fact,
|[9|> =99 = BvB~'BvB~! = BvwwB~! = |v|?BB~! = |v|%.

Remark. Notice that, ¥ is in span{u,u,,v}.

4.3.2 | Point mirrored by a plane in E, (with n > 3)

Given four non coplanar points a;, a,, , a3, anda, in E, (with n > 3), we mirror the point a, through the plane £, ,_, , generated
by the points a,, a;, and a,. We denote a, that mirrored point.

We can express a; by computing in G, the vector ¥, obtained by mirroring vector v = a; — a, by the 2-blade L, = L,
More precisely, the mirrored point a; can be computed by using the geometric Clifford product in G, as follows

a3 734) -

a, =a,— Li(a —a,)(L)" =a,-2[Lo(a, —ay)|(L)" - (a, —a,)

:232 - 2[L10(al - az)](Ll)_l - al S Span{al,az, 33, 34} .
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Thus,
a, —a, =2(a, —a)) —2[Lo(a; —a,)|(L,)™" =2(a, —a,) +2[(@, —ay)oL,|(L)"
= 2@, —a)Ly (L) = 2[@y —apoL (L) = 2{ @y —a)L, - [@ —apeLy] (L)
=2[@-apAL|@L) "= 2[(a2 —a)A(a;—a,)A(a, — az)] [(as —ay) A (ay — az)]_1
= 2[(a2 —a)A@;—a,)A(a, — az)] [(a; —a,) A (2, — a3)]_1 ,
and you can verify that |a, —a,| = |a; —a,|.
Remark 9. By using Remark[8] you can verify that the vector a; — a, is orthogonal to both a, — a; and a; — a,.
Then, we mirror the point a, through the line £, , ,, obtaining a, such that
a,—a, =2[(a; —a,) A (ay — a3y)|(a, —a;)”' € span{a; —a,, a, —as},
as shown in Section[3.3.2] Thus we have now that vectors a, — a,, a, — a,, and a, — a, are mutually orthogonal. Moreover
@ —a) A @ —a,) A (a, —a3) = @ — )@, — a)(a, —a;) = 2@; —a))[(@; — ay) A (a, — ay)] (@, — a3) " (a, — a3)

=4(a, —a))A(@;—a)A(@,—a)= 4A(al,az,a3,a4)
4.4 | Convergence of the mean secant hyper-plane plane to the tangent hyper-plane I

Definition 2. Let us define the “mean multi-difference G(z)-pseudo-vector”,
2.

- 1 — — — _
B aang =3 [/ @) = £@)] @ = 2 A @y = 23) = [£@) — £ @)] @ —a)) A (@, — ap)+
+[f(ay) — fay]@; —a) A @, - az)} €6y .
Remark. The term “mean” in the foregoing definition is due to the fact that

e 1
Af(a,,az,a3,a4) = Z{Af(a],az,a3,a4) - Af(ﬁ,az,33,34) - Af@‘]»%#‘y%) + Af(a_],g,aB,a4)} ’
as you can verify.

Remark 10. The mean multi-difference G(s)-pseudo-vector can also be writter as
2.

Zf(alsaz,a3:a4) =i{ [f(a_l) - f(al)] (a, —a,)(a; —ay) — [f(@) - f(az)] (a; —a;)(a, —a3)+
+[f@) - @)@ -a)@; - ay) |
because vectors a, — a,, a, — a, and a, — a; are mutually orthogonal.

Proposition 2.

r(fsal JAy,85,8,) T

- f(3_1)—f(31)+f(a_z)—f(az)+f(a4)—f(33)
a, —a a, —a, a,—a;
Proof of Proposition 2l From Remark [0 we have that a; — a,, a, — a,, a, — a; are mutually orthogonal, and (a; — a,)(a, —

ay)(ay —a3) =444 4 a,a,)- SO, We can write

1 — — 1 — —
A ayana) = Z(al —a)A@-ap)A(ay—ay) = 1(31 —a;)(a; —ay)(ay — a3)

)_1 =da;—a) '@ —a) @ —a) = —4a,—a) '@ —a) @, -2
=4(a, —a,) '(a, —a;)”" (4.3)

