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Abstract

We study the ground state solutions for the following p\&g-Laplacain equation \[ \left\{ \begin{array}{11} -\Delta_pu-\Delta_-
V() (ful {p-2put ] fa-2w)=\lambda K () H(u)+ul*{a -2, x\im\R"N, \\ w\in W* {1,p}(\R"N)\cap W {1,a} \R"N),
\end{array} \right. \] where $\lambda>0$ is a parameter large enough, $\Delta_ru = \text{div}(|\nabla u| {r-2}\nabla u)$
with $r\in\{p,q\}$ denotes the $r$ Laplacian operator, $1
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1. INTRODUCTION AND MAIN RESULTS

In this article, we consider the ground state solution to the p&q-Laplacain equation

—Apu— A+ V() (ulP2u + [u]?%u) = AK (z) f(u) + |u|?” ~2u, z € RY, (11)
u € WLP(RN) A WLa(RY), :

where A > 0 is a parameter large enough, A,u = div(|Vu|""2Vu) with 7 € {p, ¢} denotes
the r-Laplacian operator, 1 < p < ¢ < N and ¢* = Nq/(N —q). Let’s state the assumptions
on V(x), K(x) and f(u) as follows

(V) Ve C(RY) is ZN -periodic with inf,cpy V() > 0;
(K) K € L*(R") and inf,egy K(2) £ Koo = limy00 K (2) > 0;
(f1) feCUR,R) with f(t) =0 for allt <0 and f(t)/t""" =0 ast — 0F;
(f2) there are Cy > 0 and s € (q,q*) such that | f(t)| < Co(1+ [¢|*™) for all t > 0;
(f3) limy_y 400 F'(t)/t9 = 400, where F(t) = fg f(s)ds;
(f1) the map t — f(t)/t7" is increasing on (0, 00).
Eq. (1.1) usually arises as the stationary version of a general reaction-diffusion equation
O = div[D(u)Vu] + f(z,u), v € RY, (1.2)

where u describes a concentration, D(u) £ div(|Vu|P~2+|Vu|972) is the diffusion coefficient
and f(x,u) is the reaction term related to source and loss mechanisms. There are several
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2 CRITICAL P&Q-LAPLACAIN EQUATION

applications in biophysics, plasma physics and chemical reaction design, see [5, 16, 4, 7]
and the references therein.
To deal with Eq. (1.1), for r € {p, ¢}, we let W' (RY) = {u € L"(RY) : |Vu| € L"(RY)}
denote the usual Sobolev space equipped with the norm
1

llullr, = (/ (|Vul" + ]u|r)dx) r, Yu € WI’T(RN).
]RN

Define the space

Wy (RY) = {u € D (RY) : /RN V(z)|ul"dx < +oo},

where D' (R™) is the closure of C§°(R") with respect to || - || prr@yy = (fpu |V - ["dz) /.
Let’s introduce the norm on W' (RY) as follows

ullv, = (/ (1Yl + V(x)|u|7")dx) " Yu e WET(RY).
]RN

Since V(x) € C(RY) is ZN-periodic with inf,cgy V(z) > 0 by (V), one shall easily observe
that || - ||y, is equivalent to || - ||, on Wi (RY). Hence, E £ W P(RN) N W 4(RY) is the
natural work space in this paper endowed with the norm

Jull = llullvp + [lullvy, Yue E.

We will establish the existence of ground state solutions for Eq. (1.1) by looking for critical
points of the associated functional

1
Tiw) = Sl + yuu _ )\/ K (2)F(u)dz — —/ ul?" de, Vu € E.

Combing (K), (f1) — (f2) and Lemma 2.1 below, it’s simple to verify that Jp € C1(E,R).
Similar to [23, 5], the critical points of J3 are in fact the (weak) solutions of Eq. (1.1).
We say that u € F is a (weak) solution of Eq. (1.1) if for any ¢ € E there holds

0= / [[VulP2VuVy + [Vu|*?VuVy + V(z) [ulP?u + V(2)|u|*up] ds
RN

—A K(x)f(u)ydr — / |ul|P” 2urpda.

