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Abstract

In this paper, an enclosing control problem is investigated for nonholonomic mobile agents with a moving target of unknown

velocity. An adaptive observer containing two internal variables is first designed for each agent to compensate for the lack of

the target velocity information. One variable is designed to estimate the unknown target velocity and further its estimation

error is assessed by the other internal variable to subsequently guarantee the control performance. Then using the estimated

information from the adaptive observer, a dynamic control law for circular formation of nonholonomic agents around the moving

target is designed by a backstepping process. The global asymptotical stability of the closed-loop system is achieved under the

proposed dynamic control law with the adaptive observer. Finally, a simulation is conducted to demonstrate the effectiveness

of the proposed approach.
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Summary

In this paper, an enclosing control problem is investigated for nonholonomic mobile
agents with a moving target of unknown velocity. An adaptive observer containing
two internal variables is first designed for each agent to compensate for the lack of
the target velocity information. One variable is designed to estimate the unknown tar-
get velocity and further its estimation error is assessed by the other internal variable
to subsequently guarantee the control performance. Then using the estimated infor-
mation from the adaptive observer, a dynamic control law for circular formation of
nonholonomic agents around the moving target is designed by a backstepping pro-
cess. The global asymptotical stability of the closed-loop system is achieved under
the proposed dynamic control law with the adaptive observer. Finally, a simulation
is conducted to demonstrate the effectiveness of the proposed approach.

KEYWORDS:
target enclosing control, adaptive observer, nonholonomic mobile agents, unknown velocity

1 INTRODUCTION

In recent years, enclosing control, also called circular formation control, of mobile agents has attracted considerable research
interest due to its potential applications such as target pursuit and evasion1, source localization2, surveillance3 and monitoring4.
The enclosing control objective is that all the agents rotate around a static or moving target. A hybrid control approach has been
proposed for static target enclosing control problem of the agents with limited sensing region5. A circular formation control
without global information has been investigated, where the target is stationary while may change its position suddenly6. An
optimization-based approach has been proposed for multiple nonholonomic mobile robots moving in circles around a static
target with different radii7. The input disturbance has been considered for the enclosing control problem of a static target8,9.
Note that the above control approaches have been proposed for the agents rotating around a static target. It is difficult to directly
extend the results to the moving target case.

When the target is moving, the knowledge of the target current dynamics (e.g., the target position, velocity or acceleration
in practice) plays a key role in the controller designing process10,11. Many excellent results have been presented based on the
measurements of the target real-time velocity or acceleration. A decoupled approach has been given by making use of the relative
velocity information of each agent to the target, as well as the target acceleration12. The proposed approach in Reference 12 can
lead to a desired formation in almost all geometric patterns for the agents with double-integrator dynamics, which is an extension
of the controller in Reference 13 for agents with single-integrator dynamics. Compared with the controller for single-integrators,
the controller for double-integrators may be more easier to apply in some real robot14. Since many practical robots are subject

†Enclosing control for nonholonomic mobile agents with a moving target of unknown velocity.
0Abbreviations:



2 SHUANG JU ET AL

to nonholonomic constraints such as unmanned aerial vehicles and unmanned underwater vehicles, the enclosing formation
control problem of multiple mobile agents under nonholonomic constraints is challenging but has great practical value15. A
cooperative circumnavigation problem of a moving target has been studied based on backstepping design by using the target
velocity information16. A local cooperative controller has been proposed based on the measurements of the target real-time
velocity and acceleration in local coordinate frame17. An observer-based feedback linearization approach has been proposed for
nonholonomic mobile agents18. While in some specific situations, the mobile agents can not get the target information due to
their limited sensing ability and certain time-varying characteristics of the moving target. This leads to the lack of complete and
accurate system dynamics, which makes it difficult for the mobile agents to handle the enclosing formation task19.

A local control approach has been developed for single-integrator mobile agents to rotate around a moving target with a
constant velocity which is unknown to any agent20. This result has been extended to solve the cooperative enclosing control
problem of a moving target with an unknown time-varying velocity21. Also for the single-integrator mobile agents, a bearing-
only method has been designed to exponentially solve the enclosing formation control problem by assuming that at least one
agent can acquire the target information22. Additional collision avoidance challenge has been considered when none of the
agents knows the amplitude of the target velocity23. Also lack of the amplitude information of the target velocity, a leader-
following consensus problem has been investigated for Euler-Lagrange systems24. A distributed estimation and control problem
has been studied for nonholonomic mobile robots with situation of leader-following formations when only a few members know
leader’s information25. For the case that the leader’s information is not available to all the followers, when the leader velocity
is constant, the formation error converges to zero asymptotically, while when the leader moves at a time-varying velocity, the
formation error is globally uniformly ultimately bounded26. There have been other fruitful results of leader-following problem
with unknown leader such as Reference 27 and the references therein. Most of the existing literatures consider that the leader’s
velocity is generated by some exogenous systems. It can be seen that there is still a lot of space for the enclosing control problem
of nonholonomic mobile agents with a moving target of unknown time-varying velocity.