(A(a] \2),23,2,)
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Then, by Remark [TQ] we can write
F(f’al’aZ’a,%’aét) =(Kf(a,,a2,a3,a4)> (A(al’az’%av)_] =
=[f(a_1) - f(al)] @@ —a)'+ [f(a_z) - f(az)] (@, —a,)"' + [f(a4) - f(a3)] (a,—ay)"' O

Theorem 2. If the function f : Q C E; — R is strongly differentiable at x;, (a point internal to ), then

: N -1
(31-32333»341)1—I’I(IX0,X0.X0,X0) (Af(al,az,a3,a4)> (A(a],a2,a3,a4)) - Vf(XO) :
a,,a,,a3,a, not coplanar

Remark. The foregoing result state that the “mean secant hyper-plane”
z= f(a)) + Ff(al<a2,a3,a4) -(x—ay),
where ¥ Formaan = (K f(al,az,a3,a4)> (A (al,az,a3,a4))_l, always converges to the tangent hyper-plane
z=f(X) + Vf(Xp) - (X=Xp),
as the non-degenerate tetrahedron having vertices a,, a,, a5, and a, contracts to the point X,,.

Proof of Theorem[2l Let us observe that
VX)) (A, ayaan) =V %00 (A a)a,a,)
= V00 @7 = )] @ — ) A @y — ) — £ [V 050 - @ — 2] @ — ) A @y — ay)+
+ 5[V 0) - (g — 2] @ - a) A @ - 2)
= V00 - @ - a)] @ — 2@, —ay) - [V 05 - @ — ay)] @ — 2@, — ay)+
+ VS0 - a0)] @ - 2@ — )
By relations (@.3), we can write

V(%0 =V %) (Aapo) (Aane)
=[V/(xy) - @ —ap|@ —a)™" + [V/(xy) - @, —ay)|@, —ay) ™" + [Vf(x) - (a, —ay)|(a, —a3)™"
_Vx0) @ —a) | V)@ —a) V()@ —ay
a, —a, a, —a, a, —a;

So, by Proposition[2] we can write
f@) - fa)—[Vf(xy)- @ —a)| N
a; —a,

N f@) = f(ay) = [Vf(x) - (@ —a))] N f(ag) = f(@a3) = [Vf(x) - (a, —aj)]

F(f’al*a2’33’34) - Vf(XO) =

32 - 32 a4 - 33
Thus

7@ = f@) = Vi) - @ —ay)
— +
la, —a|
|7 @)~ 1) = Vi) - @ —ay)| |f(a) = f(ag) = VS (x0) - (2, —a)
+ +

la, —a,] la, —as]

r - <
|rf(31~32~a3~"4) Vf(XO)) -

As f is strongly differentiable at X\, we know that, given € > 0 there exists 6, > 0 such thatif [u—x,| < 6. and |[v—x,| < 6., then

lf(w) = f(W) = Vfixp)- (u—-V)| <elu—v].

So, if we choose a;, a,, a3, and a, non collinear, and such that

&, =%l < 1 (52 ). fori =1,2,3,4,
3
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then
¥ = V0| <6
as, fori = 1,2, 3, we have

o |a

2
— il < oy = %ol + la =gl < 3 (62 ).
o la, - x| < a; —a, [+ lay, — X = la; —a,, | + a2, — x| < Se. L]
Remark. The key property that provide the convergence of the mean secant hyper-plane is the following chain of identities

(aj—a)@ —a)(a, —a;) =@ —a)A@-a)A@—a;) =44, , , )

implied by the orthogonality properties of the constructed mirrored points based on the four non coplanar points a,, a,, a;, and
a4.
S | THE CASE OF A MULTI-VARIABLE FUNCTION

5.1 | A k X k determinant as a Clifford quotient and as a scalar product

The determinant of a k X k real matrix

Hip o Mk
Hig o Hik
can be written as a coordinate-free Clifford quotient in G, (with n > k). Let us fix any ordered set ey, ..., e, of mutually

orthonormal vectors in E,, and let us consider

k
u = 2 Hij €
j=1

withi = 1,..., k, then you can verify that
Hig = Mk
U A Aw)T) " = det :
Hip o Hik
because
U, A AUy =€, U A A,
for each permutation ¢ € S, of the set {1, ..., k}, having parity e, € {—1,1}; where

k(k—=1)
I, =e e =¢e A-—Ae., sothat (I))"' =e, -~-e, =(=1)"2 I.