RN RN
To search for the ground state solutions, let’s introduce the ground state energy and Nehari
manifold associated to Jy,

m 2
Mg —ug}\g it (w),

where
Nt = {u € E\{0} : {(J)(w)u) = 0}.
In recent years, there are extensive blbhographles in the study of the quasilinear equation
of the p&q-Laplacian type, see e.g. [5, 10, 11, 13, 13, 20, 1, 7, 25, 26, 8, 16, 24, 4, 12, 22,
19, 21, 9, 3, 17, 19, 2] and the references therein.
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In [5], Cherfils-Il'yasov obtained the existence and nonexistence results for the problem

Ay = Agu+ o(@ulP 20+ w(@) 2 = Af(e,u), @ € O,
u =0 on 0f),

Subsequently, authors in [16] exploited the Morse theory to show that the problem

—Ayu — pAu = f(z,u), €,
u =0 on 012,

has at least three nontrivial solutions, where the classic Ambrosetti-Rabinowitz condition
((AR) condition in short) is replaced by

(F) if o(z,t) 2 f(a,t)t — qF(x,t), then there exists 0 < o € L'(Q) such that
o(z,t) < o(z,s)+ o(x) fora.e. x €Q, all0<s<torallt<s<O0.

In [11], He and Li considered the existence and nonexistence of nontrivial solutions for
the following p&q-Laplacian problem

—Apu — Agu+ mlulP2u 4+ njul"%u = g(z,u), z € RY,
uw € DYP(RN) N DY(RY),

where m,n > 0 are constants, N >3 and 1 <p < g < N, g(z,u)/u?"? tends to a positive
constant | as u — 400 satisfying the following (AR) condition

(AR) there exists a constant p € (q,q*) such that
¢
0 < uG(z,t) = ,u/ g(x,8)ds < g(z, t)t, Y(z,t) € RY x R,
0

which was used in some literatures, see [7, 2] for example.
In [4], by introducing the coercive assumptions on a(x) and b(x), the authors proved

~Aju — Agu+ a(@)[uf2u + b(a)|ul"2u = f(z,u), @ € RY,
u € D'(RN) ) DL4(RY),

admits a nontrivial solution, where f(x,t) is subcritical and satisfies (F) for o € L'(RY).
Especially, Figueiredo [7] investigated the existence results for Eq. (1.1) with K(z) = 1 by
imposing the (AR) condition on f.

Inspired by the above mentioned works and their references therein, we try to obtain the
ground state solution to the critical p&q-Laplacain equation without the (AR) condition.
It’s worthy pointing here that the condition (F) is also unnecessary in this paper.

We obtain the following main result.

Theorem 1.1. Let (V), (K) and (f1) — (f1) hold, then there is a constant \* > 0 such that
Eq. (1.1) has a ground state solutionu € E satisfying Jp(u) = mj = inf,ep\ 0} maxyso J (tv)
for all X > \*.

Remark 1.2. Our results generalize [5, 16, 4, 2] to the critical case. Because of the absence
of the condition (F'), we also improve and replenish the results in [16, 7]. Since we require
that f is only continuous, the classical Nehari manifold arguments exploited in [11, 1] do
not work in our context.
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Motivated by the results in [11], there exists a general form on Theorem 1.1 if K (z) f(u) is
replaced by f(z,u) in Eq. (1.1). Precisely, we suppose that f(z,u) satisfies the conditions

(F1) f:RY x R — R satisfies the Caratheodory conditions, i.e. for a.e. z € RN, f(x,t) is
continuous in ¢ € R and for each t € R, f(x,t) is Lebesgue measurable with respect
tox € RY; f(x,t) >0, for t >0 and f(z,t) =0, for t < 0 and all x € RY;

(Fy) f(z,t) = o(t*~1) as t — 0 uniformly in x € RY, there are Cy > 0 and s € (g, ¢*) such
that |f(z,t)| < Co(1 + [t]*71) for all (x,t) € RY x R;

(F3) the map t + f(z,t)/t?! is increasing on (0, 00) for each x € RY;

(Fy) there exists a function f(t) € C(R) with f(z,t) > f(t) for every (z,t) € RY x R and
meas{z € RY : f(z,t) > f(t)} > 0 for any t > 0 such that lim,_, o f(z,t) = f(t)
uniformly in bounded ¢.

