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Abstract

This note concerns the problem of k -hop connectivity in a network of mobile agents, which is achieved if any pair of agents

can communicate with each other through a link of k -1 or fewer intermediate nodes. We propose linear constraints involving

binary optimization variables to ensure k -hop connectivity. Such constraints are then integrated into a Mixed-Integer Linear

Programming (MILP) trajectory planning model. Simulation results illustrate the application of the proposed method and the

effect of varying k in the context of a mission involving the visitation of multiple targets.
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Summary

This note concerns the problem of k-hop connectivity in a network of mobile agents,
which is achieved if any pair of agents can communicate with each other through
a link of k − 1 or fewer intermediate nodes. We propose linear constraints involv-
ing binary optimization variables to ensure k-hop connectivity. Such constraints are
then integrated into a Mixed-Integer Linear Programming (MILP) trajectory plan-
ning model. Simulation results illustrate the application of the proposed method and
the effect of varying k in the context of a mission involving the visitation of multiple
targets.

KEYWORDS:
Cooperative multiple agents, Connectivity, Hops, Mixed-Integer Linear Programming.

1 INTRODUCTION

Multi-Agent Systems (MAS) are groups of autonomous entities collaborating to solve a problem. They offer enhanced value in
many situations due to their capability to address complex objectives by dividing them into simpler tasks that can be handily
completed1. There is a growing interest in the use of MAS formations in diverse domains, ranging from aquatic to aerospace
applications2,3,4, demonstrating the intent for the ubiquitous use of collaborating agents. There are many use cases where MAS
have been demonstrated to be necessary or advantageous, such as the inspection of underground facilities5, smart agriculture6,
and autonomous exploration7.
Trajectory planning algorithms are fundamental to the operation of MAS1, as they provide the required coordination that

enables agents to efficiently complete tasks while retaining important features such as inter-agent communication. Indeed,
the capacity to exchange information between agents is a common requirement for MAS. In Grøtli8 and Oubbati et al.9, for
example, the agents act as data relays, and reliable communication allows the desired flow of data within the network. Dis-
tributed control formulations, in which the agents must often share information about their present states or objectives, also
require communication capacities10,11.
Graphs are often employed to represent communication networks in the design of trajectory planning algorithms for MAS12.

Some of their properties13 are directly correlated to desired characteristics for these systems; for example, the connectivity
property implies the capacity of the agents to communicate among themselves14. Thus, one may leverage the results in the rich
field of graph theory to derive topological conditions under which the agents in a MAS could communicate with one another.
Networks with a limited diameter are also desirable since the communication between agents connected through many relays

(hops) requires more point-to-point transmissions. Each of these transmissions is subjected to potential failures and delays,

0Abbreviations:MAS, multi-agent system; MILP, mixed-integer linear programming; MPC, model predictive control.



2 AFONSO ET AL

decreasing the reliability and efficiency of the network15. This could be an issue when technologies such as Visual Light Commu-
nication (VLC) are employed5. The intricate communication mechanism required by this technology generates sizeable delays
at each transmission. Thus, by limiting the maximum diameter of the graph and, consequently, the number of transmissions in
the corresponding VLC-based network, one may prevent the detrimental effects of such delays in the communications within
the network. Applications involving buffered flow networks may also benefit from network architectures with limited diameters.
In Grøtli8, a group of UAVs with limited data storage capacity are tasked with the surveillance of an environment. Data must be
constantly collected and transmitted to a base without overflowing the storage buffers. A network with fewer relays can improve
the velocity and reliability of data transmission.
Connectivity constraints and the maximum diameter problem have been addressed using control and trajectory planning

algorithms in the literature. Zavlanos and Pappas16 employ graph-theoretic properties and invariance to encode a connectivity
maintenance constraint within a maximum of k hops, using centralized nonlinear optimization, to generate control reference
signals in a leader-follower framework. Mondal et al.17 guarantee connectivity by imposing that the second smallest eigenvalue
of the Laplacian matrix (Fiedler value) is always greater than zero. The proposed formation control technique uses multiple
member potential functions to assert collision avoidance, connectivity maintenance, formation behavior control, and trajectory
tracking. Kantaros et al.18 present a survey of communication modeling and control design for the connectivity assurance of
multi-robot systems, in which the assumptions and qualities of each approach are highlighted.
Some works propose methods for limiting the network diameter in the context of MAS. Stump et al.19 present a scheme that

considers the k connectivity matrix to limit the number of hops in a communication network composed by a team of mobile
robots. The authors were mainly concerned with robustness to disconnection. Katheri et al.14 also bound the number of hops in
the network. Their method only allows a disconnection in the network if an alternative k-hop path exists between the nodes.
In Afonso et al.20, aMixed-Integer Linear Programming (MILP) encodingwas proposed for the design of a trajectory planning

