Decay Rate Characterization for Positive Singular Systems with
Unbounded Delays

Bohao Zhu', James Lam', Yukang Cui%, Jason Ying Kuen Chan?, and Ka-Wai Kwok!

!The University of Hong Kong Department of Mechanical Engineering

2Shenzhen University College of Mechatronics and Control Engineering

3The Chinese University of Hong Kong Department of Otorhinolaryngology Head and Neck
Surgery

December 15, 2022

Abstract

This paper investigates the decay rates of continuous-time singular systems with unbounded delays. By introducing an auxiliary
system for the original system, the positivity and asymptotic stability conditions of the system are investigated first. Then,
u-stability criteria, which are applied to characterize the decay rates of the systems, are proposed, and the relation between
the system matrices and up-stability is studied. Those results include the stability of positive singular systems with bounded
time-varying delays and time-varying delays with linear growth rate as special cases. Finally, a numerical example is given to

illustrate the obtained theoretical results.



figures/figl/figl-eps-converted-to.pdf




figures/fig2/fig2-eps-converted-to.pdf




figures/fig3/fig3-eps-converted-to.pdf




Decay Rate Characterization for Positive Singular
Systems with Unbounded Delays

Bohao Zhu'" James Lam’ Yukang Cui* Jason Ying Kuen Chan* Ka-Wai Kwok'

Abstract

This paper investigates the decay rates of continuous-time singular systems with unbounded delays.
By introducing an auxiliary system for the original system, the positivity and asymptotic stability condi-
tions of the system are investigated first. Then, u-stability criteria, which are applied to characterize the
decay rates of the systems, are proposed, and the relation between the system matrices and p-stability
is studied. Those results include the stability of positive singular systems with bounded time-varying
delays and time-varying delays with linear growth rate as special cases. Finally, a numerical example is
given to illustrate the obtained theoretical results.
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1 Introduction

In recent decades, singular systems [10] also known as implicit systems, descriptor systems, or gener-
alized state-space systems have drawn considerable attention due to their strong practical background in
electrical systems, economic systems, aerospace systems, chemical systems and robotic systems [13]. In
view of the intrinsic nonnegativity of the states of some singular systems, like the current of electricity
nodes, number of molecules and concentration of chemical component, those systems can be regarded as
positive singular systems. Some monographs on the behavioral analysis of positive systems are available
in [18,29,32,33]. Many analytical approaches developed for positive systems [3, 11, 21, 34] have been
applied to stability analysis [1, 8,9, 20], input-output gain analysis [7], and state-feedback control [26] for
positive singular systems.
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As a consequence of the special properties for positive time-delay systems [2,4,22], positive singular
systems with time-delay becomes a hot topic in recent years [14, 17,24,27,31]. In [24], the exponential
stability for the positive singular systems with fixed delays is investigated. Based on the Lyapunov function
with exponential terms, a sufficient exponential stability criterion in terms of algebraic matrix inequalities
is obtained. In [9], the asymptotic stability of systems with bounded time-varying delay is addressed. By
analyzing the relation between the states of the initial systems and the systems with constant delay, a suffi-
cient asymptotic stability condition is established. Under strictly positive initial conditions, the asymptotic
stability condition turns into a necessary and sufficient one. In [17], the ¢; stability of switched positive
singular with time-varying delay is investigated. By combining the average dwell time scheme and co-
positive Lyapunov function, a delay-dependent stability condition can be established. Although extensive
research efforts have been focused on stability condition of positive singular systems with time-delay, the
existing results are still deficient: (1) Constraints on time delays. For positive singular systems with time-
delays, the Lyapunov-Krasovskii method and comparison methods are commonly applied. On one hand,
the Lyapunov-Krasovskii functional [17,25] requires the derivative of the unbounded delay to be less than
unity. On the other hand, the comparison methods [9] require the time delay have a given upper bound.
Those methods require the bound of the time delay or the bound of the derivative of the delay and fails to
analyze unbounded time-delay systems with less constraints on delays; (2) Few results on characterization
of decay rate. When analyzing the positivity and stability condition of a singular system, an auxiliary sys-
tem is always introduced first. For the auxiliary system, the state of the original system is divided into two
states, and the two states are characterized by differential and difference equations, respectively. How to
unify the convergent speed of the original system and the auxiliary system and obtain the decay rate of the
original system remains a challenging problem.