By means of the approaches used in Theorem 1.1, we can derive

Corollary 1.3. Assume that (V) and (Fy) — (Fy), then there is a constant A > 0 such that

“Au— Agu+ V@)(Jul 2+ [uft20) = Af(r,u) + ul” 2, @€ R,
u e WhP(RN) N Whe(RY),

possesses a ground state solution for all A > A.

Remark 1.4. One can easily get the proof of Corollary 1.3 after some slight modifications
in Theorem 1.1, so we omit the detail proof. Compared with [11], we remove the assumption

(F5) € CYR) and (¢ — 1)f(t) < F (t)t for all t > 0.

We note that, to the best knowledge of us, the result in Theorem 1.1 seems to be new.
The proof of Theorem 1.1 will be obtained by exploiting variational procedures. The main
difficulties in the proof can be stated as follows. (I) Because f () does not satisfy the (AR)
condition, we have to obtain the boundedness of the (C') sequence in an unusual way. (II)
The lack of compactness due to the critical Sobolev exponent and the whole space RY urges
us to take some delicate analysis. (III) the Nehari manifold technique, which was utilized
in [11], is no longer applicable since f(t) € C° leads to that N7 is not a C'-manifold. As
we will see later, the above facts prevent us applying the variational method in a standard
way to prove Theorem 1.1.

To complete this section, we sketch our proof of Theorem 1.1.

Firstly, we'll verify that the functional J3 has a Mountain-Pass geometry around 0 € E
and then the (C) sequence {u,} C E can be obtained. To show that {u,} is bounded, we
make full use of the concentration-compactness principle developed by P.-L. Lions [15] to
get across this desired result. In the meanwhile, we have to pull the Mountain-Pass energy
down to some critical value because of the appearance of the critical term. Secondly, since
Jy and (Jp)" are not translation-invariant, we study the existence of ground state solution
of the limiting problem

—Apu— Ayu+ V(@) (JulP2u + |u|7?u) = AK o f(u) + [u]? "2u, € RY,
u € WH(RN) 0 Whe(RY),

which plays a significant role in this paper. To this end, we obtain the following result

(1.3)
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Proposition 1.5. Suppose that (f1) — (f4), then Eq. (1.3) admits a ground state solution
for some sufficiently large A > 0.

Finally, with the help of Proposition 1.5 and the Non-Vanishing in Lemma 2.2 below, we
can finish the proof of Theorem 1.1.

The article is organized as follows. In Section 2, we introduce some preliminary results
and present the proof of Theorem 1.1 in Section 3.

Notations. Throughout this paper we shall frequently use the following notations:

e Cand C; (i =1,2,---) for various positive constants;
o [*(RY) (1 < s < +00) is the usual Lebesgue space with the standard norm |ul;
e The best Sobolev constant

S £ {|Vu|?:u e DY(RY) and |ulg = 1}; (1.4)
e “— 7 and “ — 7 denote the strong and weak convergence in the related function
space, respectively;
e For any p >0 and any z € RY, B,(z) £ {y e RV : |y — 2| < p}.
Let (X, ||-||x) be a Banach space with its dual space (X, ||-||«), and ¥ be its functional

on X. The Cerami sequence at a level ¢ € R ((C). sequence in short) corresponding to W
assumes that U(z,) — c and (1 + ||z,||x)[|V'(z,)]]« — 0 as n — oo, where {z,} C X.

2. PRELIMINARIES
In this section, we introduce some technical lemmas which will be used later.

Lemma 2.1. (see e.g. [1]) The work space E is continuously embedded in L*(RY) for any
s € [p, ¢*] and compactly embedded in L5, (RN) for all s € [1,q%).