Remark. As I, and I before, also I, does not depend on the particular orthonormal basis of span{e,,...,e,} = E, C E, to
define it, but only on the orientation of that basis. More precisely, if {g;,..., g} is any other orthonormal basis of E,, then
g A Ag =8 g is equal to I, or —I;. Thatis why I, is called an “orientation” of E,.

Thus, a k X k determinant can be considered as the Clifford ratio between the two “k-blades” u; A --- Au, and I, (a “k-blade”
being the geometric product of k non zero and mutually orthogonal vectors). Those elements can also be called “G,-pseudo-
scalars”, as G, is generated by E, = span{e,, ..., e, }, and can be interpreted as oriented hyper-volumes in E,.

In general, if {e,, ..., e,} is an orthonormal basis for E, and
V = Z Vioi &, € € G(:),
1<ij<-+<iy<n
(such elements in G,, are also called the “k-vectors”), then

— _ n—1
Vln - Z Vi],...,ikeil eikel en = (—1) Z Vi|,~.~,ikei] cen eik71e1 eneik

1<ij<-<iy <n 1<ij<-+<iy<n
—(_1)n—Dk Z PPy
(-1 Vi €17 €€ elkeG(ij)
1<i <<y <n

=(-1)" kLY



| 19

that is why, when k = n—1, the elements in G( )are also called “G,,-pseudo-vectors”: geometric multiplication by I, establishes
a duality between elements of G( ) and vectors in E, = G() So, we have that VI, = (-1)"™V’'I V = (=1)""' 1,V for each
G,-pseudo-vector V' € G(H)

The foregoing properties allows us to write a k X k determinant also as a scalar product

Hix = Mk
det| : ~ i [=@AAu)T) == 1 AW = (- 1) e AU_y) /A\uk]Ik
Hea o Hik
k(k—1)
GOE k-1
= T[(ul /\'--/\llk_l)llk+(—1) llk(lll/\'“/\llk_l)]lk
K1)
G k-1
== [(u1 A AT + (=1 g (g A - A uk_l)Ik]
k(k—=1)
-1 -1 (=D 72
=(-D ) (uy A AL +u(ag A A )1

= (=D A Aw_ D)UY g

We can also verify that the vector (u; A -+ A w,_;)I, is a vector orthogonal to span{u, ..., u,_;}, because it is orthogonal to
eachu; (wheni=1,...,k — 1), as you can verify that

[, A Aw_ U™ =y A Aw_ Au)U)T =0.

5.2 | Coordinate-free expression of a hyper-plane secant the graph of a multi-variable function

Let us write the equation of a hyper-plane secant the graph of a multi-variable function f : Q C E, — R at n + 1 points of
that graph non being on a same n-dimensional hyper-plane. If e, ..., e, is an orthonormal basis for E,, a hyper-plane passing
through such n + 1 points

(a, f(a) (Za,j e, f(a >E[EnEBR,

withi = 1,...,n+ 1, can be represented by the Cartesian relation

=0 o Xy~ 0, z— f(ap)

det U —ayy vt a,—a,  f@ay) - f(a)

=0 5.D
U1 — U1 Ay~ f@,0) — f(a)

between the n + 1 real variables y,, ..., x,, z € R. This determinant can be rewritten by a Laplace expansion as follows:

Xi— 0 o Xy T A
G =& o O, T, ot — an _an
. . . 3.1 1.1 3, 1,
[z - f(al)] det : - : - [f(az) - f(31)] det . . S
Q11 — 1 0 Cpyrn — &,
" L 8 ) — O Gy — Oy
X1—Q o X~ Ay,
062’1 - al’l b az’n - (len Xl - al,l o /Yn - al,n
+[f@) - fa@p|det| oy —ay; o —a, |-+ D f@,y) = fa)] det :
: : an,l - al,l an,n - al,n
i1, — @1 7 Ay — Xy