Inspired by the forgoing observations, we study the moving target enclosing control problem for multiple mobile agents subject
to nonholonomic constraint. All agents do not know the target velocity information, and the target considered in this work is not
described by a certain exogenous system or required to have the same model as the nonholonomic mobile agents. Each agent
can sense the relative position information of the target and its neighbors in its own local coordinate frame. Therefore, the key
idea is to design an adaptive observer to compensate for the lack of the target velocity information, based on which a dynamic
control law can be designed for the agents to maintain a desired circular formation around the target. Main contributions of this
work are concluded as follows.

i An adaptive observer is designed for each agent by introducing two internal variables to estimate the unknown infor-
mation resulting from the unknown target velocity. Under the adaptive observer, the introduced internal variables can
asymptotically converge to the actual target velocity and its estimation error respectively. Compared with the observers
in References 23 and 25, which require that at least one agent can acquire the target information, the proposed adaptive
observer in this work is applicable to the case that the target information is unknown to any agent.

ii Using the estimated information from the adaptive observer, a dynamic control law is designed for nonholonomic mobile
agents by a backstepping process. By the dynamic control law with the adaptive observer, multiple nonholonomic mobile
agents in a connected graph can asymptotically converge to the desired circular formation around the moving target. In
References 22 and 26, which consider bearing measurement and communication limitation challenges, respectively, the
formation tracking error is shown to be ultimately bounded when the target velocity is unknown to any agent.

The rest of this work is organized as follows. In Section II, we first introduce the problem formulation and preliminaries. In
Section III, main results are given. Simulation results are given in Section IV. In Section V, we draw a conclusion of this work.

Notations: The 𝑛-dimensional Euclidean space is given by ℝ𝑛, the set of real number is ℝ. For a vector 𝑣, ‖𝑣‖ denotes
the 2-norm of 𝑣. diag{𝐴1, 𝐴2,⋯ , 𝐴𝑛} denotes the block diagonal matrix, where 𝐴𝑖, 𝑖 ∈ {1, 2,⋯ , 𝑛}, is the main diagonal
block matrix. For vector 𝑥 = [𝑥1; 𝑥2] ∈ ℝ2, atan2(𝑥) = atan2( 𝑥2

𝑥1
). 𝐼 is the identity matrix. For ∀𝜒𝑖 ∈ ℝ, 𝑖 ∈ {1, 2,⋯ , 𝑛},

co(𝜒𝑖) = [𝜒1, 𝜒2,⋯ , 𝜒𝑛]𝑇 .

2 PROBLEM FORMULATION AND PRELIMINARIES
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2.1 Graph theory
An undirected graph 𝐺 = {𝑉 ,𝐸} is given to show the communication network of all agents, where 𝑉 = 1, 2,⋯ , 𝑛 is the node
set and 𝐸 ⊆ 𝑉 × 𝑉 is the edge set. The edge denoted by (𝑗, 𝑖) represents that node 𝑖 and node 𝑗 can send information to each
other. Define 𝐴 = [𝑎𝑖𝑗]𝑛×𝑛 as the adjacency matrix of graph 𝐺, where 𝑎𝑖𝑖 = 0 for all i, 𝑎𝑖𝑗 > 0 if (𝑖, 𝑗) ∈ 𝐸 and 𝑎𝑖𝑗 = 0
otherwise. If there exists an edge between two agents, then the two agents are neighbors. For agent 𝑖, the neighbor set is defined
as 𝑁𝑖 = {𝑗 ∈ 𝑉 |(𝑖, 𝑗) ∈ 𝐸}. For the undirected graph 𝐺, there exists at least one path from node 𝑖 to node 𝑗, 𝑖, 𝑗 ∈ 𝑉 , i.e., the
undirected graph 𝐺 is connected in this work.

2.2 Problem Formulation
Consider 𝑛 nonholonomic mobile agents moving freely in the plane. The kinematics of agent 𝑖 is given as{

𝑝̇𝑖 = ℎ(𝜃𝑖)𝑣𝑖,
𝜃̇𝑖 = 𝜔𝑖,

(1)

where ℎ(𝜃𝑖) = [cos 𝜃𝑖, sin 𝜃𝑖]𝑇 ∈ ℝ2, 𝑝𝑖 = [𝑥𝑖 𝑦𝑖]𝑇 ∈ ℝ2 is the position, 𝜃𝑖 ∈ (−𝜋, 𝜋] is the bearing angle, 𝑣𝑖 ∈ ℝ is the linear
velocity, 𝜔𝑖 ∈ ℝ is the angular velocity of agent 𝑖, 𝑖 = 1, 2,⋯ , 𝑛, the control input of agent 𝑖 is 𝑢𝑖 = [𝑣𝑖 𝑤𝑖]𝑇 .

There exist a target moving in the plane at an unknown velocity, i.e.,{
𝑝̇0 = 𝑣0,
𝑣̇0 = 𝑎0,

(2)

where 𝑝0 = [𝑥0, 𝑦0]𝑇 ∈ ℝ2, 𝑣0 ∈ ℝ2, 𝑎0 ∈ ℝ2 are the position, the velocity and the acceleration, respectively. It is noted that
the target acceleration 𝑎0 is a piecewise constant and known by all agents. But the target velocity 𝑣0 is unknown to any agent.