As a direct consequence of Lemma 2.1, for all u € F, there exists a constant C' > 0 such
that
luls < Cllu||, where p < s < ¢". (2.1)
It is easy to see that the following lemmas hold, see e.g. [15] for details.
Lemma 2.2. Let {p,} C L*(RY) be a bounded sequence and p, > 0, then there exists a
subsequence, still denoted by p,, such that one of the following two possibilities occurs:
(i) (Vanishing) limy, e SUP cgy fBR(y) pndx =0 for all R > 0;
(ii) (Non-Vanishing) there are § > 0 and R < 400 such that
lim sup / ppdr = 5.
Br(y)

n—oo yERN

Lemma 2.3. Let 1 < 7 < 400, 1 < s < 400 with 7* = N7/(N —7) if 7 < N. Suppose
that {u,} is bounded in L*(RY), {|Vu,|} is bounded in L™ (RY) and

lim sup / |un|®dz = 0.
"7 yeRN J Br(y)

Then u, — 0 in LY(RY) for a € (s, 7%).
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The following critical point theorem established by Costa and Miyagaki in [6] will be
used to search for the existence of solutions.

Theorem 2.4. Let (X, | - ||x) be a real Banach space and assume that ¥ € C'(X,R)
satisfies the condition
max{¥(0),¥(e)} <a < inf W¥(u)

l[ullx <p
for some a >0, p >0 and some e € E with |le|x > p. Let

— inf ((t
¢ = Inf max (v(1)),

where
I'={y€C([0,1], X) : 7(0) = 0 and (1) = e},
then there exists a (C). sequence {u,} for V.
3. PROOF OF THEOREM 1.1

In this section, we present the proof of Theorem 1.1 in detail. Firstly, we shall discuss
the conditions (f1) — (f4): By (f1), one has

f(?f) = f(t7), VtER, (3.1)

where ¢+ = max{0,¢}. Using , there holds,

0< F(t) = msq_lals < m t s 1ds
o 8771 ot
1
< Ef( )t, Vvt € (0, +00). (3.2)
We claim that

f(t)t — qF(t) is increasing on t € (0, 400). (3.3)

Indeed, for all 0 < t; < ty < 400, by (f4), one has
to t to
qF (t2) — qF(t1) = q f( ) i s < L_Ql)/ s 1ds
t1

q
t1 t2

_f (t2)
5
indicating the desired result. Combing (f;)— (f2) and (3.2), for every € > 0 and s € (q, ¢%),
there exists a constant C. > 0 such that
0 <max{f(t)t, F(t)} < ¢€|t]’ + Ct]?, Vt € R. (3.4)
Next, we verify that the variational functional J3 possesses a Mountain-Pass geometry.
Lemma 3.1. Suppose that (K) and (f1) — (fs), for each fized X > 0, Jp satisfies

(i) there exist constants v, p > 0 such that Jy(u) > o with |ju|| = p;
(ii) there exists a function e € E with |le]| > p such that J3(e) < 0.

T (tg —t]) < f(ta)ta — f(t1)ta
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Proof. (i) Since K (z) € L*(RY), for all u € E and € = m > 0, by (2.1), one has
1

1
A s
J(u) > 5HUqu,q + Q—ZQIIUH@,p = Clul; = Clu

q*
q*

q*

11
S mind & q Py Ollull® = C
> win {2, oo bl + Jall,) - Clal® = o

q*

1 1
> . - p p _C S_C
> win { 2, 2 bl + ) = Clull = Clu

7, (3.5)

1 1
me{a%}@www—mww—mm

if ||ullv,, < ||ul] <1 in the third inequality, where we have used the following fact
(a+b) < Cp(aP +bP), Ya,b> 0.
Because p < s < ¢*, one can find a small p € (0,1) in (3.5) to get the Point (i).
(ii) Choosing v € E\{0} with [|v|| =1, by (3.4), we have