Then, in G5 the equation (5.1)) becomes
[z— f@)]|@ —a) A A, —a)])™" = [f@) - f@)][x—a)A@;—a) A A@, —a)|) "+

+[f@y) - f@)][x—apAa@—a)A@—a)A- A, —a)|d,)" -+
+H=1"[f @) — F@D] [x—a) Aay —a) A Aa, —a)](I3) =0,
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being x = Z x.e; €E,, (x,z) € E, ® R. The foregoing relation is equivalent, in G, to
i=1
[Z - f(a1)] [(32 —ap) A A@, — 31)] :[f(az) - f(al)] [(X —aPA@;—a)A - A@,y - 31)]+
— [fa) - f@p][x—apA@,—a)A@,—a) A A, —a)|+
4 e (=) [f(an+1) - f(a1)] [(X —a)A@—-a)A- A, - 31)] )
Let us define

n+1

Aa..a,) =@ —a)A@ —a)A A, —a)= /\(ai —-a)
i=2

[ which is also equal to (—1)"(a; —a,) A(a, —a3) A== A(a, —a,,;)

‘We observe that

1 P~ o G, A, 1
= — : . : == -1
= det : . : 0 A,....a,. )T
Fnp1,] — O o Epppn — Oy
is the oriented hyper-volume of the simplex having vertices a,, ..., a,, and a,,,. So, we can write A, . , = n!7,[,, and

(A, . am))_] = ﬁ([n)". By denoting Af,, = f(a;)) — f(a;) and Aa, = a, —a;, when i = 2,...,n + L, the equation of the
secant hyper-plane (3.1) becomes

1
z=f(a;)+ E{Af(az)(x —a)AAag A AAa, —Af (X—a)Ada, AAag A AAa et

+ (=1 Af (X —a)) AAay A AAa, }(In)‘l
If we define

n+1

i _ _ i
B = [\ A=A € 6
A
J#i

the equation of the secant hyper-plane (3.1)) becomes
1 n -
z=f(a)+ E{Af(az)(x —a) AN~ A (x—a) AN o AS, (x—ay) A A" }(In) !

=f@)+ %{(X —a) A [Afg) A = Af A+ + A Sy AT }([")_1

-1 n—1
= f(a)+ (n'—)f{ [Af ) A% = Afu A%+ + Af(y A" A(x - al)}(In)‘]

= f(a)+ ! {[Af(aﬁAz_Af(a})AS"'"‘+Af(a

I’l!TI,, n+l)

= f(a)+ { [Af A% = Afa) A%+ + Afy A B o )7 } S(x—a,)

AT - - a)

Thus, we have that the vector r,, ., , € E,, characterizing the equation of the hyper-plane secant the graph of f as z =

f(a)+ Y gy, (x—a,),is
n+l
(g, = lz;,(_DiAf(a,-)Aia,,...,aM)] (A<a,,...,an+1>)_1 ,
i=
which is, in fact, the Clifford quotient between the multi-difference G, -pseudo-vector
n+l
Af(al,.‘.,am) - Z;‘(_l)iAf(a»Aéal,,l_,am) € G(,,fl) >
i=

and the G,-pseudo-scalar A, , ) € G(n) ~RI,.
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5.3 | Mirroring vectors and points I1I

Here, we simply iterate the process already followed in the two foregoing cases. More precisely, if n > 3, we consider n + 1

points a,, ..., a,,, in E, as vertices of a non-degenerate simplex (that is, A, . ) # 0), we construct n — 1 mirrored points
a,,...,a, ; in E, in the following way

e a, is obtained by mirroring point a; through the hyper-plane £,  , Y

e a, is obtained by mirroring point a, through the hyper-plane L, . a B

a,_, is obtained by mirroring point a,_, through the plane L,  , o

° is obtained by mirroring point a,_, through the line L, , .

n—1
where L, vy = {viVvi+ -+ vV, v,y € R v+ 4+, = 1}, is the hyper-plane passing through points
Vi,...,v, €E,.
All that points a; can be obtained by mirroring vectors a; — a,,, through the (n — i)-dimensional subspace span{a, , —
a_,...,a,. —a,,}, respectively, by using the corresponding (n — i)-blade

Li =@y —a ) A A,y —ag).

as computed in the two following paragraphs.