Back to positive systems, both bounded and unbounded delays of different kind of positive systems have
been characterized [12,23,28]. Specifically, for positive systems with unbounded delays, the asymptotic
stability is not affected by the time-varying delays, while the decay rates of the states depend on the value
of the delays. Motivated by the above work, we endeavour to present a condition to analyze the stability
and decay rate of positive singular systems with unbounded delay. In this paper, an auxiliary system for
the original positive singular systems is given first. By constructing a Lyapunov function for the auxiliary
system, an asymptotic stability condition for a positive singular system with unbounded delay is derived.
Then, a monotonically nondecreasing function is introduced to characterize the pi-stability for the positive
singular system. When the product of a nondecreasing function and the norm of the state is bounded, we
can characterize the decay rate of the system via the given function. The main contributions of this paper

are given as follows:

* Asymptotic stability: We show that the asymptotic stability condition of the given auxiliary system
is equivalent to the original positive singular system. The asymptotic stability of positive singular
systems with unbounded delay is only affected by the system matrices, but not the rate of change and

magnitude of the delay.

* Decay rate characterization: By introducing a monotonically nondecreasing function p(z), the
decay rate of a positive singular system can be characterized. The results also show that the pt-stability

can be applied to characterize the decay rate of positive singular systems with bounded time-varying
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delay and time-varying delay with linear growth rate with respect to time.

The rest of the paper is organized as follows. Problem formulation and the positivity condition of singular
systems with unbounded time-delay are given in Section 2. The decay rate characterization of the system
is investigated in Section 3. Based on the characterization, some positive singular systems with special
time-delay, including bounded time-delay and time-varying delay with linear growth rate are given in this
section. In Section 4, an example is given to illustrate the effectiveness of the obtained results. Section 5
concludes the paper.

Notation: R” denotes the n-dimensional real vector space, R”*" denotes the set of all m x n real ma-
trices, N = {0,1,...}, C(—o,0] denotes the set of continuous function defined on (—oo,0], AT denotes
the transpose of matrix A, vj;) denotes the i-th element of vector v, Aj; ; denotes the i-th row, j-th column
element of matrix A. Furthermore, some basic notations for positive system are recalled [3]. v = (>)0
orve Ry (Ri) means a real vector v is a nonnegative (positive) vector whose entries are all nonnega-
tive (posifive). A>(>=)0orAe Rg’f’ (R’_’f_x") means a real matrix A € R™*" is a nonnegative (positive)
matrix. For two nonnegative (positive) matrices A and B € Rf)"’i" (R7*™"), A= (~)B means A—B is a
nonnegative (positive) matrix. M"*” denotes the set of n x n Metzler matrices whose off-diagonal entries

are nonnegative.

2 Problem Formulation

A singular system with time-varying delays is given as follows:

Ex(t) = Ax(t) +Aqx(t —d (1)),

1
x(s) = 0(s), s <0, M

where x(7) € R™ is the state vector, A and A; € R™*" are real matrices. The matrix E € R"™*"x is assumed
to be singular, that is, rank(E) = r < ny. ¢(-) € C(—o0,0] is the initial condition. According to Theorem
5.1 of [1], the initial condition ¢(-) should to be admissible to guarantee the uniqueness of the solution x().
In what follows, we will require ¢(-) to be an admissible initial condition. The time delay d(¢) could be

unbounded and satisfies Assumption 1.

Assumption 1. The assumptions for the continuous time delay d(t) are given as follows:
(i)d(t) >d >0 forallt € Ry ;
(ii) limy 00 (1 — d(2)) = oo.

Some basic definitions and useful lemmas for positive singular systems in [8,9], which will be employed

for deriving the main results, are given as follows.

Definition 1. (Positivity) System (1) is said to be positive if any admissible initial condition satisfies ¢ (s) =
0, s < 0, and unbounded delay d(t) satisfies Assumption 1, one has x(t) = 0 for all t > 0.

Definition 2. (Asymptotic Stability) System (1) is said to be asymptotically stable if for any € > 0, a scalar
<4(e),

||OO —_

6(€) exists such that for any admissible initial condition ¢(t), t <0, satisfying sup,c(_ o) || (?)
the vector x(t) satisfies ||x(t)|| < &, for allt > 0. Furthermore, when t — oo, x(t) — 0.
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Definition 3. (u-Stability) Suppose that |1 : Ry — Ry is a nondecreasing function satisfying |1(t) — oo,
when t — oo, System (1) is said to be [L-stable if there exists a constant M > 0 such that for any admissible

initial condition ¢(-) = 0, the state x(t) satisfies ||x(t)]|.. < # o forallt € Ro -

Definition 4. (Regular and Impulse-free)

(i) The pair (E,A) is said to be regular if there exists a scalar s € R such that det(sE — A) is not identically
zero.