and decision-making system for a MAS under connectivity constraints. Two kinds of conditions for connectivity were derived
from results pertaining to spanning tree graphs: one that was necessary and sufficient and a second one that was only sufficient. A
numerical study showed that the latter was more advantageous in terms of the cost attained under computation time limitations.
Some advantages of the approach presented in Afonso et al.20 were: the treatment of collision avoidance with obstacles and
between the agents and task assignment performedwithin the sameMILP solved for trajectory planning, besides the connectivity
constraint. An extension was presented in Caregnato-Neto et al.21, where the connectivity constraints were modified to ensure
that each vertex in the communication graph had a degree of at least two for redundancy of the links. Experimental validation
was carried out in a receding horizon scheme for real-time trajectory planning and decision-making using a MAS comprised of
differential drive robots, showing that approaches based on Mixed-Integer Programming (MIP) are amenable for deployment in
real MAS. Despite the success of the application of MIP in this context, limiting the diameter of the communication graph in
such formulations remains an open issue.
The present note expands Afonso et al.20 by proposing a MILP-based trajectory planning algorithm that is able to guarantee

the connectivity of the communication network of a MAS and bound its maximum allowed diameter to a desirable value. We
present the corresponding necessary and sufficient conditions taken from elementary graph theory and then propose equivalent
constraints that are used to encode such conditions in a MILP trajectory planning model. The results are evaluated in the context
of a mission involving multiple targets to be visited, where the trade-off between the maximum allowed diameter of the network
and the overall performance of the MAS is discussed.
The remainder of this note is organized as follows. Section 2 contains the relevant definitions, as well as results from graph

theory and the demonstration of fundamental theorems that support the MILP trajectory planning model presented in Section
3. Section 4 provides simulation results illustrating the effectiveness of the proposed approach in a target visitation problem.
Section 5 offers final remarks and ideas for future work.
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1.1 Notation and preliminaries

ℕ Set of natural numbers {1, 2, ...}
Na ∈ ℕ Number of agents
nr ∈ ℕ Dimension of the position vector
G = (V ,E) Graph with vertices V and edges E
V Set of vertices {i}, i = 1, 2,… , Na
E Set of edges {(i, j)}, i = 1, 2,… , Na, j = 1, 2,… , Na
A ∈ {0, 1}Na×Na Adjacency matrix
[H]ij Entry in row i and column j of matrixH
1q Column vector with all q entries equal to 1
1 Logical true
0 Logical false
∧ and logical operator
∨ or logical operator
⋁n

l=1 Cl C1 ∨ C2 ∨⋯ ∨ Cn

From the perspective of communication between agents, it is important to define what is meant by k-hop connectivity.

Definition 1. A network is k-hop connected if a message from any agent i to any agent j must pass through at most k−1 agents
between i and j.

Remark 1. With this definition and considering the communication network modeled as a graphG = (V ,E), where the vertices
V are the agents and the edges E are communication links between them, Definition 1 can be interpreted as an upper bound on
the diameter of the graph, as will be discussed in Section 2.

2 POWERS OF THE ADJACENCY MATRIX, BINARIZATION AND K-HOP
CONNECTIVITY

We define in the following a path and its length. The path will represent the sequence of all agents the message flows through,
from the source towards the sink, including the intermediate relays. The notion of the length of a path deals with the number of
agents involved in the path.

Definition 2. A path in a graph G = (V ,E) is a sequence (vl)nl=1 of vertices vl ∈ V , l = 1, 2,… , n, vi ≠ vj for i ≠ j, such
that every edge (vl , vl+1) ∈ E, l = 1, 2,… n − 1.

Definition 3. The length L of a path (vl)nl=1 is the number of edges (vl , vl+1) ∈ E, l = 1, 2,… n − 1 associated to this path.
Therefore, L((vl)nl=1) = n − 1.

We define both the connectivity and its particular case k-hop connectivity. The connectivity ensures the possibility of sending
messages between any two agents in the MAS, even if other agents may have to be used as relays.

Definition 4. A graph G = (V ,E) is connected if there is a path from any vertex i ∈ V to any other vertex j ∈ V .

However, for purposes of delay in communications, it may be convenient to characterize the worst-case minimal number of
agents that a message may have to go through to reach its destination. This is reflected by the concept of k-hop connectivity in
Definition 1, as stated in Remark 1. The value k dictates the maximum allowed diameter that graphGmay assume at any instant.

Definition 5. A graphG has diameter k if and only if there is a path (vl)nl=1 from any vertex v1 ∈ V to any other vertex vn ∈ V
such that L((vl)nl=1) = n − 1 ≤ k.

The tool that we will use to ensure the k-hop connectivity via optimization involves the graph’s adjacency matrix and its
powers.
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Definition 6. The matrix A ∈ {0, 1}Na×Na with

[A]ij =

{

1, if (i, j) ∈ E,
0, if (i, j) ∉ E,

(1)

is the adjacency matrix of the graph G.

Lemma 1. The k-th power Ak ∈ ℕNa×Na of the adjacency matrix A is such that [Ak]ij denotes the number of paths (vl)k+1l=1
between v1 = i and vk+1 = j with length k.

Proof. See Theorem 10.1 in Chartrand22.

For our purposes, it suffices to determine that there exists at least one path with a length less than or equal to k between any pair
of vertices. Therefore, the total number of paths loses importance, and one may use a binary version of the adjacency matrix’s
k-th power Bk, as given in Definition 7. Moreover, it is interesting to determine Bk recursively using only logical operators,
eliminating the need for matrix multiplication, as shown in Lemma 2.

Definition 7. The matrices of binary entries Bk ∈ {0, 1}Na×Na are defined for k ∈ ℕ as

[Bk]ij =

{

1, if [Ak]ij > 0,
0, if [Ak]ij = 0.