Assume that each agent occupies its own local coordinate frame, the orientation of which is consistent with that of a global
coordinate system. In agent 𝑖’s local coordinate frame, denote 𝑝̃𝑖 = 𝑝𝑖−𝑝0 and 𝑝̃𝑖𝑗 = 𝑝𝑖−𝑝𝑗 by the relative positions of the target
and its neighbor 𝑗, respectively. We can obtain the relative information 𝑝̃𝑖 and 𝑝̃𝑖𝑗 through measuring the relative distance and
bearing angle to the target and agent 𝑗, 𝑗 ∈ 𝑁𝑖, respectively. Using the direct measurements 𝑝̃𝑖 and 𝑝̃𝑖𝑗 , agent 𝑖 can calculate the
relative position information of its neighbor 𝑗 to the target by 𝑝̃𝑗 = 𝑝̃𝑖 − 𝑝̃𝑖𝑗 . FIGURE 1 is depicted to understand the physical
meanings of the above measurements.
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FIGURE 1 Enclosing a target with multiple nonholonomic mobile agents.

In this work, the enclosing control problem with a target moving with unknown velocity 𝑣0 is concluded by the following two
problems.

(i) Without the knowledge of the current target velocity 𝑣0, the agents can not get the complete and accurate system dynamics.
It is necessary to design an adaptive observer for each agent to estimate the target velocity 𝑣0 by using the measurements of
relative positions 𝑝̃𝑖 and 𝑝̃𝑖𝑗 . We introduce two internal variables in the adaptive observer. The one is to estimate the target
velocity 𝑣0, which is denoted by 𝑣̂𝑖. Note that the accuracy of the variable 𝑣̂𝑖, expressed as the estimation error 𝛿𝑖 = 𝑣̂𝑖 − 𝑣0,
directly affects the control performance, which leads to the coupling of the nonlinearity of the agent model and the velocity
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estimation error. However, it is also impossible to obtain the actual estimation error 𝛿𝑖 without the knowledge of the current
target velocity 𝑣0. It challenges to evaluate whether the error 𝛿𝑖 converges to zero and further analyze the stability of system.
Therefore, the other variable denoted by 𝛿𝑖 is introduced to evaluate the accuracy of the variable 𝑣̂𝑖. The control performance
can be guaranteed by driving the internal variable 𝛿𝑖 to asymptotically zero. The adaptive observer design problem with internal
variables (𝑣̂𝑖, 𝛿𝑖) is described as follows.
𝐏𝐫𝐨𝐛𝐥𝐞𝐦 𝟏: Consider 𝑛 nonholonomic mobile agents (1) and the target (2) moving with unknown velocity. For agent 𝑖, using

the relative position information of its neighbors and the target, design an adaptive observer to estimate the target velocity
information with internal variables {

𝑣̂𝑖 = 𝐫(𝑝̃𝑖, 𝑎0)
𝛿𝑖 = 𝐛(𝑣̂𝑖, 𝑝̃𝑖, 𝑝̃𝑖𝑗)

for all 𝑖 = 1, 2,⋯ , 𝑛, such that the following objectives are achieved:

• The internal variable 𝑣̂𝑖 eventually converges to the target velocity 𝑣0, i.e., lim𝑡→∞ 𝑣̂𝑖 = 𝑣0.

• The internal variable 𝛿𝑖 eventually converges to the estimation error 𝛿𝑖, i.e., lim𝑡→∞ 𝛿𝑖 = 𝛿𝑖.

(ii) The objective of the target enclosing control problem is to design a cooperative control law 𝑢𝑖 such that multiple nonholo-
nomic mobile agents can move along a circular orbit centered at the target and simultaneously maintain a desired distribution
on the orbit. The desired radius is given as 𝜌𝑑 > 0 and the desired circular velocity is given as 𝑤𝑑 ∈ ℝ. The desired angular
spacing between agents 𝑖 and 𝑗 is denoted as 𝜙𝑖𝑗 ∈ (−𝜋, 𝜋] which is satisfied with 𝜙𝑖𝑗 = −𝜙𝑗𝑖. Note that the relative distance
and the bearing angle between each agent and the target can be expressed as ‖𝑝̃𝑖‖ = 𝜌𝑖 and 𝜑𝑖 = atan2(𝑝̃𝑖), respectively. Then,
using the estimated information from the adaptive observer, the dynamic controller design for the target enclosing problem can
be formally defined as follows.
𝐏𝐫𝐨𝐛𝐥𝐞𝐦 𝟐: Based on the estimated information 𝑣̂𝑖 and 𝛿𝑖 from the adaptive observer and the local relative position

information, design a dynamic control law for agent 𝑖, in the connected graph 𝐺 in the form of

𝑢𝑖 = 𝐬(𝑝̃𝑖, 𝑝̃𝑖𝑗 , 𝑣𝑗 , 𝑣̂𝑖, 𝛿𝑖, 𝑣̂𝑗 , 𝛿𝑗 , 𝑎0),

for all 𝑖 = 1, 2,⋯ , 𝑛, such that for any initial states (𝑝𝑖(0), 𝜃𝑖(0)) the following objectives are achieved:

• The agents eventually move along the circular orbit Γ centered at the target with the desired radius 𝜌𝑑 , i.e., lim𝑡→∞ 𝜌𝑖 = 𝜌𝑑 .