5.3.1 | Vector mirrored by a k-dimensional linear subspace
We recall that to k linearly independent vectors u,;,...u, € [E, we can associate the k-dimensional linear subspace

span{u,,...,u; } € E,. Moreover, u; A -+ Auy is always a k-blade. As a matter of fact, there always exists an orthogonal basis
{g,....8}) of span{u,, ..., u;}, and you can verify that u; A --- A u, is a non zero multiple of the geometric product g, --- g,.
We recall that

e the square of every k-blade is a non zero scalar,

1

e every k-blade B is invertible in G,,, and B !'= EB'
Let us recall that, if v € E,, and B = u, A --- Ay, is a k-blade, then
v=vBB ! = (vB)B™! = (voB+VvAB)B! = (voB)B~! + (vA B)B™! (5.2)
where
— 1 k _ k+1
voB-_E(VB—(—l)BV)_(—D Boveaaio,
_1 k _ k
VAB—EUB+GDBﬂ-44)BAVEq&y
We also recall that
k k
vo(u; A - Aly) = Z(—l)i+l(v ;) /\ u; (5.3)
i=1 =1
’ i
VAU A AW) =VAU A AU. 64

So, we have that
BV = 2(Bov) + (—1)¥VB = (Bov) + (B A V).

Remark 11. If B = u; A --- Ay, is a k-blade, then (v A B)B~! is a vector which is orthogonal to all u,,..., u, that is, to all
k-dimensional span{u,, ..., u,}. As a matter of fact, fori = 1, ..., k we have that

2[(vAB)B™'| -w, = (vA B)B™'u; + u,(vA B)B™
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You can verify that Bu, = Bou, = (=1)*'u,0B = (=1)**! By, (fori = 1, ..., k). So we have that
2[(vAB)B7!| -w, = [(=1)*'(v A B)u, + u,(v A B)| B”'
AsvA B=vAu A--Auis either zero or a (k + 1)-blade, then we can write
4{vAB)B™'| -u; = [, AWAB)|B = (w,AvAU A AW )BT =0,
In a similar way you can verify that for every vector v € E, we have that
v, = (voB)B~! € spanfu,, ..., u;}.

So, relation (3.2)) corresponds to the orthogonal decomposition of vector v with respect to the k-dimensional linear subspace
span{u,,..., 0} = £(0!ul !!!! )
Then, the vector ¥, mirrored of vector v by the k-dimensional linear subspace span{u,,...,u,}, can be written as
V=v,—v, =(voB)B™' —(vAB)B™' = [(voB) — (v A B)|B™! = [(=1)*"'(Bov) = (-D)*(B A V)| B™!
=(=D"*'[(Bov) + (B A V)| B~ = (=)' BvB™! = (=1)**'[2(Bov) + (-1)*vB| B~ = (=1)**'2(Bov)B™"' —v.

Moreover, |V| = |v|; as a matter of fact,

A

|[9|> =99 = BvB~'BvB~! = BvwwB~! = |v|?BB~! = |v|%.

Remark. Notice that, V is in span{u,, ..., u,,v}.

5.3.2 | Point mirrored by a multi-dimensional hyper-plane in E,

Let n > 3, we consider n + 1 points a,, ..., a,,, inE, suchthat A, ., ,#0.

While 1 <i <n—1, we consider the a hyper-plane L, o, passing through n+ 1 —i points a,y,...a, ;. Then, we mirror
the point a; through that hyper-plane L, . ). We denote a, that mirrored point.