(ii) The pair (E,A) is said to be impulse-free if there exists a scalar s € R such that deg{det(sE —A)} =
rank(E).

Definition 5. (Drazin Inverse) For any matrix E € R™", a unique matrix EP, called the Drazin inverse
of matrix E, always exists satisfying EEP = EPE, EPEEP = EP, EPEVt! = EY, where v is the smallest
nonnegative integer such that rank(E") = rank(E"*1), called the index of E, and is denoted by v = ind(E).

In the following, some properties of the Drazin inverse are recalled.

Lemma 1. [5] Let the pair (E,A) be regular and scalar B € R such that matrix BE — A is nonsingular.
Then the matrices E 2 (BE —A)"'E and A & (BE — A)~'A commute.

Lemma 2. [15] Suppose EA = AE. Then EAP = APE, EPA = A/EP| EPAP = APED,

Suppose the pair (E,A) is regular and impulse-free. Define x; () = Mx(t), xo = (I — M)x(t) with M =

EPE. According to the result in [9], the auxiliary system for the singular system (1) are given as follows:

X1(t) = Arxi () +Agr [x1 (1 —d(t)) +x2(t —d(1))],

2)
x(1) = Aaa [0 (1 = d(1)) +x2(t = d(1))]

where Ay 2 EPA, Ay 2 EPAy, App 2 (M —1)APA,, AL (BE—A)"'A, A, 2 (BE—A)"'Ay, E 2 (BE —
A)~'E with B satisfying matrix BE — A is nonsingular.

Remark 1. [9] Based on Definition 5 and Lemma 2, several properties are given below:
(i) M?> = M;

(ii) MA{ =AM = Ay, MAj1 = Ay1;

(iii) Mx; (l‘) = X1 (t), sz(t) =0.

Lemma 3. [6] Let F € RP*", A € R™", B € R"™ 4. Consider the linear system z(t) = Az(t) + Bo(t). For
' € Ry, condition: Vz(0), Fz(0) = 0, Vo(t) = 0= Fz(t) = 0, t € [0,1'] holds if and only if there exists a
Metzler matrix H € RP*P and a matrix K € R"™49, K = 0, such that FA = HF, FB =K.

The positivity conditions of the system (1) and the auxiliary system (2) are first investigated.

Lemma 4. (Positivity) Suppose that the pair (E,A) is regular and impulse-free. The following statements
are equivalent:

(i) System (1) is positive.

(ii) System (2) is positive.

(iii) Ag1 =0, Ay = 0 and there exists a Metzler matrix H € R™*" sych that Ay = HM.
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Proof. (iii)—(ii): According to system (2), xi(¢) and x,(¢) are given as follows:

xi (1) = eMx; (0) + /0 tAdleAl(”f)x(f—d(r))dr, 3)
X2<t) :Adzx(l‘—d(l‘)). 4)

Since x; (1) = Mx(t), equation (3) can be denoted as follows:

xi(1)=M (eA”x(O) + / tAdleAl(t_T)x(T - d(r))dr) :
0
A new system for z(z) is given as follows:
(1) = Aiz(t) + A x(1 —d (1)), ®)

where z(t) satisfies x; (t) = Mz(t). Since function ¢t —d(t) is continuous and —d(t) < —d for all t € R .,
we can always find a scalar t* € (0,d) such that r — d(¢) < O for all 7 € [0,+*]. When ¢ € [0,7*], equation
x(t—d(t)) = ¢(t—d(t)) holds. Based on Remark 1 and condition (iii) of Lemma 4, MA;; = A41 = 0 holds
and there exists a Metzler matrix H such that MA; = HM holds. According to Lemma 3, for the given
t* € R, and nonnegative initial condition ¢ (r — d(t)), inequality x; () = Mz(t) = 0 holds for all t € [0,7*].
Based on (4), when Ay, = 0 and Ay = 0, we have x,(7) = 0 for all r € [0,*]. Since t —d(t) < t* when
t € [t*,2t*], and x;(f) = 0 and x(¢) = 0 hold for all ¢ € [0,*], we have x;(z) >= 0 and x(¢) > O for all
t € [0,2¢*]. By the principle of mathematical induction, we have x;(¢) > 0 and x(z) >~ O for all r € Ro 4,
and system (2) is positive.

(ii)— (i): Since x(t) = x1(¢) +x2(¢), when system (2) is positive, x(¢) > 0 for all € Rg 4.