2y < o [ k@ P -

v) < — 4+ — — T v)dx — — vl

K q P RN gt
— —oo as t — +o00,

where we have used (2.1) and (3.1). By taking e £ tov with a sufficiently large ¢y > 0, one

can obtain the Point (ii). O
By Lemma 3.1 and Theorem 2.4, a (C') sequence of the functional J3 at the level
A A A
= inf J(y(t) > a>0 3.6
¢k = inf max Ji(7(t)) 2 a (3.6)

can be constructed, where the set of paths can be defined as
I'x 2 {v€C(0,1],E) : v(0) = 0, Jp(y(1)) < 0}.
In other words, there exists a sequence {u,} C E such that
I (uy) = cx and (1 + |lun|D|(J3) (wn)]l« — 0 as n — oo. (3.7)
Motivated by [23, Theorem 4.1], we can obtain the following result.
Lemma 3.2. Suppose that (K) and (f1) — (fs), then

Cp =my =dy = uGiEn\f{O} max T (tu), YA > 0. (3.8)
Proof. The proof is standard, we present it for the reader’s convenience. For all u € N2\ {0}
we deduce that £(t) = Jp(tu) > 0 if t > 0 is small enough and £(t) < 0 if ¢t > 0 is large
enough. By using (f4), there exists a unique t,, > 0 such that t,u € N. Moreover, the set
N3 separates E into two components. Combing (f;) and (f2), the component containing
the origin also contains a small ball around the origin. Since ((J)'(t,u), t,u) > 0 for every
t €10,t,], Jx(u) > 0 for all u in this component. Thereby, every v € '} has to cross Nz
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and mj < cj. Using the fact that £(t) < 0 if ¢ > 0 is large enough for all u € E\{0}, one
has ¢ < dp. We finish the proof of this lemma by verifying dj < mj..
To show dj < m7, we claim that

ptd — gt +q—p>0and gt —q¢t?+q¢"—q>0, Vt >0, (3.9)

and
a L=t

Gu(t) fu)u+ F(tu) — F(u) >0, ¥t >0 and u € E\{0}. (3.10)

Obviously, (3.9) is clear. It’s easy to compute that

(t) = f(tu)u — 7 f(u)u = tq—luq[ fltu) f(u)}

Egu (tu)a=t  ya-t

>0, ifte[l,+o0),

<0, ifte(0,1],
where we have used (fy) and (3.1). Therefore, g,(t) is decreasing on ¢t € (0, 1] and increasing
ont € [1,400) for all u € E\{0}. Then, g,(t) > mins~q g,(t) = g.(1) = 0. Combing (3.9)
and (3.11), we have

1 -1

i () = Jie(tu) — ((J) (), )

td — gtP - 9" — g* e *
_ ptt=gt g p/[wwwvmmmw+q Tt q/\u
pq RN qq RN

T dx

+A4NKuﬂ1;ﬁﬂmu+Fma—Fw)m

> 0. (3.11)
Given a u € N3, by (3.11), we can conclude that Jp (u) > Jx(tu) for all t > 0 which yields
that d) < m2. The proof is complete. U

Because of the appearance of the critical term, we have to obtain the following result.

Lemma 3.3. Suppose that (K) and (f1) — (f3), then limy_,, o ¢} = 0. In particular, there
exists a constant \* > 0 such that

<2t A5 yas (3.12)
q°q
Proof. In view of the proof of Lemma 3.1-(ii), one derives lim;_, o, J3(tv) = —o0o and then
there is a constant ) > 0 such that maxo Jx(tv) = Jp(t\v), So, ((Jx) (t\v), tyv) = 0,
Al + Blelt, = [ K@itonede+ 6 [ erde @
R R

Dividing ¢4 on both sides of (3.13), then we can apply (f5) to show that ¢, is bounded with
respect to A. Up to a subsequence if necessary, there is a constant ¢y € [0, +00) such that
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ty — top as A — +oo. We claim that ¢y, = 0. If not, we can suppose that t; > 0 and then

lim (/\ K(x)f(tyw)tyvdx + tz)’\*/ |U|I’*dm) = +o0
RN RN

A—400

which together with (3.13) yields a contradiction. Hence, tg = 0 holds, that is, limy_, ;o ty —
0. Let yo(t) = tv, then vy € T} and by (3.1),

tq tp
0 < ci < max Jp(tv) = Jp(tav) < 2+ 2 = 0 as A = +o0
q p
showing the desired result. The proof is complete. [l

Lemma 3.4. Suppose that (K) and (f1) — (fa), then every sequence {u,} C E satisfying
(3.7) is bounded in E for all A > \*.