We can express a; by computing in G,, the vector V, obtained by mirroring vector v = a; — a,, by the (n — i)-blade

.....

n+1—i
Li=Lg, . a,)=@n-3a,)AA@y —a,)= /\ @, —a,),
j=2

fori = 1,...,n — 1. More precisely, the mirrored point a; can be computed by using the geometric Clifford product in G,, as
follows

R

=a;,, + (_l)n_iHLi(ai - ai+1)(Li)_1 =a,,+ (_1)n_i+12[Lt°(at - ai+1)](Li)_1 —(a,—a,)
=2a,.; + (=1)""*'2[L;o(a, —a, )|(L)™" —a; € span{a,,a,,,....a,.} .
Thus,
a,—a; =2, —a)+ (_l)n_i+12[Lio(ai - ai+1)] (L)~ =2, —a) + 2[(31' - ai+l)oLi] (L™

=2, — ai)Li(Li)_l - 2[(ai+] - ai)oLi](Li)_l = 2{(ai+l —a)L;, — [(ai+l - 3i)°Li] }(Li)_l

= 2[(ai+1 —a) A Li](Li)_l )
and you can verify that |a, —a, ;| = |a, — a,,|. Let us proof a key property in the construction of the mirrored points.
Lemma 2. By keeping the notations and hypothesis of this section, we have that

(@ —a)AL,=L_,,

foreachi=2,...,n—1.
Proof of Lemma[2]

(@ —a) AL =@, —a)A@,—a )A - A@, —a,)
=@y —a)A@p—a+a,—a JAA@, —a+a, —a,,)
=@y —a)A@p—-a)A-A@y —a)=L_, .0

Remark 12. By using Remark [IT] you can also verify that each vector a, — a, is orthogonal to all a,,, — a,,,...,8,,; — 8,
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At the end of that process of mirroring the n — 1 points a,...., a,_; we have that vectors

a —a,..,a_;—a, anda,, —a,

are mutually orthogonal. Moreover the following key property holds

Proposition 3. By keeping the notations and hypothesis of this section, we have that

Proof of Proposition
By Lemma[2l we can write a, —a, = 2L,_(L,)"". So, by the foregoing orthogonality property we can arrive at a telescopic
product

@ —apA@ —a)A@;—a) A A@,_ —a, )] A, —a,)=
=@ —apA@—a)A@;—a) A A@,_ —a,_)A@, —a,)
=(a, —ay)(a; —a3) - (@,_; —a,_ )@, —a,) =
=2""" [(32 —a)A Ll](Ll)_lLl(Lz)_le(L3)_l Ln—Z(Ln—l)_l(an+] —-a,)
=2""! [(32 —a)A Ll](Ln—l)_l(an+l —a,)=2"" [(32 —a)A L1] @, —a,) '@, —a,)
=2""a,—a) AL, =2""a,—a)A@; —a) A Aa,, —a,)

-0

=2"la, —apA(@—a) A A@,y, —a)=2""4, ,
5.4 | Convergence of the mean secant hyper-plane to the tangent hyper-plane II
Let us consider the n + 1 points a,...,a,,, in E, as in the foregoing paragraphs.

Definition 3. Let us define the following blades

n+1
A=Ay 2 y=@—a)A A, —2a)= /\(ai —a) € Gy =R,
i=2
n—1
A= A(211,...,21,14,1) = (a_l - al) VANRRRIVAN (an_l - an—l) = /\(a_’ - ai) € G(njl)
i=1
N=Ng . = /\(a a) | A @, —2,) €EG(r ),

/#t

wherei=1,...,n—1.
Then, we can define the “mean multi-difference G( n )—pseudo—vector”,

( 1)n+1
|

Af,.... f@,) - f@)| Ay,

a,.) "

an+1) 2n l ,,,,,

Remark. Contrary to the pseudo-scalar A, the foregoing blades A and A can always be written as geometric products

A=A, 0. =@~a) @ -a,)=]]@-a)
i=1
Al = ) = H(a aj) (a,.,—a,,
J#r
(where i = 1,...,n — 1), because vectors a, —a,, ..., a,_; — a,_, and a,, — a, are mutually orthogonal. These are the key

properties that allow us to prove the next general Theorem.
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Theorem 3. If the function f : Q C E, — R is strongly differentiable at x;, (a point internal to ), then

iy ( f(al n+1))(A(a1,...,an+1))_l =Vf(x).

@y, o8, )—= (Xgs.... X )EEM!

@psapy)

Remark. The foregoing result state that the “mean secant hyper-plane”

2= f@) + T, ‘(x—a)),

----- 2'n+1)

= - -1
whereTr;, o )= (A fa,.... 3n+1)> (A(a1 """" an+1)) , always converges to the tangent hyper-plane

2= f(X) + V(%) (X=X).
as the non-degenerate simplex having vertices a, ..., a,,; contracts to the point X,,.