(i)—(iii): Theorem 1 of [9] indicates that the condition (iii) of Lemma 4 is a necessary and sufficient
positivity condition of a positive singular system with bounded time-varying delay. Therefore, (i)—(iii) is

proved. O

3 Decay Rate Characterization

In order to characterize the decay rate, the asymptotic stability of the system is investigated first in this
section. Then we move to the analysis of decay rate of the systems. Finally, several special cases: positive
singular systems with bounded time-varying delays and time-varying delays with linear growth rate are

investigated and the decay rates of those systems are characterized.

3.1 u-Stability Condition

We first propose a lemma that reveals the equivalent relation of asymptotic stability between system (1)

and system (2).
Lemma 5. System (1) is asymptotically stable if and only if system (2) is asymptotically stable.

Therefore, in order to obtain the p-stability condition of system (1), the stability of system (2) is ana-

lyzed. Some useful lemmas, which will be used to derive the theorem, are recalled first.
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Lemma 6. [3] For a Metzler matrix Q € M"*", the following statements are equivalent:
(i) Q is a Hurwitz matrix;

(ii) Q is invertible and O~ < 0;

(iii) There exists a vector p € R’ such that Op < 0.

Lemma 7. For a Metzler matrix Q € M"*" and two vectors q| € Ry and q2 € R satisfying
(QI)[I]S(qz)[1]7 l:172,,l’l, (6)
(QI)[]]:(CIZ)M? ]6{172,,11}, @)
it follows that inequality (Qq1); < (Qg2);

Proof. One can find (qu)m = Y19 (C“)[’] Since Q is a Metzler matrix, Qy; s > 0 for all i’ # j and
i € {1,2,...,n}. When inequality (6) and equation (7) hold, Qy; ; (41);7 = Q1. (g2) ) holds, and we have

n

(Qq1); = Z Zn: 1(q2) 1 = (Qq2) ;-

This completes the proof. O

Then Theorem 1 characterizing the asymptotic stability condition of system (1) is given below.

Theorem 1. (Asymptotic Stability) Suppose that the pair (E,A) is regular and impulse-free. System (1) is
asymptotically stable with any admissible initial condition §(-) = 0 if there exists a Metzler matrix H such
that Ay = HM and 11 is Hurwitz where

H+Ay A
Apn Ap—I,

= (8)

Proof. According to Lemma 5, the asymptotic stability condition of system (1) is the same as the one of
system (2). In what follows, we will show that system (2) is asymptotically stable if there exists a Metzler

matrix H such that A = HM and Il is Hurwitz. Based on (iii) of Lemma 6, when IT is Hurwitz, there exists

T
a positive vector v = [v? vﬂ € Ri"” such that ITv < 0. This strict inequality indicates that there exist

scalars € € (0,1) and y € (0, 1) such that

H+An  Aa | [v]
+Ad1 d1 e M )
A A —In | |v2) V2

H+An  Aa | [v]

YH +Adl d1 Vil —(1—7) Vil (10)
Az Aa—In| |v2] V2

A vector function ¥ (x(1)) = [V ()Z[ ) ), Va (x[z] ) sees Vo, (% ( }(t))}T is constructed, where x(¢) =
A X_U

T _
[x{(t) xg(t)] , and V; ()Em (1)) satisfies V;(x (1)) for all i € {1,2,...,2n,}. By mathematical
induction, we will prove that, for any given scalar m € N one can always find a time #,, € R 4 such that
Vi (%(0) <"l @ll,., where

o(t) = [ Mo (1) ] - (11)



and [|@]|, = supe (o o] [MaXic(12,... 20} (@1(1) /7)) ] , holds for all > 1, and i € {1,2,...,2n,}.

Basis Step: Prove that V;(%;(t)) < |||, holds for all t >ty =0and i € {1,2,...,2n,}. The statement is
proved by contradiction, and the proof can be divided into two cases.