• The agents eventually move along the circular orbit Γ with the desired circular velocity 𝑤𝑑 , i.e., lim𝑡→∞ 𝜑̇𝑖 = 𝑤𝑑 .

• The agents eventually perform a desired distribution on the circular orbit Γ, i.e., lim𝑡→∞ 𝜑𝑖 − 𝜑𝑗 = 𝜙𝑖𝑗 , 𝑗 ∈ 𝑁𝑖.

3 MAIN RESULTS

In this section, a dynamic control law with an adaptive observer is given first. Then a series of derivations are given to obtain a
closed-loop system. Finally, the convergence of the closed-loop system is proved by a theorem.

3.1 Dynamic controller design
Motivated by the backstepping method16, the agent velocity 𝑣𝑖 and the estimated target velocity 𝑣̂𝑖 are designed to satisfy the
following relation,

ℎ(𝜃̂𝑖)𝑣𝑖 − 𝑣̂𝑖 = 𝑓𝑖, (3)

where 𝑓𝑖 = [−𝑘1𝜌̃𝑖𝐼 + 𝜌𝑑(𝑤𝑑 − 𝑔𝑖)Λ]𝜓𝑖 with the relative bearing of the target with respect to agent 𝑖

𝜓𝑖 =
𝑝̃𝑖‖𝑝̃𝑖‖ =

𝑝̃𝑖
𝜌𝑖

=
[
cos𝜑𝑖
sin𝜑𝑖

]
,

𝑔𝑖 = ℎ0 tanh(𝜀𝑖), 𝜀𝑖 =
∑
𝑗∈𝑁𝑖

𝑎𝑖𝑗(𝜑𝑖−𝜑𝑗 −𝜙𝑖𝑗), Λ = [0 −1; 1 0], 𝜌̃𝑖 = 𝜌𝑖−𝜌𝑑 , ℎ0 and 𝑘1 are the positive constants, 𝜃̂𝑖 represents
the virtual signal of 𝜃𝑖 and noted that

𝜃̂𝑖 = atan2(𝑓𝑖 + 𝑣̂𝑖). (4)
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The adaptive observer is designed first to estimate the target velocity 𝑣0 and its estimation error 𝛿𝑖 as described in 𝐏𝐫𝐨𝐛𝐥𝐞𝐦 𝟏,
i.e., {

̇̂𝑣𝑖 = −𝑘2𝜌̃𝑖𝜓𝑖 + 𝑎0,
̇̂𝛿𝑖 = −𝑘2𝜌̃𝑖𝜓𝑖 − 𝜃𝑖𝑐𝑇𝑖 𝜎

𝑇
𝑖 − 𝜃𝑖

∑
𝑎𝑖𝑗(𝜆𝑇𝑖 − 𝜆𝑇𝑗 )𝜖

𝑇
𝑖 𝜎

𝑇
𝑖 ,

(5)

where

𝜃𝑖 = 𝜃𝑖 − 𝜃̂𝑖,
𝑐𝑖 = [−𝑘1𝜌̃𝑖𝐼 + 𝜌𝑑(𝑤𝑑 − 𝑔𝑖)Λ](𝐼 − 𝜓𝑖𝜓𝑇

𝑖 )∕𝜌𝑖 − 𝑘1𝜓𝑖𝜓
𝑇
𝑖 ,

𝜎𝑖 = (𝑓𝑖 + 𝑣̂𝑖)𝑇Λ𝑇 ∕𝑣2𝑖 ,
Λ = [0 − 1; 1 0],
𝜆𝑖 = 𝑝̃𝑇𝑖 Λ

𝑇 ∕𝜌2𝑖 ,
𝜖𝑖 = −𝜌𝑑ℎ0(1 − tanh2(𝜀𝑖))Λ𝜓𝑖,

and 𝑘2 is the positive constant.
Using the estimated information from the adaptive observer (5), we develop a dynamic control law for the enclosing control

of nonholonomic agents with a moving target of unknown velocity as described in 𝐏𝐫𝐨𝐛𝐥𝐞𝐦 𝟐, i.e.,{
𝑣𝑖 = ‖𝑓𝑖 + 𝑣̂𝑖‖,
𝜔𝑖 = −𝑘3𝜃𝑖 − 𝑘2𝜌̃𝑖𝜓𝑇

𝑖 ℎ̃𝑖𝑣𝑖 + Π(𝛿𝑖),
(6)

where 𝑘3 is the positive constant, and Π(⋅) is the function,

Π(𝛿𝑖) = 𝜎𝑖(Ξ(𝛿𝑖) + ̇̂𝑣𝑖) (7)

with

Ξ(𝛿𝑖) = 𝑏𝑖 + 𝑐𝑖𝛿𝑖 + 𝜖𝑖
∑

𝑎𝑖𝑗(𝜆𝑖𝛿𝑖 − 𝜆𝑗𝛿𝑗),

𝑏𝑖 = [−𝑘1𝜌̃𝑖𝐼 + 𝜌𝑑(𝑤𝑑 − 𝑔𝑖)Λ](𝐼 − 𝜓𝑖𝜓𝑇
𝑖 )ℏ𝑖∕𝜌𝑖 + [−𝑘1𝜓𝑇

𝑖 ℏ𝑖𝐼 − 𝜌𝑑𝛾𝑖Λ]𝜓𝑖,

𝛾𝑖 = ℎ0(1 − tanh2(𝜀𝑖))
∑

𝑎𝑖𝑗(𝜆𝑖ℏ𝑖 − 𝜆𝑗ℏ𝑗),

ℏ𝑖 = ℎ̃𝑖𝜃𝑖𝑣𝑖 + 𝑓𝑖,
ℎ̃𝑖 = (ℎ(𝜃𝑖) − ℎ(𝜃̂𝑖))∕𝜃𝑖.