(2)

Lemma 2. [Bk]ij may be written recursively using logical operators as

[Bk+1]ij =
Na
⋁

l=1

(

[Bk]il ∧ [B]lj
)

, k ∈ ℕ, (3)

B1 = B = A. (4)

Proof. From matrix product rules:

[Ak+1]ij =
Na
∑

l=1
[Ak]il[A]lj . (5)

In view of the non-negativity of both [Ak]ij and [A]ij , it follows that

[Ak+1]ij > 0 ⇔ ([Ak]il > 0) ∧ ([A]lj > 0) for some l ∈ {1, 2,… , Na}. (6)

The clause ([Ak]il > 0) can be replaced with [Bk]il in (6) in light of (2). Since B = A, the clause ([A]lj > 0) can be replaced
with [B]lj , yielding

[Ak+1]ij > 0 ⇔ [Bk]il ∧ [B]lj for some l ∈ {1, 2,… , Na}. (7)

On the other hand,

[Bk]il ∧ [B]lj for some l ∈ {1, 2,… , Na} ⇔
Na
⋁

l=1

(

[Bk]il ∧ [B]lj
)

. (8)

Therefore, by using (8) one may rewrite the right-hand-side of (7) as

[Ak+1]ij > 0 ⇔
Na
⋁

l=1

(

[Bk]il ∧ [B]lj
)

. (9)

In view of (2), the clause on the left-hand-side of (9) can be replaced with [Bk+1]ij , yielding

[Bk+1]ij ⇔
Na
⋁

l=1

(

[Bk]il ∧ [B]lj
)

. (10)

Finally, the equivalence may be replaced with

[Bk+1]ij =
Na
⋁

l=1

(

[Bk]il ∧ [B]lj
)

. (11)
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As stated in Lemma 3, it suffices to check Bk to determine whether there exists a path of length k between any pair of nodes
of G as stated in Lemma 3 below.

Lemma 3. There is a path of length k between vertices i and j if and only if [Bk]ij .

Proof. From Lemma 1, there is a path between i and j with k hops if and only if [Ak]ij > 0. On the other hand, from (2),
[Ak]ij > 0 ⇔ [Bk]ij .

Lemma 4. There is a path between i and j with length at most k if and only if [B1]ij ∨ [B2]ij ∨⋯ ∨ [Bk]ij .

Proof. Follows directly from the use of Lemma 3 for paths of length equal to 1, 2,… , k.

Moreover, it is possible to check the k-hop connectivity of the graphG given in Definition 5 as well as the connectivity defined
in Definition 4, as shown in Theorem 1 and Corollary 1.

Theorem 1. There exists a path of length at most k between any pair of vertices if and only if [B1]ij ∨ [B2]ij ∨⋯ ∨ [Bk]ij for
all i = 1, 2,… , Na, j = 1, 2,… , Na.

Proof. Follows directly from the use of Lemma 4 for every i = 1, 2,… , Na, j = 1, 2,… , Na.

Corollary 1. Given k ∈ ℕ, if [B1]ij ∨ [B2]ij ∨⋯ ∨ [Bk]ij for all i = 1, 2,… , Na, j = 1, 2,… , Na, then G is connected.

Proof. FromTheorem 1, for every pair of nodes, there is a path between them, whichmeans that the graph is connected according
to Definition 4.

3 IMPLEMENTATIONWITH LINEAR CONSTRAINTS ON BINARY VARIABLES

For usage of the binarized version of the k-th power Bk of the adjacency matrix in a Mixed-Integer Linear/Quadratic
Programming framework, it is fundamental to recast the logical operations in the form of linear constraints on binary variables.
Given the adjacency matrix A of the graphG, we show how the recursion in (3) can be implemented using linear inequalities.

Lemma 5. The following linear inequalities involving matrices of auxiliary binary variables [Bk+1aux ]ijl ∈ {0, 1}Na×Na×Na ensure
that statement (3) holds

[Bk+1]ij ≥ [Bk]il + [B]lj − 1.5,∀l ∈ {1, 2,… , Na}, k ∈ ℕ, (12)

2[Bk+1aux ]ijl ≤ [Bk]il + [B]lj ,∀l ∈ {1, 2,… , Na}, k ∈ ℕ, (13)

[Bk+1]ij ≤
Na
∑

l=1
[Bk+1aux ]ijl , k ∈ ℕ. (14)

Proof. Recall from the proof of Lemma 2 that the recursion in (3) is equivalent to

[Bk+1]ij ⇔ [Bk]il ∧ [B]lj for some l ∈ {1, 2,… , Na}. (15)

We shall now prove that (12)–(14) ensure that (15) holds.
Firstly, assume that (12)–(14) hold and that [Bk+1]ij = 1. Therefore, it follows from (14) that

Na
∑

l=1
[Bk+1aux ]ijl ≥ 1, k ∈ ℕ, (16)

which is satisfied if and only if [Bk+1aux ]ijl = 1 for some l ∈ {1, 2,… , Na}. In turn, [Bk+1aux ]ijl = 1 implies that [Bk]il = [B]lj = 1
in light of (13).
Now, assume that (12)–(14) hold and that [Bk]il ∧ [B]lj for some l ∈ {1, 2,… , Na}, Then, [Bk]il = [B]lj = 1. From (12)

it follows that
[Bk+1]ij ≥ [Bk]il + [B]lj − 1.5 = 1 + 1 − 1.5 = 0.5, k ∈ ℕ, (17)
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with the only solution as [Bk+1]ij = 1. From (14) it follows that
Na
∑

l=1
[Bk+1aux ]ijl ≥ 1, k ∈ ℕ, (18)

which is satisfied if and only if [Bk+1aux ]ijl = 1 for some l ∈ {1, 2,… , Na}.