Case 1: Assume that there exist a scalar j € {1,2,...,n.} and a time 0 < T <t such that V;(;(t)) > ||@]|.-
Then one can find an index j € {1,2,...,n,} and a scalar T > 0 such that

-

X[\l;() SH(pch 121,2,,21’1)5, VIE[O,T], (12)
(1]

D .. (4
¥

d@@) | >, (14)
dr t=7

According to system (2) and statement (ii1) of Remark 1, the left-hand side of (14) gives

d(x(1))
d

= tHx(7) +Ag [ (T —d(1)) +x2(7 —d(7))]} -

1=

Inequality (12) shows that x;(¢) < [|@]|,v1 and x2(z) = ||@||.v2 for all 7 € [0,7]. According to Lemma 7,

when 7 —d(7) < 7 and matrix A, is nonnegative matrix, we have

d(x(1)
dr

S |l [(H+Aa) vi +Aaiva] - (15)

1=

Based on inequality (9), inequality (15) gives d(’?[é']t(t)) <0, forall j € {1,2,...,n,}. It contradicts with
=7

the assumption. Thus, x[é][gt) < |l¢||, holds for all j € {1,2,...,n,} andz € Rq 4.
J

Case 2: Assume that there exist a scalar j € {ny+ l,ny +2,...,2n,} and a time 0 < T <t such that

Vi(xj(t)) > |l@l|.. Then, there exist an index j € {n;+1,n,+2,...,2n,} and scalars T > 0 and § > 0 such

that

(1) .
D <ell,, i=1.2,....2n, Vte[0,1], (16)
(1]
x171(7)
L2~ el (17)
VIj]
0
O S ol e (eere). a8)

/]

Inequality (16) indicates that x; (1) < ||@||.vi and x2(¢) < ||@||, v2 forall 7 € [0, 7]. Since T —d(7) < 7 holds

and matrix A,; is nonnegative, when ¢t = 7, we have

Xj1(7) = [Agpx1 (7= d(7)) +Agpx2 (T — d(7))][j_py
< lloll; (Aa2vi +Aa2v2) (i - (19)

Inequality (9) implies that Agov +Ag2v2 < v2. Combining with inequality (19), we have x(;)(7) < ||@||. 7,
which contradicts with (17). Therefore, x[%j(]t) < |||, holds for all j € {n,+ 1,n,+2,...,n.} andt € Ro 4.
Inductive Hypothesis: Let m be an arbitrary integer satisfying m > 0. Assume that there exists a scalar
tm such that V; (X;(1)) < Y" ||@||. holds for all t > t, and i € {1,2,...,2n,}.
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Inductive Step: Prove that there exists a scalar t,,, | > t,, such that V; (x[ (1)) < Y"1 @| . holds for all
t >tymiyand i€ {1,2,...,2n,}. This proof can be divided into two cases.
Case 1: Prove that there exists a scalar t,, ., such that V; (x[ ©)) < y"*lo|, holds for all t > 1, .| and

i€{ny+1,n,+2,...,2n,}. Statement (ii) of Assumption 1 implies that, for a given time #,,, we can always

find a time ¢/, 1such thatz) , —d (t},.,) > tm. According to (10), when ¢ > 1) .|, we have

[Agpx1(t —d(1)) +Apxa(t —d(1))] [
(VZ)[ian]
[Aa2 (Vi +v2)]ji2py
(V2)[ifnx]

foralli € {n.+1,...,2n}. Whent >1, ., Vi(%(1)) < y""||@l|. holds foralli € {n,+1,n,+2,...,2n,}.
Case 2: Prove that there exists a scalar ty, . > t,, . | such that V; (x[ (1)) < y" |||, holds for all t >ty
and i € {1,2,...,n,}. For atimet>1  , we assume that V,max( K] (1 )) = max,e{m’_“,nx}Vl (x[l]( ))

Vi (%(1)) =

<7"llel. <7"el..

where iy € {1,2,...,n,}. In what follows, we will first prove that there exists a time interval [1,, ],
where 7, > 7, > 1,, . |, such that

Vi (Tl 1) < 7"l Ve € [7, ). (20)

When 7 =1, ,, the value of V. (¥};,.1(1)) is discussed. If Vi, (%,..1(27. 1)) < 7y""[ @], the time
interval [t,, ] satisfying condition (20) always exists due to the continuity of function V;,,, (£};,..j()). If

Vinae Fliar) 1)) = 7"l

.» we have

{Hxi (1) +Aa1 [xi (£ —d(2)) +22(t —d(1))]};

lmax]

Viar (Tl (1)) =

[imax]

According to Lemma 7, when t > ¢/ we have

m+1°

[Hxi () + 7" [[@ll Aar (i +v2)];

lmax]

‘;/i""wf (X[imax} (t)) S

Viima]
Ve i) () H1 7" [0l At (01 +2)]
S max ) (21)
[imax]
Since Hvi < 0, Vi, (Xji1 (1)) Hvi X Y"1 || @]|.Hvy holds, and the left-hand side of (21) satisfies
. . [YHv1 +Ag1 (vi +v2)] »
Vinae (Kl (1) < 7" 10, P el (1 — )yl o]... 22)
Imax
Therefore, we can find a scalar 7, such that V;,, . (¥};,.1(%)) = Y"1, and Vi (x[imx] (a)) <0, where
T, satisfies
1—

m — Ta_
- Y llell.(1=7)

Due to the continuity of function V;,,, (¥j;,...](#)), we can find a time interval [t,, 7] such that inequality
(20) holds.