In order to show the control mechanism intuitively, the data flow of multiple nonholonomic mobile agents in the control loop
is depicted in FIGURE 2.
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FIGURE 2 Data flow of multiple nonholonomic mobile agents in the control loop.
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3.2 Closed-loop system
According to equations (1)-(2), the relative position dynamics between the target and agent 𝑖 is

̇̃𝑝𝑖 = ℎ(𝜃𝑖)𝑣𝑖 − 𝑣0.

According to (3), it yields

̇̃𝑝𝑖 = ℏ𝑖 + 𝛿𝑖.

It follows that the dynamics of the distance between the target and agent 𝑖 is

̇̃𝜌𝑖 = 𝜓𝑇
𝑖
̇̃𝑝𝑖 = 𝜓𝑇

𝑖 (ℎ̃𝑖𝜃𝑖𝑣𝑖 + 𝑓𝑖 + 𝛿𝑖) = 𝜓𝑇
𝑖 ℎ̃𝑖𝜃𝑖𝑣𝑖 − 𝑘1𝜌̃𝑖 + 𝜓

𝑇
𝑖 𝛿𝑖, (8)

where 𝜓𝑇
𝑖 Λ𝜓𝑖 = 0 is used.

According to the definition of 𝜃̂𝑖 in (4), the derivatives of 𝜃̂𝑖 is calculated by ̇̂𝜃𝑖 = Π(𝜃̂𝑖), where Π(⋅) is the same function as in
(7). Note that 𝜃𝑖 = 𝜃𝑖 − 𝜃̂𝑖, one has

̇̃𝜃𝑖 = 𝜔𝑖 −
̇̂𝜃𝑖. (9)

Substituting the angular velocity 𝑤𝑖 of (6) into (9), it obtains
̇̃𝜃𝑖 = − 𝑘3𝜃𝑖 − 𝑘2𝜌̃𝑖𝜓𝑇

𝑖 ℎ̃𝑖𝑣𝑖 + Π(𝛿𝑖) − Π(𝛿𝑖).

Letting 𝑒𝑖 = 𝛿𝑖 − 𝛿𝑖, one has

Π(𝛿𝑖) − Π(𝛿𝑖) = 𝜎𝑖(Ξ(𝛿𝑖) − Ξ(𝛿𝑖)) = 𝜎𝑖[𝑐𝑖𝑒𝑖 + 𝜖𝑖
∑

𝑎𝑖𝑗(𝜆𝑖𝑒𝑖 − 𝜆𝑗𝑒𝑗)].

Then it yields
̇̃𝜃𝑖 = − 𝑘3𝜃𝑖 − 𝑘2𝜌̃𝑖𝜓𝑇

𝑖 ℎ̃𝑖𝑣𝑖 + 𝜎𝑖[𝑐𝑖𝑒𝑖 + 𝜖𝑖
∑

𝑎𝑖𝑗(𝜆𝑖𝑒𝑖 − 𝜆𝑗𝑒𝑗)]. (10)

In order to show that the conditions required in both 𝐏𝐫𝐨𝐛𝐥𝐞𝐦 𝟏 and 𝐏𝐫𝐨𝐛𝐥𝐞𝐦 𝟐 are satisfied, rewrite the closed-loop system
in a compact form. According to (8) and (10), one has

̇̃𝜌 = 𝐷(𝜓𝑇
𝑖 ℎ̃𝑖𝜃𝑖)𝑣 − 𝑘1𝜌̃ +𝐷(𝜓𝑇

𝑖 )𝛿 (11)

and
̇̃𝜃 = − 𝑘3𝜃 − 𝑘2𝐷(𝜌̃𝑖𝜓𝑇

𝑖 ℎ̃𝑖)𝑣 + [𝐷(𝜎𝑖𝑐𝑖) +𝐷(𝜎𝑖𝜖𝑖)𝐿𝐷(𝜆𝑖)]𝑒, (12)

where 𝐷(𝜒𝑖) = diag{𝜒1, 𝜒2,⋯ , 𝜒𝑛}, 𝑖 = 1, 2,⋯ , 𝑛, 𝜌̃ = co(𝜌𝑖), 𝑣 = co(𝑣𝑖), 𝜃 = co(𝜃𝑖), 𝑒 = co(𝑒𝑖).
Note that the dynamics of the estimation error of the target velocity is calculated by 𝛿̇𝑖 = ̇̂𝑣𝑖 − 𝑎0 which can be written in the

following compact form

𝛿̇ = ̇̂𝑣 − 𝑎̃, (13)

where 𝛿 = co(𝛿𝑖), 𝑎̃ = co(𝑎0) and 𝑣̂ = co(𝑣̂𝑖). Furthermore, one obtains that 𝑒̇𝑖 =
̇̂𝛿𝑖− 𝛿̇𝑖 which can also be written in the compact

form as

𝑒̇ = ̇̂𝛿 − ̇̂𝑣 + 𝑎̃, (14)

where 𝛿 = co(𝛿𝑖).