Proof. Let {u,} C E be a sequence satisfying (3.7). In view of (3.2), one has
1
ci + 0n(1) = Jig (un) — 5<(J?<)'(un), Un)

_ P [ S V@luP)de+ S [ K@) [, — aP(u)]do
pq Jrx ¢ Sy

+4 —*q/ |up|? dx
qq RN

q—p
pq

showing that {|lu,||v,} is bounded. To end the proof, it suffices to conclude that {||u,|lv,q}
is bounded. Arguing it by the contradiction, we can suppose that ||uy,||v,, — 0o as n — .
Set v, = uy/||un||v,q, then ||v,||v,, = 1 for each n € N. By Lemma 2.2, one of the following
alternatives occurs:

Vanishing: lim,, . sup,cg~ fBR(y) |vp|?dx = 0 for all R > 0;

Non-Vanishing: there are > 0 and R < 400 such that

lim sup / |v,|dx = 5.
Br(y)

n—oo yERN

>

enll7,

In what follows, we’ll verify that {v,} satisfies neither Vanishing nor Non-Vanishing. This
is a contradiction. Thus, {||u,||v,,} is bounded.
If the Vanishing occurs, then v, — 0 in L*(R”) for every s € (¢, ¢*) by Lemma 2.3. Let

to 2 Sa@ =0 > 0, then we can apply (K) and (f1) — (f2) to obtain
lim A K(x)F(tov,)dx =0, YA > 0. (3.14)

n—oo RN

Proceeding as the proof of Lemma 3.2, there is a constant t,, € (0,1) such that J(t,u,) =
maxye(0,1) Jx (tun) and ((Jx) (tatn), tau,) = 0. For some sufficiently large n € N, —0— €

" lunllv.g
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(0,1) since ||uy||v,y = 00 as n — oco. By (3.3) and (3.7), we have

t 1
A A 0 A A A A/
fry B e— < fry fry —_ —
‘]K (to’l)n) JK( Hun HV,q ’Lbn) — trert(?,}l() ‘]K (tun) JK (tnun) JK (tnun) q <(JK) (tnun)a tnun>
- A
) / ([Vunl? + V() |un|?] da: + = / K (2) [f (tnttn) bt — qF ()] da
pq RN q JrN

.
7 dx

i / -
qq RN

q—7p p IUPIA x Up, ) Uy, — U L
ST [ 1Vl V@nl)de+ 2 [ K@) - aP)]d

+q —*q/ |9 da
qq RN

=mwm—$u®mmﬂm=mwm+%m

= cx +0,(1). (3.15)

On the other hand, by using (1.4) and (3.14), we obtain

*

td P td \
Ir(tovn) = Zloall% . + 2lvall?. — lim A K(z)F(tgv,)dz — v, |%
Mton) = ol + Dllenllly, = lim A | K (@) F(tovn)da = - ol
£ td
=~ gorr T onll)
q-—q ,_a"
= Sa=a + 0,(1). (3.16)
q*q

Obviously, there is a contradiction to Lemma 3.3 by (3.15) and (3.16). Thus, the Vanishing
cannot occur.
If the Non-Vanishing occurs, then there exists a sequence {y,} C R" such that

/ v |Tdx = 5 > 0. (3.17)
Br(yn) 2

Without loss of generality, we can suppose that there exist an R > R and {y,,} C Z" such
that

/ |v, |1z > 5 > 0. (3.18)
By() 2

Indeed, for each n € N, there is {7, } C Z" such that

BR(yn) - BR-{—\/N(?n)?