Then, we will prove that if there exists a time interval [,, Tj] such that inequality (20) holds, inequality

‘7imax (X[imax] <t>) S ;}/ﬂ+1 ||(p||c

holds for all 7 € [1,,0). This statement is proved by contradiction. Assume that there exist an index

j€{1,2,...,n.} and a time 7, > 7, such that

x(T
) it g, 1= 12, i € [

i
= =7""o]..,

=<

Then the derivative of X|;(¢) satisfies

)Lc[j](fb) < ,},m ||(P||c (YHVI +Av1 +Adlv2)m <0.

(24)

(25)

(26)

27)

Inequality (27) contradicts with inequality (26). Therefore, inequality V;, (X[imax] (1)) < ¥*"| o]l holds

for all t € [1,,0). Let t,,41 = 7,4, Case 2 is proved.

Therefore, for a scalar m € N, we can always find a scalar #,,, € R 1 such that V; ()Em (1)) < y"|l¢l|, holds

forallz > t, and i € {1,2,...,2n,}. When m — oo, V; (¥;(¢)) — 0, and Theorem 1 is proved.

0

Remark 2. [f strictly positive initial conditions x1(t) > 0 and x,(t) > 0 are given, the asymptotic stability

condition becomes a necessary and sufficient one. The proof can be found in Theorem 3 of [9].

Theorem 2. (u-stability) Suppose that the pair (E,A) is regular and impulse-free, and there exist a Metzler

matrix H such that Ay = HM and a positive vector v = [v? vg] € Ri"x such that

H-+A A
+Ad1 dl Vi ~o0.
An  Ap—1I| |»

If there exists a function [ : R  — R such that the following conditions hold:
(i) u(t) >0 forallt > 0;

(ii) u(t) is a nondecreasing function;

(iii) W (1) — oo, when t — oo;

(iv) foralli € {1,2,...,n:},

. (a() :
tlgg (H(t)> vi+Hv + ,ll)nolov(t)Adl (vi+wn) <0,
tli_)rgU(I)Adz (v1 + VZ) <y,
where V(t) = %. Then system (1) is L-stable with any admissible initial condition ¢ (-) = 0.

(28)

(29)

(30)



Proof. Before analyzing the p-stability of system (1), we first investigate system (2). A Lyapunov function

T
for x(1) = [x?(t) xg(t)} is given as follows:

- . X[i](t)

. 7 (1) 1
V(X(T)) ie{lglflfznx} ( ﬁ[i] 7 (3 )

T T

T
where v = [vl VZ] . According to Assumption 1, we can always find a scalar 7 > O such that T —d (T') >
0. Conditions (29) and (30) indicate that we can always find a scalar 77 > 0 such that

a()  (Hv)y 1(t) [Ag1 (vi+v2)]
I A Y PRI ) A S T PR

(1) [Ag2 (vi +2)]}3
(H(f —d(f))> () <!

hold for all i € {1,2,...,n,} and 7 > T’. Since p(¢) is monotonically non-decreasing, and V (¥(z)) < [|¢||,.,

Y

where || @], = SUp;e(_w o) [MaXieq1 2,20, (9} () /7)) ], and @(z) satisfies (11) for all £ € Ro ;, we have

H(nV (x(1) <

for all 7 € [0, Tyax], where Tyax = max {T,T"} and M' = p (Tpax) || @|,.-

Then our goal is to prove that p(¢)V (%(r)) <M’ for all 7 € [T4x, ), when conditions (i)—(iv) of Theorem
a hold. By contradiction, we assume that there exist an index j € {1,2,...,2n,} and scalars #; > T4, and
7 > 0 such that that

Xagle)
wu(t) . <M, i=1.2,...2n, te€]0,4], (32)
[i]
v (t
um)x[’vl[(,}]) -, (33)
J
-
N(t))%i) >M', te(t,n+71). (34)
J

Based on the value of index j, the proof can be divided into two cases.