3.3 Convergence analysis
Based on the analysis in the above subsections, the following theorem is given to conclude the main results.

Theorem 1. Under the dynamic control law (6) with adaptive observer (5), nonholonomic mobile agents (1) in a connected
graph 𝐺 can asymptotically converge to a desired circular formation around the moving target (2) of unknown velocity if the
control parameters satisfying ℎ0, 𝑘1, 𝑘2, 𝑘3 > 0, that is, both 𝐏𝐫𝐨𝐛𝐥𝐞𝐦 𝟏 and 𝐏𝐫𝐨𝐛𝐥𝐞𝐦 𝟐 are solved.

Proof. We first show that the conditions required in 𝐏𝐫𝐨𝐛𝐥𝐞𝐦𝟏 hold by the adaptive observer (5).
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Take the following Lyapunov function

𝑉1 =
1
2
𝑘2𝜌̃

𝑇 𝜌̃ + 1
2
𝜃𝑇 𝜃 + 1

2
𝛿𝑇 𝛿 + 1

2
𝑒𝑇 𝑒.

According to equations (11)-(14), the derivative of 𝑉1 is calculated as

𝑉̇1 =𝑘2𝜌̃𝑇 [𝐷(𝜓𝑇
𝑖 ℎ̃𝑖𝜃𝑖)𝑣 − 𝑘1𝜌̃ +𝐷(𝜓𝑇

𝑖 )𝛿] + 𝜃
𝑇 [−𝑘3𝜃 − 𝑘2𝐷(𝜌̃𝑖𝜓𝑇

𝑖 ℎ̃𝑖)𝑣] + 𝜃
𝑇 [𝐷(𝜎𝑖𝑐𝑖) +𝐷(𝜎𝑖𝜖𝑖)𝐿𝐷(𝜆𝑖)]𝑒+

𝛿𝑇 ( ̇̂𝑣 − 𝑎̃) + 𝑒𝑇 ( ̇̂𝛿 − ̇̂𝑣)

= − 𝑘1𝑘2𝜌̃𝑇 𝜌̃ − 𝑘3𝜃𝑇 𝜃 + [𝑘2𝜌̃𝑇𝐷(𝜓𝑇
𝑖 ) + ̇̂𝑣𝑇 − 𝑎̃𝑇 ]𝛿 + [𝜃𝑇𝐷(𝜎𝑖𝑐𝑖) + 𝜃𝑇𝐷(𝜎𝑖𝜖𝑖)𝐿𝐷(𝜆𝑖) + ( ̇̂𝛿 − ̇̂𝑣 + 𝑎̃)𝑇 ]𝑒.

According to the adaptive observer (5), there exist

𝑘2𝜌̃
𝑇𝐷(𝜓𝑇

𝑖 ) + ̇̂𝑣𝑇 − 𝑎̃𝑇 = 0

and

𝜃𝑇𝐷(𝜎𝑖𝑐𝑖) + 𝜃𝑇𝐷(𝜎𝑖𝜖𝑖)𝐿𝐷(𝜆𝑖) + ( ̇̂𝛿 − ̇̂𝑣 + 𝑎̃)𝑇 = 0.

The derivative of 𝑉1 is obtained as

𝑉̇1 = −𝑘1𝑘2𝜌̃𝑇 𝜌̃ − 𝑘3𝜃𝑇 𝜃 ≤ 0.

It indicates that lim𝑡→∞ 𝜃̂𝑖 = 𝜃𝑖, lim𝑡→∞ 𝛿𝑖 = 𝛿𝑖 = 0 and lim𝑡→∞ 𝑣̂𝑖 = 𝑣0 hold. The adaptive observer (5) can asymptotically solve
𝐏𝐫𝐨𝐛𝐥𝐞𝐦 𝟏.

Besides, it is also obtained that lim𝑡→∞ 𝜌𝑖 = 𝜌𝑑 holds. The first objective of 𝐏𝐫𝐨𝐛𝐥𝐞𝐦 𝟐 is satisfied. Then we will show that
the last two objectives in 𝐏𝐫𝐨𝐛𝐥𝐞𝐦 𝟐 can be satisfied through the dynamic control law (6).