which together with (3.17) gives (3.18) if R £ R+ +/N. Setting 7,,(v) = v,(x +7,,), there
exists a nontrivial function ¥ € F such that 7,, = v in E. Let Q = {z € RY : 7 # 0}, then
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m(2) > 0 and [@,| — +oo as n — oo in Q. Since V(z) is Z"-periodic, combing (K) and
(f3), one has

K(x)F(u Fu,
lim inf Md > K liminf <—Uq>dx
noo Jgno lually, noo Jrx [unlly,
F@,) Fa,) (3.19)
=K liminf/ — 2 dr > K, hmmf/ _un [T, |%dx = +o0.
noo Jga [Wnlly, noo Jo [Un|?
Since Jp(u,) — ¢} as n — oo and ||Unva is bounded, by means of (3.19), we have
A K(z)F
0 = lim sup J (un) — Aliminf Mdm = —00,
oo |[tnllV =g R [n 194
a contradiction. The proof of thls lemma is complete. O

As stated in the Introduction, in the process of looking for ground state solutions of Eq.
(1.1), we have to establish the existence of ground state solutions of Eq. (1.3). To achieve
this purpose, we need the associated functional J2 : WP(RY) N W4 (RY) — R of Eq.
(1.3) defined by

1 1
T () = = ully + Sl = M / ¢w~—/ uf?” de

and the ground state energy

m), = inf J2(u),
ueND

where
= {ue B\{0} : ((J3)'(u),u) = 0}.
Now, we give the proof of Proposition 1.5 as follows.

Proof. Obviously, the critical points of J2 are weak solutions of Eq. (1.3), and vice versa.
Similar to Lemma 3.1, we can see that J2 also admits a (C) sequence at the level

A A
— inf TN (y(t
Coo g;x max Jo S (v(1)),

where the set of paths is defined as

2 {y e C([0,1], B)7(0) = 0, JA(v(1)) < 0}.

Let {u,} C E be a (C) sequence of J2, similar to Lemma 3.4, {u,} is bounded in E
for all A > A*. Up to a subsequence if necessary, there exists a function v € E such that
U, = uin E, u, = uin L (R") and u, — u a.e. in RY. Proceeding as Lemma 3.4, the

Vanishing cannot happen for |u,|l. Therefore, there are B>0,{f,} € RY and R < +o0

such that
/ |t |%dz > 5.
BR(gn)

Arguing as in the proof of Lemma 3.4, without loss of generality, we can suppose that the
sequence {7, } C Z" if increasing R > 0 large enough.
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Set @, = u(- + ), then ||@,| = ||u,|| is bounded and there exists a function 0 # u € E
such that @, — @ in E, @, — @ in L] (RY) with ¢ < s < ¢* and @, — @ a.e. in RY in
the sense of a subsequence. Since JX and (J2 ) are translation-invariant with respect to
{g.} € ZV, {w,} is still a (). sequence of J2,. Proceeding as [2, Lemma 3.4], (J3)" is
weakly sequentially continuous in £~% and thus (J2))'(@) = 0. We deduce that (J2)'(@) = 0
and @ # 0. It follows from (3.2) and the Fatou’s lemma that

m < JA () = JA () — §<<Jg>'<a>,a>

_4a-p P alPlde A w)u — qF(u)|dx
- RN[|V|+V( )|alP)d +q/RNKoo[f() gF(u)}d

+4 :q/ a7 da
qq RN

gliminf{u / (V] + V()] dz + 2 / Koo [ £ (in)iin — qF (i) da
RN RN

14 :q/ it q*daz}
qq RN

= liminf [72(5,) = (2 (), 3]

n—oo

=ch. (3.20)

o0

Similar to (3.2), we can exploit (f4) to conclude that ¢}, = m? which together with (3.20)
gives that J2 (@) = m2, . The proof is complete. O

Now, we are in a position to present the proof of Theorem 1.1.