T 170

Case 1: j€{1,2,...,n.}. Then, we have x[%(]t) = ((V(l ))[)][’] and inequality (34) implies ( ®) Vj[j] ) >0
J dr 1=t
According to system (2), the derivative of p (¢ ) [(] ) can be written as
J

M) A (n) {Hxi(t1) +Aq1 [x1(n —d(t1)) +x2 (0 —d(t1))] }

d(“(t) i — () " () = 4 @)
dt =t VIj] VIj]
10
Due to the nonnegativity of u(z), () and matrix A;; and Lemma 7, we have d(“(t ) vjm ) < 0, which
dt

1=t
contradicts with the assumption.

Case 2: j € {ny+1,ny+2,...,2n,}. Then, we have ) _ w20y

. According to system (2), the

Vi (V2)[jny]
left-hand side of equation (33) can be written as ] !
xj(t1) [Aga (x1(t1 —d(t1) +x2(t1 —d (1)),
()= = () - =ndl,
VIl VIJ]

10



When A, is nonnegative, one can find

“(H)f{j}(ﬁ) __ Mu@m) Babitv)l; o,
vy u—dn)) VIj]

The above inequality contradicts with assumption (33).

<M.

Therefore, for all time # € Ry ., inequality u(z)V (¥(t)) < M’ holds. It implies that inequality
M/
MaXe(12,... 2n,) Vi (7)

holds, for all r € R 1, and system (2) is u-stable.

%0l <

Then the p-stability of system (1) is investigated. The Lyapunov function of x(¢) is given as

u(@)V(x(t)) = max <—

€12, .} Vi
w(e) (en(2)) g + 1) (2 (2))
=  max
i€{12,0..mc) v+ (2
<M. (36)

Let Vingx = MaX;e(q ... n,} V[ The co-norm of x(¢) satisfies
My
()]l < =75
u(r)
for all t € Ro . When conditions (i)—(iv) hold, there always exists a constant M = M’ "Vimax such that for any

oo < % for all 7 € Rg 4. This completes the proof. []

compatible condition ¢(z), vector x(¢) satisfies ||x(¢)

3.2 Special Cases

In this section, we will apply the obtained results on p-stability to some special kinds of positive singular
systems with time-delay. Two special cases are taken into consideration: one is the system with bounded
time-varying delays, and the other is the system with time-varying delays subject to linear growth rate.
Case I: Bounded Time-varying Delays. When the time delay d(r) satisfies d(t) € (0,d], we choose () =
eM and analyze the A-exponential stability of the system. According to Theorem 2, we have Corollary 1 to

characterize the A-exponential stability of system (1).

Corollary 1. Suppose that the pair (E,A) is regular and impulse-free. For a given positive scalar A > 0, if

T
there exist a Metzler matrix H satisfying Ay = HM and a vector v = [V"]r vg] such that

H+ AL, +e*A Ad g
+ AL, + e Agn e Aqi Vi 0, 37)

eldAdz eldAdz — Inx

then system (1) with bounded time-delay d(t) such that 0 < d < d is A-exponentially stable with any admis-
sible initial condition ¢ (-) = 0.

11



Proof. According to inequality (37), the following two inequalities hold:

Hvi+ Avi + A, (v +v2) <0, (38)
AAp (v +12) < v (39)
Let u(t) = e, ﬁ% —Aand 1 <M < % = *(t) < A hold. When (38) and (39) hold, we have
f1(t) u(t) B) | aa
=< Zv7
HV]+[l(t)V1+u(t—d(t))Adl(V1+vz)_HV]+u(t)V1+e Adl(V1+V2)-<0 (40)
. .

%Adz(vl +v2) 2 MAp(vi+v2) < v (41)

Based on Theorem 2, when inequalities (40) and (41) hold, we can always find a scalar M > O such that
|x(6)||., < Me M forallt € Ro +, and the system (1) with bounded time-varying delays is A-exponentially
stable. O
Case II: Time-varying Delays with Linear Growth Rate. When the time delay d(¢) = ot + d, where
a €[0,1) and d € (0,0), we choose u(t) = (14 at)’, where a,b > 0, and analyze the decay rates of the
system.

Corollary 2. Suppose that the pair (E,A) is regular and impulse-free. For a given positive scalar A > 0, if

T
there exist a Metzler matrix H satisfying Ay = HM and a vector v = [V’]r vg] such that

H+ (1 — OC)_bAdl (1 — (X)_bAdl ] [V]] -0

(1 — OC)_bAdz (1 — Ot)_bAdz — Inx (42)

V2

then system (1) is [1-stable, where |1(t) = (1 +at)? and a € (0, é) with any admissible initial condition
¢(-) = 0.