According to the definition of 𝜑𝑖, one has

𝜑̇𝑖 =
𝑝̃𝑇𝑖 Λ

𝑇 ̇̃𝑝𝑖
𝜌2𝑖

=
𝑝̃𝑇𝑖 Λ

𝑇 (ℏ𝑖 + 𝛿𝑖)

𝜌2𝑖

=
𝑝̃𝑇𝑖 Λ

𝑇𝑓𝑖
𝜌2𝑖

+
𝑝̃𝑇𝑖 Λ

𝑇 ℎ̃𝑖𝜃𝑖𝑣𝑖
𝜌2𝑖

+
𝑝̃𝑇𝑖 Λ

𝑇 𝛿𝑖
𝜌2𝑖

=
𝜌𝑑(𝑤𝑑 − 𝑔𝑖)

𝜌𝑖
+
𝑝̃𝑇𝑖 Λ

𝑇 ℎ̃𝑖𝜃𝑖𝑣𝑖
𝜌2𝑖

+
𝑝̃𝑇𝑖 Λ

𝑇 𝛿𝑖
𝜌2𝑖

=𝑤𝑑 − 𝑔𝑖 + 𝜉𝑖,

where

𝜉𝑖 = −
𝜌̃𝑖(𝑤𝑑 − 𝑔𝑖)

𝜌𝑖
+
𝑝̃𝑇𝑖 Λ

𝑇 ℎ̃𝑖𝜃𝑖𝑣𝑖
𝜌2𝑖

+
𝑝̃𝑇𝑖 Λ

𝑇 𝛿𝑖
𝜌2𝑖

. (15)

Note that 𝜉𝑖 will converge to zero as 𝑡→ ∞ due to the above results lim𝑡→∞ 𝜌̃𝑖 = 0, lim𝑡→∞ 𝜃𝑖 = 0 and lim𝑡→∞ 𝛿𝑖 = 0.
Let 𝜑̃𝑖 = 𝜑𝑖 −𝑤𝑑𝑡 − 𝜙𝑖, with 𝜙𝑖 − 𝜙𝑗 = 𝜙𝑖𝑗 . One has

̇̃𝜑𝑖 = −𝑔(𝜀𝑖) + 𝜉𝑖,

where 𝑔(𝜀𝑖) = 𝑔𝑖. Note that 𝜀𝑖 =
∑
𝑗∈𝑁𝑖

𝑎𝑖𝑗(𝜑𝑖 − 𝜑𝑗 − 𝜙𝑖𝑗) =
∑
𝑗∈𝑁𝑖

𝑎𝑖𝑗(𝜑̃𝑖 − 𝜑̃𝑗). There exists

𝜀̇𝑖 = −
∑
𝑗∈𝑁𝑖

𝑎𝑖𝑗[𝑔(𝜀𝑖) − 𝑔(𝜀𝑗) − (𝜉𝑖 − 𝜉𝑗)].

Take the Lyapunov candidate as

𝑉2 =
∑
𝑖

𝜀𝑖

∫
0

𝑔(𝜏)𝑑𝜏 .
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Then it is obtained that

𝑉̇2 =
∑
𝑖
𝑔(𝜀𝑖)𝜀̇𝑖

= −
∑
𝑖

∑
𝑗∈𝑁𝑖

𝑎𝑖𝑗𝑔(𝜀𝑖)[𝑔(𝜀𝑖) − 𝑔(𝜀𝑗)] +
∑
𝑖

∑
𝑗∈𝑁𝑖

𝑎𝑖𝑗𝑔(𝜀𝑖)(𝜉𝑖 − 𝜉𝑗)

= − 1
2
∑
𝑖

∑
𝑗∈𝑁𝑖

𝑎𝑖𝑗[𝑔(𝜀𝑖) − 𝑔(𝜀𝑗)]2 +
∑
𝑖

∑
𝑗∈𝑁𝑖

𝑎𝑖𝑗𝑔(𝜀𝑖)(𝜉𝑖 − 𝜉𝑗).

Note that |𝑔(𝜀𝑖)| ≤ 𝜇, one has

𝑉̇2 ≤ −1
2
∑
𝑖

∑
𝑗∈𝑁𝑖

𝑎𝑖𝑗[𝑔(𝜀𝑖) − 𝑔(𝜀𝑗)]2 +
∑
𝑖

∑
𝑗∈𝑁𝑖

𝑎𝑖𝑗𝜇(|𝜉𝑖| + |𝜉𝑗|).
Integrating the inequality from 0 to 𝑡, it yields

𝑉2(𝑡) +
1
2

𝑡

∫
0

∑
𝑖

∑
𝑗∈𝑁𝑖

𝑎𝑖𝑗[𝑔(𝜀𝑖) − 𝑔(𝜀𝑗)]2𝑑𝜏 ≤ 𝑉2(0) +

𝑡

∫
0

∑
𝑖

∑
𝑗∈𝑁𝑖

𝑎𝑖𝑗𝜇(|𝜉𝑖| + |𝜉𝑗|)𝑑𝜏 . (16)

From the definition of 𝜉 in (15), it is noted that 𝜉𝑖 converges to zero as 𝑡 → ∞. Then one has ∫ 𝑡
0
∑
𝑖
∑
𝑗∈𝑁𝑖

𝑎𝑖𝑗𝜇(|𝜉𝑖| + |𝜉𝑗|)𝑑𝜏 is
bounded. According to (16), both 𝑉2(𝑡) and ∫ 𝑡

0
∑
𝑖
∑
𝑗∈𝑁𝑖

𝑎𝑖𝑗[𝑔(𝜀𝑖) − 𝑔(𝜀𝑗)]2 are bounded. Therefore, by Barbalat’s lemma, one
has

lim
𝑡→∞

∑
𝑖

∑
𝑗∈𝑁𝑖

𝑎𝑖𝑗[𝑔(𝜀𝑖) − 𝑔(𝜀𝑗)]2 = 0. (17)