Proof of Theorem 1.1. Without loss of generality, there exists a set of positive measure

on which K(z) > K. Otherwise, Proposition 1.5 is the special case of Theorem 1.1. By

the assumptions on the potential K (z), we infer that ¢} < ¢ . In fact, by Proposition 1.5,

the level ¢} = m? is attained at a ground state solution u2 of the limit Eq. (1.3) for all

A > \*. We then deduce that J(tul ) < J2 (tul) for all t > 0, from this we have that
k= dpf ma () < max () = (L) < S B

< max X (tud)) =md =), YA >\,

where 7 > 0 is unique and satisfies that tu), € N3 (see [23, Chapter 4] for details).
Let {u,} be a (C’)c?( sequence of Jy, for every A > \*, passing to a subsequence, there

exists a function u € E such that u, — u in E, u,, — u in L _(RY) with ¢ < s < ¢* and
U, — u a.e. in RY. In view of the proof of Lemma 3.4, the Vanishing can never occur for
|tn|9. So, there are § >0, {z,} C RN and R < +oc such that

/ |un|?dz > .
Br(zn) N
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Arguing as in the proof of Lemma 3.4, without loss of generality, we can suppose that the
sequence {z,} C Z" if increasing R > 0 large enough.

By a similar argument in the proof of Proposition 1.5, to finish the proof, it suffices to
prove that u # 0. For this purpose, we claim that {z,} C Z" in bounded in R¥. If not,
we assume that for a subsequence |z,| — 0o as n — oco. Let’s define v, = u,(- + z,) and
then ||[v,|| = |Jun|| (since V(x) is ZN-periodic) is bounded in E. Up to a subsequence, there
exists a function v # 0 such that v, — v in E. Next, we verify that (J2 ) (v) = 0. In fact,
since By, 2(0 — z,) C RN\B,,,|,2(0), for all ¢ € E, we have

/RN (K (2) = Koo f (un) (2 — zp)da

K(x) — Kol f(uy, T — zp)|dx K(2) — K| f(u, v — 2)|de
S/B.ZTH«»[ (@) = Kl ()] [ = =) +/RN\BZTM(O)[ (@) = Kl ()] [l = =)

< C‘K‘Oo‘w’L‘I(RN\B‘Zﬂ/Q(O)) + C‘K - Koo’LOO(]RN\BIZn‘/Q(Q))‘w‘q — 0, as n — 00,
where we have used |f(u,)|, is bounded by (f1) — (f2). So, for all ¢y € E, we obtain
((J2)'(0),0) = ((J2) (va), ¥) + 0n(1)
= / [[VUa |72V, Vo + [V, |2V, Vb + V() (|[va] T *vpth + v [P 0,0)) | da
RN
— A K(x)f(vp)dx — / [0, |7 "2upahda
RN RN

= () (un), ¥(x = 20)) + A/ (K (2) = Kool f (un)t (2 — 2n)d + 0,(1)

= (J) (un), ¥(z — 2,)) + 0n(1) = 0, as n — oo,

indicating that (J2 ) (v) = 0, where we have used the fact that V(z) is Z"-periodic in the
third equality. However, by means of V(z) is Z"-periodic in in (V) and K(z) > K, in
(K) and Fatou’s lemma,

e+ 0n(1) = Th(un) — §<<J?<>'<un>, )

=L [V V@l + 2 [ K@) [ — g )] de

pg  Jrwy q JrN
+ q —*q/ |9 da
qq RN
q-p A
> — [[Vu,|P + V(2)|u, ] dz + = Ko [f (wn)un — qF (uy)]dx
prq RN q RN

T dx

L4 —*q/ i
qq RN

- % N [[Vou|? + V() |v,]?] dz + 2!(00 /R Lfn)vn = aF(vn) ] da
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*
+4 *q / |7 d
qq RN
1 1
= Jo () — 5((&)'(%),%) > Jo(v) — 5((J§o)/(v),v> + on(1)
= J;‘O(U) + 0n(1)
which contradicts with the fact that ¢ < . The proof is finished. U
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