Proof. When a € (0,1), we have 1+a(t—d(t)) = 1+a((1—a)t—d) > 1—ad > 0. In other words,
u(t—d(t)) >0 forallr € Ry ;. According to inequality (42), the following two inequalities hold:

Hv{+ (1 — OC)_bAdl (V1 +V2) <0, 43)
(1—a)PAp(vi +12) < . (44)
When u(t) = (1+at)?,
lim M = lim b

t—eo (L) 1o 1+ at -

and

b
lim— P, (+at) —(1-a)™®
t—eo U (t—d(t)) 1= (1+a(t—at—d))P
hold. Therefore, when (43) and (44) hold, we have

0

(1)

Hv, +}E££ m\/] +tlgg mz‘\m (vi+12)
= Hv;+(1—a) P4z (vi +v) <0, (45)
: (1)
im o —agy et V)
= (1—0) PAgp(vi +v2) < vs. (46)

12



Based on Theorem 2, system (1) is u-stable with () = (14-at)®. O

4 Illustrative Example

Delay equations of neutral type often appear in the the practical model involving the noninstant connec-
tion [16], such as food-limited population model [19], partial element equivalent circuit (PEEC) [30]. A
neutral delay differential equation (NDDE) could be represented as follows:

Y(t) = Py(1) + Qy(t —d(2)) + Ly(r — d(1)),

where y € R™. By letting x(t) = [y'(¢), yT(t) —yT (#)L"]", the NDDE can be seen as the following singular

system:

Ex(t) =Ax(t) +Agx(t —d(t)), 47)
where
E=1|" , A= Y, Ag= .
0 0 0 —I,,y O+LP L

Let P=—0.7, Q = 0.5 and L = 0.2. One can find that, when 8 = 4, we have BE — A is nonsingular, and
matrices £ and A commute. Then matrices A;, Ay and Ay, are given as follows:

070 - fose 02 [0 0
o ol "™ lo ol " o3 02|

Since matrices A4 and A, are nonnegative matrices, and there exists a Metzler matrix

[—0.7 0.1427 ]
H =

Al =

0 —0.1427

such that A} = HM. Therefore, system (47) is positive with admissible initial condition ¢ (¢) = [1, 0.45]T
for all r < 0. We can calculate the eigenvalues of IT1s —0.9234, —0.1427, —1 and —0.2166, and the matrix
IT is Hurwitz. Therefore, by Theorem 1, system (47) is asymptotically stable. When the delay is chosen to
be d;(t) = 0.3r —In(r+ 1) + 2, which satisfies Assumption 1, the variation of ||x(r)
It shows that, when ¢ — oo, the values of ||x(¢)

are given in Fig.1-(a).

oo
||.. converge to zero.

Then the decay rates of system (47) with different type of time delays are discussed. Delay d> (1) =
2 —sint is a bounded time-varying delay with an upper-bound d equals 3. According to (37) in Corollary
1, we can get the largest feasible value of A = 0.081 by iteration. Fig.1-(b) characterized the variation of
In]jx(1)

that system (1) with bounded time-varying delays is A-exponentially stable with A = 0.081. Then, a time-

. It shows that the curve of In ||x(7)]|., is always beneath the curve —0.081¢ 4 0.2, which indicates

varying delay with linear growth rate d3(z) = 0.47 42 is given. According to (42) in Corollary 2, we can
choose oo = 0.35 and b = 0.7. The curve of In ||x(¢)

w for all + > 0, which verifies Corollary 2.

is drawn in Fig.1-(c). One can find the value of

||00

||x(2)||.. is less than

13



4 5 10 15 20 25 30

1
(a) Trajectory of [x(¢)||., in system (b) Evolution of function In|x(¢)||., (c) Evolution of function (%) o7
(47) with delay d, (¢) with delay d5(¢) with delay d3(¢)

Figure 1: Trajectory of ||x(¢)||., with different time delays

||OO

5 Conclusion

In this paper, the asymptotic stability and decay rate characterization of a singular system with un-
bounded delays have been studied. By introducing an auxiliary system, the original singular system is
converted to a differential-difference system. It has been shown that the positivity and stability conditions
for these two systems are equivalent. Furthermore, the decay rate of the system is characterized by a non-
decreasing function p(¢). By choosing different u (), the decay rates of positive singular systems with
bounded time-varying delays and time-varying delays subject to linear growth have been characterized.

This work has generalized previous work on positive singular systems with bounded time-delays.
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