The following Lemma shows that linear constraints over the elements of the binarized version Bn of the n-th power of the
adjacency matrix A may be used to impose k-hop connectivity.

Lemma 6. The constraints
k
∑

n=1
[Bn]ij ≥ 1, i = 1, 2,… , Na, j = 1, 2,… , Na, (19)

are equivalent to [B1]ij ∨ [B2]ij ∨⋯ ∨ [Bk]ij for all i = 1, 2,… , Na, j = 1, 2,… , Na.

Proof. (⇒)
∑k
n=1[B

n]ij ≥ 1 implies that [Bn]ij = 1 for some n ∈ {1, 2,… , k}, which in turn implies [B1]ij∨[B2]ij∨⋯∨[Bk]ij =
1.
(⇐) [B1]ij ∨ [B2]ij ∨⋯∨ [Bk]ij = 1 implies that [Bn]ij = 1 for some n ∈ {1, 2,… , k}, which in turn implies

∑k
n=1[B

n]ij ≥ 1
in view of the non-negativity of each [Bn]ij .

We are now in place to enunciate the following Theorem stating that satisfaction of the linear constraints developed so far
implies k-hop connectivity.

Theorem 2. For a given k ∈ ℕ, satisfaction of the linear constraints (12), (13), (14), and (19) implies that the underlying graph
is connected and there exists a path of length at most k between every pair of nodes.

Proof. From Lemma 5 the solutions satisfying inequalities (12), (13), and (14) result in (3). Moreover, by Lemma 6, the
inequalities (19) are equivalent to [B1]ij ∨ [B2]ij ∨⋯ ∨ [Bk]ij . The conclusion follows from Theorem 1 and Corollary 1.

3.1 Additional conditions for connectivity
Physical conditions for connectivity, such as the proximity conditions used in Afonso et al.20 can be imposed using [B1]ij in
place of the binary variables in that paper. Therefore, consider a polytope  = {r ∈ ℝnr ∶ P conr ≤ pcon} centered at the origin
with q facets, with constant P con ∈ ℝq×nr and pcon ∈ ℝq . Let ri denote the position of agent i, associated with node i in the
communication graph andM ∈ ℝ be a “big-M” constant23. Then

P con(ri − rj) ≤ pcon +M(1 − [B1]ij)1q (20)

imposes a proximity condition for connectivity, because [B1]ij = 1 is only feasible if P con(ri − rj) ≤ pcon, i.e., the polytope
 centered at the position rj of agent j contains the position ri of agent i. The edge (i, j) can only exist in the graph if the
associated positions satisfy the communication range constraint described by  . Alternatively, for M large enough such that
P con(ri − rj) ≤ pcon +M1q for all achievable ri and rj , then [B1]ij = 0 trivially satisfies (20), relaxing the constraint.

3.2 Complete optimization problem for the MAS
In this subsection, we present the complete optimization problem that yields the planned trajectory for the MAS considering
k-hop connectivity. Except for the connectivity constraints developed in the present note, the other parts of the formulation are
inherited from Afonso et al.20. We aim to show that the connectivity constraints in Afonso et al.20 can be seamlessly replaced
by the ones we propose. For conciseness, we consider a control task without obstacle and inter-agent collision avoidance to
focus on the main contribution of the current note, namely, k-hop connectivity of the network while visiting target sets. We
emphasize that this choice is only made to focus the discussion on the novel aspects of the contribution and does not represent
any limitation regarding the integration of collision avoidance into this framework.
The task considered is enunciated as: givenNt polytopic target sets m =

{

r ∈ ℝnr ∶ P target
m r ≤ ptargetm

}

, m ∈ {1, 2,… , Nt}, a
maximum network diameter k ∈ {1, 2, ..., Na−1}, and a time limit T ∈ ℕ, the group ofNa agents should visit allNt target sets
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within T time steps, with each agent subject to upper and lower bounds on their states xl,t and controls ul,t, ∀l ∈ {1, 2,… , Na},
∀t ∈ {1, 2,… , T ∗}, where T ∗ ∈ ℕ is an optimization variable and T ∗ ≤ T . The network must be k-hop connected at all times
t ∈ {1, 2,… , T ∗}.
All agents are assumed to have linear dynamics. Without loss of generality, we assume that all Na agents have the same

dynamic model:
xl,t+1 = Fxl,t + Gul,t,∀l ∈ {1, 2,… , Na},∀t ∈ ℕ ∪ {0}. (21)

The vector state of the agents is supposed to contain the position vector r as part of the state components.
To accomplish this task, a Mixed-Integer Linear Program (MILP) is formulated involving a cost J composed of a weighted

sum of two components, namely

J =
T
∑

j=0
jbhorj + JC , (22)

where JC is the control cost, i.e., a measure of the total fuel spent by the agents