Proposition 4.
1

Tty = < y @) f(ai)> L @)= @)

i=1 a—a; a1 —a,

Proof of Proposition 4
Let us recall, from Remark[I2] that vectors a, —a,,...,a,_ —a,_,, a,,, — a, are mutually orthogonal. So, by Proposition[3] we
can write

~ 1
A(a] Ayp) A A (a"+1 a ) =2" A(al ~~~~~ A1)
1 - - _
Aa,.. a,) = FA(a] ..... a A @y —a,) == F(al —-a) (@, —a, )@, —-a,)
-1 -1 -1 -1 — -1
(A(al,“.,a,,“)) = 2” (an+1 - an) (an—l - an—l) o (al - a])

Then,

— — -1
(... "H>=(Afwl,-...aw)(Aml,-.waw) =

(2( 1)l+l f(a )]A @,y an+1)> (A(31,~--,an+1))_1 + (_1)n+1 [f(an+l) - f(an)]K(al,...,awl)(A(al ..... an+1))_1

n—1
= <Z [f@) - f@)|@ - a,»)_l) +[f@,) - f@)]@,, —a)",

i=1
as you can verify that
AA~D = (=D)12n-l@,  —a,)"! and, AIAT! = (-1)*12"@ —a)! fori=1....,n—1.]

Proof of Theorem 3] Let us recall that A ) is a pseudo-scalar; so, by equation (3.3), we have that

111111111

VIX)Aq,... a

1)

n—1

= V/ (00800, = 517 [Z(—l)"”(VﬂxO) (@ —a))AT + (D™ (VS (o) - @y = a»)K] :
i=1

and we can write

Vi) = V)G o (Bapa) = (V0BG o ) (B )

n—1
lZ( D* (VS (%) - @ — ) AT + (=™ (VF(Xo) - (4, — ))A] AT

1

< (Vf(XO) (a —a; ))(a —a; ) > + [Vf(XO) : (an+1 - an)] (an+1 - an)_1
i=1

Z‘Vﬂxo) @-2a)\ | VI @ -a)
B Q. —4, ’

i=1 a; —a n+
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So,
_ n—1 ) V_vV S —a B v ‘ ~
l'(fyal a,,)) — Vf(xo) — <Z f(al) .f(az)_ f(XO) (az a1)> + f(an+1) f(an) _f(XO) (aVH-l an) ’
=l a-a an+1 a,
and
— n—1 ’f@)—f(a,-)—Vf(Xo)-(Z—a[)’ |f(an+1)—f(an)—Vf(X0).(an+1 —-a,)
= i n+l — “n

As f is strongly differentiable at x,, we know that, given e > 0 there exists 6, > 0 such thatif [u—x,| < 6, and |[v—x,| < 6., then

lf(w) = f(V) = Vf(xp) - (m=v)| <elu—v].

So, if we choose a,, ..., a,,; non collinear, and such that

la;, — x| <§<55),fori= 1,....,n+1,

then
’I‘(f’al’__.’anﬂ) - Vf(XO)’ < € P’
as,fori=1,...,n—1, we have
2
e |a,—a,,| <|a,— x|+ |a,, — x| < 3 (5£>,

o |a,—xo| <[a;—a, | +]a,; — x| =la,—a, | +]a, —x| < 5‘5- U

6 | DEFINITION OF PSEUDO-SCALAR FIELD IN SOBCZYK’S SIMPLICIAL CALCULUS

In'¥ the author rightly shows that the pseudo-scalar fields in“! are not well defined because of the local Schwarz paradox. In
order to fix the problem, one can use our convergent algorithms by recallin that the unit k-vector 1(x,) € G(n) at a point X,
k
of the k-surface ¢, C E, can be expressed by gradients, using a Char@ X QCE, — ¢, ,as follows
-1
2 [(V;{il(uo)/\---/\V)(l-k(u(]))lk ]el—] A Ae

1<iy<-+<iy<n

I(Xo) =

-1
Z [(vxil(uo)/\"./\V)(ik(uo))lk ]eil A.“Aeik

1<i;<-<iy<n

(Where X = Xy = 21@@ + *** + Zuw€1> Xo = X(u,)» and U is a point internal to Q).