It indicates lim𝑡→∞ 𝑔(𝜀𝑖) = lim𝑡→∞ 𝑔(𝜀𝑗) for all 𝑖, 𝑗. It yields lim𝑡→∞ 𝜀𝑖 = lim𝑡→∞ 𝜀𝑗 due to the monotonicity of function 𝑔(∗).
Note that

∑
𝑖 𝜀𝑖 = 0 holds all the time. Then one has lim𝑡→∞ 𝜀𝑖 = 0. It follows lim𝑡→∞ 𝜑𝑖 − 𝜑𝑗 = 𝜙𝑖𝑗 and then lim𝑡→∞ 𝜑̇𝑖 = 𝑤𝑑 .

The dynamic control law (6) can asymptotically solve 𝐏𝐫𝐨𝐛𝐥𝐞𝐦 𝟐. The proof is completed.

Remark 1. The proposed dynamic control law does not require the target velocity information and is applicable for more situ-
ations. While in the existing results, it is commonly assumed that the target velocity is known to all agents12,16 or at least one
agent23. Besides, we model each mobile agent by considering its nonholomomic constraint, which is more implementable for
some real robots than the controllers proposed for single-integrator agents20,21. Furthermore, we consider the case that the tar-
get is moving with constant piecewise acceleration, and finally the agents achieve the global asymptotical tracking of a moving
leader of unknown velocity with the desired circular formation by the proposed approach. In Reference 14, the target moves at
unknown velocity with continuous time-varying acceleration, and local asymptotical stability of the multiple mobile agents is
achieved finally.

4 SIMULATION

In order to illustrate the validity of the proposed dynamic controller, we conduct the following simulation in this section.
Consider 𝑛 = 3 mobile agents moving in the plane. The adjacency matrix is 𝐴 = [0, 1, 0; 1, 0, 1; 0, 1, 0]. The initial states of

the agents and the target are (-6,-4,1), (-7,3,0), (5,-4,0) and (0,0), respectively. The radius of the desired circular orbit is 𝜌𝑑 = 3m
and the desired circular velocity of each agent is set by 𝑤𝑑 = 1rad/s. The desired angular spacing is prescribed as 𝜙12 = 2𝜋∕3,
𝜙23 = 2𝜋∕3 and 𝜙13 = −2𝜋∕3. The controller parameters are set as ℎ0 = 0.2, 𝑘1 = 5, 𝑘2 = 1, 𝑘3 = 0.2. The target acceleration
is given by 𝑎0 = [0.01; 0.02] as 𝑡 < 20s and 𝑎0 = [−0.03; −0.02] as 20s ≤ 𝑡 ≤ 30s and 𝑎0 = [0; 0] as 𝑡 > 30s.

Applying the dynamic control law (6) with the adaptive observer (5), the simulation results are shown in the following figures.
FIGURE 3 shows the trajectories of all agents, where + and ∗ stand for the initial position and the final position of the target,
respectively, ◦ is the initial position of each agent, and ∙ is the final position of each agent. From FIGURE 3, we can see that
the agents perform a desired circular formation around the target even when the motion direction of the target abruptly changes.
Furthermore, FIGURE 4 and FIGURE 5 show that the distance between each agent and the target 𝜌𝑖 and the angular spacing
between neighbor agents 𝜑𝑖 − 𝜑𝑗 converges to the desired ones. FIGURE 6 shows the convergence of angular spacing between
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neighbor agents 𝜑𝑖 −𝜑𝑗 , which indicates that the agents perform a desired distribution. FIGURE 7 shows that the virtual signal
𝜃̂𝑖 converges to the actual one. In FIGURE 8 and FIGURE 9, the velocity 𝑣𝑖 and the angular velocity 𝜔𝑖 of each agent are
depicted respectively. The estimation errors 𝛿𝑖 and 𝑒𝑖 are shown in FIGURE 10 and FIGURE 11, respectively. All the estimation
errors converge to zero eventually, which implies that the adaptive observer is effective. Therefore, the simulation results above
validate our theoretical result even when the motion direction of the target has an abrupt change.
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FIGURE 3 Trajectories of the agents.
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FIGURE 4 Distance between each agent and the target 𝜌𝑖.
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FIGURE 6 The angular spacing between each pair of neigh-
bor agents 𝜑𝑖 − 𝜑𝑗 .
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FIGURE 9 Angular velocity of the agents 𝜔𝑖.
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5 CONCLUSION

In this work, an enclosing control problem has been investigated for nonholonomic mobile agents in the absence of the velocity
information of the moving target. An adaptive observer is first designed for each agent to estimate the target velocity and its
corresponding estimation error. Using the estimated information from the adaptive observer, a dynamic control law has been
further developed by a backstepping process, which drives the agents to a desired circular formation centered at the target.
Simulation results have verified the effectiveness of the proposed approach which is even effective when the motion direction
of the target has an abrupt change. In the future, we will consider the saturation constraint of control quantities in practical
applications.
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