JC =
Na
∑

l=1

T−1
∑

t=0

‖

‖

ul,t‖‖1 (23)

and
∑T
j=0 jb

hor
j = T ∗, bhorj ∈ {0, 1}, j ∈ {0, 1,… , T }, corresponds to the time to accomplish the task, upper-bounded by a

given time limit T . The constant  ∈ ℝ is chosen to tune the compromise between time minimization and fuel expense. Besides
the auxiliary binary variables bhorj used to handle the variable horizon, btargetl,m,t ∈ {0, 1}, l ∈ {1, 2,… , Na}, m ∈ {1, 2,… , Nt},
t ∈ {1, 2,… , T } are used to deal with the visitation of the target sets.
The following optimization problem, when feasible, yields a solution that complies with the requirements of the control task

described so far in the present subsection.

ℙ[(xl,0)
Na
l=1] = min

xl,t+1,ul,t,bhort ,btargetl,m,t ,Bt,B
2
t ,…,Bkt ,Baux,t,B2

aux,t,…,Bkaux,t
J , (24)

subject to

xl,t+1 ≤ Fxl,t + Gul,t +M
t−1
∑

i=0
bhori ,

∀l ∈ {1, 2,… , Na}, ∀t ∈ {0, 1,… , T }, (25a)

−xl,t+1 ≤ −Fxl,t − Gul,t +M
t−1
∑

i=0
bhori ,

∀l ∈ {1, 2,… , Na}, ∀t ∈ {0, 1,… , T }, (25b)

−xl,t+1 ≤ −xmin +M
t−1
∑

i=0
bhori , ∀l ∈ {1, 2,… , Na}, ∀t ∈ {0, 1,… , T }, (25c)

xl,t+1 ≤ xmax +M
t−1
∑

i=0
bhori , ∀l ∈ {1, 2,… , Na}, ∀t ∈ {0, 1,… , T }, (25d)

−ul,t ≤ −umin +M
t−1
∑

i=0
bhori , ∀l ∈ {1, 2,… , Na}, ∀t ∈ {0, 1,… , T }, (25e)

ul,t ≤ umax +M
t−1
∑

i=0
bhori , ∀l ∈ {1, 2,… , Na}, ∀t ∈ {0, 1,… , T }, (25f)

P target
m rl,t+1 ≤ ptargetm +M(1 − btargetl,m,t )1Nst

,

∀l ∈ {1, 2,… , Na},∀m ∈ {1, 2,… , Nt}, ∀t ∈ {0, 1,… , T }, (25g)
T
∑

t=0
bhort = 1, (25h)
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Na
∑

l=1

T
∑

t=0
btargetl,m,t = 1,∀m ∈ {1, 2,… , Nt}, (25i)

T
∑

t=0
t(btargetl,m,t − b

hor
t ) ≤ 0, ∀l ∈ {1, 2,… , Na}, ∀m ∈ {1, 2,… , Nt}, (25j)

P con(ri,t+1 − rj,t+1) ≤ pcon +M(1 − [B1
t ]ij)1q +M

t−1
∑

r=0
bhorr ,

∀i ∈ {1, 2,… , Na − 1}, ∀j > i,∀t ∈ {0, 1,… , T }, (25k)
[Bn+1t ]ij ≥ [Bnt ]il + [Bt]lj − 1.5,

∀n ∈ {1, 2,… , k − 1},∀i, j,l ∈ {1, 2,… , Na},∀t ∈ {0, 1,… , T }, (25l)
2[Bn+1aux,t]ijl ≤ [Bnt ]il + [Bt]lj ,

∀n ∈ {1, 2,… , k − 1},∀i, j,l ∈ {1, 2,… , Na},∀t ∈ {0, 1,… , T }, (25m)

[Bn+1t ]ij ≤
Na
∑

l=1
[Bn+1aux,t]ijl ,

∀n ∈ {1, 2,… , k − 1},∀i, j ∈ {1, 2,… , Na},∀t ∈ {0, 1,… , T }, (25n)
k
∑

n=1
[Bnt ]ij ≥ 1,∀i, j ∈ {1, 2,… , Na},∀t ∈ {0, 1,… , T }. (25o)

Constraints (25a) and (25b) impose the linear dynamics presented in (21) for each agent, whereas (25c) and (25d) impose
lower and upper bounds on the states, respectively, and (25e) and (25f) impose lower and upper bounds on controls, respectively.
Visitation of theNt polytopic targets is imposed by (25g) in conjunction with (25h) stating that the maneuver ends within at most
T time steps, (25i) ensuring that all targets are visited, and (25j) guaranteeing that all targets are visited before the maneuver
ends at T ∗. The physical proximity constraints for connectivity in (20) are imposed by (25k) at every t ∈ {0, 1,… , T } and
relaxed for t > T ∗. The k-hop connectivity constraints (12), (13), (14), and (19) are rewritten as (25l), (25m), (25n), and (25o)
modified to include the time index t. The only necessary modification, in this case, is to define matrices Bt, Bn+1t and Bn+1aux,t,
∀n ∈ {1, 2,… , k−1}, which correspond toB,Bn+1 andBn+1aux , ∀n ∈ {1, 2,… , k−1} at a given instant t and repeat the constraints
for all t ∈ {0, 1,… , T }.