Another possible method to give a proper definition of the pseudo-scalar I, not using charts, could be to select suitable sequences
of k-chains in E, converging to the k-surface ¢,. However, here we do not have enough room to prove such last claim. So we
have to postpone its detailed statement and proof to a further work.

7 | CONCLUSIONS AND PERSPECTIVES

Here, we sketch some possible applications of the foregoing results in pure and applied mathematics.

7.1 | Geometric Calculus

7.1.1 | Leibniz’s notation
At page 45 of* it is written:

3Here, we adopt some notations taken from™Z!.

4That is, a local regular parametrization.
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Leibniz’s notation d F /dt or OF /0t emphasizes the definition of derivative as the limit of a difference quotient. It will be seen
that differentiation by a general multivector cannot be defined by a difference quotient, so Leibniz’s notation is appropriate
only for scalar variables.

In this work we have shown that, using as product the Clifford geometric product, as numerator our mean multi-difference
pseudo-vector A f, and as denominator the pseudo-scalar A, Leibniz’s quotient notation

bl el -1
Af/A = <Af(a],...,an+l)>(A(al,“.,anﬂ)) ’

remains appropriate to approximate (or define) the gradient of multi-variable scalar functions (provided they are strongly
differentiable).

7.1.2 | Fundamental Theorem of Calculus and non absolute change of variable formula

The foregoing observation suggests to use the new Leibniz’s difference quotient (that should be properly called “Clifford multi-
difference quotient”) as a tool also for higher dimensional Calculus. If this is the case, many paths are open to explore classical
topics. For example, we may try to extend to higher dimensions the elegant deﬁnitio of non absolute integration given by
Kurzweil and Henstock by directly using the new Clifford multi-difference quotient. In particular, we guess the possibility
of defining a multi-vector valued generalized Riemann integral on orientable hyper-volumes and hyper-surfaces such that a
Fundamental theorem of Calculus of the following form

// V() dx = / fx) dx (7.1)
. ~— v : —— TV
hyl;())er;—ec([)?l?me vector Ppseudo-scalar rgzltie;ilztglje scalar pseudo-vector
hyper-surface
pseudo-vector Q pseudo-vector

may hold, for an everywhere strongly differentiable function f : © C E, — R. One could argue that this strong regularity
condition may limit the range of possible results. Despite this possible limitation, it would be interesting to explore more deeply
a Fundamental Theorem of Calculus in a forrr@ different from the “divergence” one. Moreover, once defined the generalized
integrals satisfying (Z.I), one could obtain a subsequent non absolute change of variable formula for multiple integrals not
involving the absolute value of the Jacobian determinant, as one would expect by analogy with the change of variable formula
for one-dimensional integrals.

7.2 | Finite Element Method

Delaunay triangulations maximize the minimum angle of all angles of the triangles in a triangulation of a plane point cloud. This
extremal property allows in the Finite Element Method analysis to prevent divergence phenomena due to the Schwarz paradox.
The algorithms we have used do not suffer such divergence phenomena; so, they could be used in the Finite Element Method
on arbitrary triangulations (non-necessarily of Delaunay type).

One can profit further of the above possibility to neglect Delaunay triangulations. In fact, for n-dimensional point clouds (with
n > 3) it is increasingly difficult to generate a Delaunay “tretrahedralization”. On the contrary, we claim that our convergent
algorithms (independent of the maximal Delaunay property) can be applied to efficiently discretize differential operators on any
n-dimensional smooth manifold.

7.3 | Teaching

The classical global Schwarz paradox deals with the area of surfaces, and its presentation is often omitted from Advanced
Calculus curricula. In this work we have shown that the local form of the Schwarz paradox involves the very definition of
gradient, and could be presented at the beginning of a multi-variable differential calculus course. In this sense, it provides further
motivation to introduce Clifford Geometric Algebra as a unifying language for Geometry and Analysi

15See™,
16See, for instance,?, although it is affected by the Schwarz paradox.
17 As advocated in®9, and™.
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