4 SIMULATION EXAMPLES

To validate the proposed formulation, we present two examples. In the first one, we determine the minimal horizon T for
feasibility of the optimization problem considering three different values for k. As for the second example, we fix T and observe
the evolution of the incumbent solution as the computation time is increased, considering three different values for k.
Five agents (Na = 5) are spatially distributed in ℝ2. As in Afonso et al.20, the state of each agent l ∈ {1, 2,… , 5} is

xl =
[

xl vxl yl vyl

]⊤, where xl and yl are the positions in the plane, i.e. rl =
[

xl yl

]⊤, whereas vxl and vyl
are the

corresponding velocities. The controls are the accelerations axl and ayl along each axis, thus ul =
[

axl ayl

]⊤. The dynamics
representing a double integrator in each direction in discrete time with a sample time of one time unit is

xl,t+1 =

⎡

⎢

⎢

⎢

⎢

⎣

1 1 0 0
0 1 0 0
0 0 1 1
0 0 0 1

⎤

⎥

⎥

⎥

⎥

⎦

xl,t +

⎡

⎢

⎢

⎢

⎢

⎣

1
2
0

1 0
0 1

2
0 1

⎤

⎥

⎥

⎥

⎥

⎦

ul,t, t ∈ ℕ ∪ {0}. (26)

The initial conditions and constraints are respectively described in Tables 1 and 2 .
The task is to visit two target sets at some t ≤ T , where T is the maximal time while keeping the network k-hop connected

for some chosen k and enforcing the dynamical constraints in Table 1 . The targets are two squares (Nt = 2) described by
1 = {r ∈ ℝ2 ∶ 1.00 ≤ x ≤ 1.02, 0.95 ≤ y ≤ 0.97} and 2 = {r ∈ ℝ2 ∶ 0.80 ≤ x ≤ 0.82, 0.05 ≤ y ≤ 0.07}.
The communication range is the same among all agents, represented by a regular polygon  with 20 vertices inscribed in a

circle with radius rcomm = 0.11. The weight of the fuel in the cost function is  = 10. For comparison, k = 2, 3, 4 is adopted in
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TABLE 1 Initial states of each agent.

Agent l 1 2 3 4 5

xl,0

⎡

⎢

⎢

⎢

⎢

⎣

0.10
0

0.35
0

⎤

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎢

⎣

0.15
0

0.30
0

⎤

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎢

⎣

0.10
0

0.25
0

⎤

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎢

⎣

0.15
0

0.20
0

⎤

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎢

⎣

0.10
0

0.15
0

⎤

⎥

⎥

⎥

⎥

⎦

TABLE 2 State and control constraints in common for all agents.

Variable min max

x

⎡

⎢

⎢

⎢

⎢

⎣

−2
−1
−2
−1

⎤

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎢

⎣

2
1
2
1

⎤

⎥

⎥

⎥

⎥

⎦

u
[

−0.1
−0.1

] [

0.1
0.1

]

each scenario, and the initial configuration is fully connected. The computation time for the solutions in seconds is denoted by
tcomp.
Exploration feasibility and cost efficiency examples are reported in the following subsections. We define k-critical instants as

time steps in which all available k hops are necessary to maintain connectivity, i.e., the network is not (k − 1)-hop connected.
The examples were implemented in Matlab 2022 with YALMIP 202124 and GUROBI 9.525, and run on an Intel Core i7 @
4.0GHz processor.

4.1 Results
In the first scenario, we varied T until we obtained the minimum necessary for a feasible solution. The 2-hop and 3-hop cases
required 7 time steps to attain feasibility, while with 4-hops a feasible solution exists with 6 time steps. One can conclude that
there exists a trade-off between the duration of the maneuver and the number of hops. A maneuver may be made feasible within
a shorter time T by allowing a larger number of hops.
To evaluate the effect of varying k in the performance considering the cost, in the second scenario, we adopted T = 8 for

varying k ∈ {2, 3, 4}, ensuring feasibility. Figure 1 showcases the obtained solutions with tcomp = 10 s and tcomp = 100 s of
optimization time. All cases used the total available time steps T = 8. We obtained progressively better total and control costs
as k increased because the formation could be better spatially distributed, requiring a less energetically aggressive maneuver to
visit the targets as a group. Regarding the cost, from Fig. 1 , we can see that in tcomp = 10 s, the more hops are allowed, the
smaller the total cost. The trend was kept with tcomp = 100 s, with a reduction in the costs for every k ∈ {2, 3, 4}. It is worth
noting that the trajectories obtained with tcomp = 10 and 100 s are qualitatively similar and, in terms of the cost reduction, with
tcomp = 10 s high-quality solutions are already obtained. Therefore the refinement as tcomp is increased may be exchanged for
a reduction in computation time, as a means to cope with limited time budgets in applications. In particular, for k = 4, the
trajectories obtained are visually and quantitatively improved compared to k = 2, 3, pointing that, even though larger k increases
the number of constraints and binary variables, it is not necessarily detrimental considering the best solution achieved within
limited computation time.
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5 CONCLUSION

In this note, we presented a graph-theoretic MAS topological modeling approach, from which we derived connectivity con-
straints that ensure k-hop connectivity of the network at all time instants. The selected k value asserts the maximum allowed
diameter that the time-varying communication graph may assume.
The k-hop connectivity property is encoded by binarizing the powers of the adjacency matrix and converting the necessary

and sufficient conditions into equivalent linear constraints. By additionally enforcing a linear edge generation restriction based
on the distance between pairs of agents, the network is guaranteed to be k-hop connected.
A MILP trajectory and control planner framework is constructed from the developed constraint set, including target explo-

ration constraints, and a cost function encompassing fuel and timeminimization. The simulation examples showcase the potential
advantages of increasing the k value. There are benefits in exploration feasibility and fuel efficiency. However, in application
scenarios, larger k may render the network connectivity frail and prone to loss of communication. Therefore, the proposal in
this note enables the selection of appropriate k values following the mission requirements.
Possible directions for further research include (i) encompassing topological qualities in the cost function J , allowing the

robustness of the communication network to be better represented within the cost, and (ii) studying the correlation between
graph diameter, delay, and packet loss in communication.

ACKNOWLEDGMENTS

This studywas financed in part by the Coordenação deAperfeiçoamento de Pessoal de Nível Superior - Brasil (CAPES) - Finance
Code 001. R. K. H. Galvão acknowledges the support of Conselho Nacional de Desenvolvimento Científico e Tecnológico
(CNPq, Brazil) under grant 303393/2018-1 (Research Fellowship).

References

1. Dorri A, Kanhere SS, Jurdak R. Multi-Agent Systems: A Survey. IEEE Access 2018; 6: 28573-28593. doi: 10.1109/AC-
CESS.2018.2831228

2. Tran N, Prodan I, Grøtli E, Lefèvre L. Potential-field constructions in an MPC framework: application for safe navigation
in a variable coastal environment. IFAC-PapersOnLine 2018; 51(20): 307-312.

3. Pantelimon G, Tepe K, Carriveau R, Ahmed S. Survey of multi-agent communication strategies for information exchange
and mission control of drone deployments. Journal of Intelligent & Robotic Systems 2019; 95(3): 779-788. doi:
10.1007/s10846-018-0812-x

4. Morgan D, Chung SJ, Hadaegh FY. Model Predictive Control of Swarms of Spacecraft Using Sequential Convex
Programming. Journal of Guidance, Control, and Dynamics 2014; 37(6): 1725-1740. doi: 10.2514/1.G000218

5. Zhao W, Kamezaki M, Yamaguchi K, Konno M, Onuki A, Sugano S. A Wheeled Robot Chain Control System for Under-
ground Facilities Inspection Using Visible Light Communication and Solar Panel Receivers. IEEE/ASME Transactions on
Mechatronics 2022; 27(1): 180-189. doi: 10.1109/TMECH.2021.3060189

6. Din A, Ismail MY, Shah B, Babar M, Ali F, Baig SU. A deep reinforcement learning-based multi-agent
area coverage control for smart agriculture. Computers and Electrical Engineering 2022; 101: 108089. doi:
https://doi.org/10.1016/j.compeleceng.2022.108089

7. Zhang Z, Yu J, Tang J, Xu Y, Wang Y. MR-TopoMap: Multi-Robot Exploration Based on Topological Map in
Communication Restricted Environment. IEEE Robotics and Automation Letters 2022; 7(4): 10794-10801. doi:
10.1109/LRA.2022.3192765

8. Grøtli E, Johansen T. Motion and Communication Planning of Unmanned Aerial Vehicles in Delay Tolerant Network using
Mixed-Integer Linear Programming. Modeling, Identification and Control: A Norwegian Research Bulletin 2013; 37. doi:
10.4173/mic.2016.2.1

http://dx.doi.org/10.1109/ACCESS.2018.2831228
http://dx.doi.org/10.1109/ACCESS.2018.2831228
http://dx.doi.org/10.1007/s10846-018-0812-x
http://dx.doi.org/10.1007/s10846-018-0812-x
http://dx.doi.org/10.2514/1.G000218
http://dx.doi.org/10.1109/TMECH.2021.3060189
http://dx.doi.org/https://doi.org/10.1016/j.compeleceng.2022.108089
http://dx.doi.org/https://doi.org/10.1016/j.compeleceng.2022.108089
http://dx.doi.org/10.1109/LRA.2022.3192765
http://dx.doi.org/10.1109/LRA.2022.3192765
http://dx.doi.org/10.4173/mic.2016.2.1
http://dx.doi.org/10.4173/mic.2016.2.1


AFONSO ET AL 11

9. Oubbati OS, Lakas A, Lorenz P, Atiquzzaman M, Jamalipour A. Leveraging Communicating UAVs for Emergency
Vehicle Guidance in Urban Areas. IEEE Transactions on Emerging Topics in Computing 2021; 9(2): 1070-1082. doi:
10.1109/TETC.2019.2930124

10. Toumieh C, Lambert A. Decentralized Multi-Agent Planning Using Model Predictive Control and Time-Aware Safe
Corridors. IEEE Robotics and Automation Letters 2022; 7(4): 11110-11117. doi: 10.1109/LRA.2022.3196777

11. Vargas S, Becerra HM, Hayet JB. MPC-based distributed formation control of multiple quadcopters with obstacle
avoidance and connectivity maintenance. Control Engineering Practice 2022; 121: paper 105054 (16 pages). doi:
10.1016/j.conengprac.2021.105054

12. Zavlanos MM, Egerstedt MB, Pappas GJ. Graph-theoretic connectivity control of mobile robot networks. Proceedings of
the IEEE 2011; 99(9): 1525-1540. doi: 10.1109/JPROC.2011.2157884

13. Xu J. Theory and Application of Graphs. Network Theory and Applications, Vol. 10Kluwer Academic Publishers . 2003.

14. Khateri K, Pourgholi M, Montazeri M, Sabattini L. Decentralized local-global connectivity maintenance for networked
robotic teams. European Journal of Control 2020; 51: 110-121. doi: 10.1016/j.ejcon.2019.06.008

15. Filtser A. Hop-Constrained Metric Embeddings and their Applications. In: Proc. IEEE 62nd Annual Symposium on
Foundations of Computer Science (FOCS). ; 2021: 492-503

16. Zavlanos M, Pappas G. Controlling Connectivity of Dynamic Graphs. In: Proc. 44th IEEE Conference on Decision and
Control. ; 2005: 6388-6393

17. Mondal A, Bhowmick C, Behera L, Jamshidi M. Trajectory Tracking by Multiple Agents in Formation With Collision
Avoidance and Connectivity Assurance. IEEE Systems Journal 2018; 12(3): 2449-2460. doi: 10.1109/JSYST.2017.2778063

18. Kantaros Y, Zavlanos MM, Pappas GJ. Connectivity of Dynamic Graphs. In: Baillieul J, Samad T., eds. Encyclopedia of
Systems and ControlLondon: Springer. 2020 (pp. 1-5)

19. Stump E, Jadbabaie A, Kumar V. Connectivity management in mobile robot teams. In: Proc. IEEE International Conference
on Robotics and Automation. ; 2008: 1525-1530

20. Afonso RJM, Maximo MROA, Galvão RKH. Task allocation and trajectory planning for multiple agents in the pres-
ence of obstacle and connectivity constraints with mixed-integer linear programming. International Journal of Robust and
Nonlinear Control 2020; 30(14): 5464-5491. doi: 10.1002/rnc.5092

21. Caregnato-Neto A, Maximo MROA, Afonso RJM. Real-time motion planning and decision-making for a group of differ-
ential drive robots under connectivity constraints using robust MPC and mixed-integer programming. Advanced Robotics
2022: 1-24. doi: 10.1080/01691864.2022.2117997

22. Chartrand G. Introductory Graph Theory. New York, NY, USA: Dover Publications, Inc. 1st ed. 1985.

23. Agarwal A, Bhat S, Gray A, Grossmann IE. Practical Aspects of Declarative Languages. In: Springer Berlin Heidelberg.
2010 (pp. 134-148).

24. Löfberg J. YALMIP : A Toolbox forModeling and Optimization inMATLAB. In: Proc. CACSDConference. ; 2004; Taipei,
Taiwan.

25. Gurobi Optimization, LLC . Gurobi Optimizer Reference Manual. Published online; 2023.

How to cite this article: R. J. M. Afonso, R. K. H. Galvão, G. A. Souza, M. R. O. A. Maximo, and A. Caregnato-Neto (2023),
Linear constraints for ensuring k-hop connectivity in Mixed-Integer Programming, INT J ROBUST NONLIN, YYYY;VV:pp–pp.

http://dx.doi.org/10.1109/TETC.2019.2930124
http://dx.doi.org/10.1109/TETC.2019.2930124
http://dx.doi.org/10.1109/LRA.2022.3196777
http://dx.doi.org/10.1016/j.conengprac.2021.105054
http://dx.doi.org/10.1016/j.conengprac.2021.105054
http://dx.doi.org/10.1109/JPROC.2011.2157884
http://dx.doi.org/10.1016/j.ejcon.2019.06.008
http://dx.doi.org/10.1109/JSYST.2017.2778063
http://dx.doi.org/10.1002/rnc.5092
http://dx.doi.org/10.1080/01691864.2022.2117997


12 AFONSO ET AL

0 0.2 0.4 0.6 0.8 1 1.2 1.4

0

0.2

0.4

0.6

0.8

1

(a) k = 2 and tcomp = 10 s.

0 0.2 0.4 0.6 0.8 1 1.2 1.4

0

0.2

0.4

0.6

0.8

1

(b) k = 2 and tcomp = 100 s.

0 0.2 0.4 0.6 0.8 1 1.2 1.4

0

0.2

0.4

0.6

0.8

1

(c) k = 3 and tcomp = 10 s.

0 0.2 0.4 0.6 0.8 1 1.2 1.4

0

0.2

0.4

0.6

0.8

1

(d) k = 3 and tcomp = 100 s.

0 0.2 0.4 0.6 0.8 1 1.2 1.4

0

0.2

0.4

0.6

0.8

1

(e) k = 4 and tcomp = 10 s.

0 0.2 0.4 0.6 0.8 1 1.2 1.4

0

0.2

0.4

0.6

0.8

1

(f) k = 4 and tcomp = 100 s.

FIGURE 1 Trajectories and costs with T = 8 for k ∈ {2, 3, 4} and tcomp ∈ {10, 100} s. The paths of each agent are represented
by different colors.
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