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Abstract

We are concerned with the existence of global and blow-up solutions for the semilinear heat equation with variable exponent u
t-Au=h(t)f(u)p(x)in Qx(0,T) with zero Dirichlet boundary condition and initial data in C 0 ( © ) . The scope
of our analysis encompasses both bounded and unbounded domains, withp (x ) [?] C(Q),0<p-[?) p(x)[?] p +,
R[?] C(0,[?]), and f[?] C[0,[?]). Our findings have significant implications, as they enhance the blow-up result discovered by
Castillo and Loayza in Comput. Math. App. 74(3), 351-359 (2017) when f( u)= wu.
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1 | INTRODUCTION

Let Q ¢ RY be a domain (bounded or unbounded) with smooth boundary 0Q. We consider the semilinear parabolic problem

u, — Au= h(t)F(x,u) inQx(0,T),
u=20 on 0Q2 x (0,7), 1
u0) =uy, >0 in Q,

where F(x,s) = f(s)P™,forx € Q, s > 0, f € C[0, o) is a nondecreasing locally Lipschitz function, h € C(0, ), p € C(Q)
is a bounded function such that

0<p” <plx) <p* <o, )
for all x € Q, with p~ = inf o {p(x)}, p* = sup,co{p(x)}, and u, € Cy(Q). Here, C(€2) denotes the closure in L*(Q) of
infinitely differentiable functions with compact support in . Throughout the work we consider only nonnegative solutions in
the sense of (LI).

Problem (1)) appears in several models of the applied sciences such as electrorheological fluids?, thermo-rheological fluids”,
image processing 2, chemical reactions, heat transfer and population dynamics'!2. It has been considered for many authors. For
example, when Q is a bounded domain and A(¢) = 1, blow up results for problem (1)) were obtained in'" for F(x, s) = e?™®*, and
in?! for F(x,u) = a(x)u?™. When Q = R", Fujita type results were obtained in'4 for F(x, s) = s?™®, h(t) = 1. Specifically, in
the last case it was shown that:

e If p~ > 1+ 2/N, then problem (1)) possesses global nontrivial solutions.
e If 1 <p~ < pt <1+ 2/N, then all nontrivial solutions to problem (1) blow up in finite time.

e If p~ < 1+2/N < p*, then there are functions p such that problem (1)) possesses global nontrivial solutions and functions
p such that all nontrivial solutions blow up.

OMSC: 35B33, 35B44, 35K15, 35K55, 35K57
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These results were extended for any domain Q (bounded or unbounded); see Theorem 1.2 and Remark 1.3 of?. Specifically,
they showed the following result.

Theorem 1. Suppose that F(x, s) = s?® for s > 0.
(i) If p* < 1, then all solutions of problem (1] are global.

(i) If p* > 1 and

1

lim sup [|S(#)ugl”. ™! / h(c)do = o, (3)

t—o00

0
for every nonnegative 0 # u, € C,(£2), then every nontrivial solution of problem either blow up in finite time or in

infinite time. In the last case, we mean that the solution is global and lim sup,_, ., [|u(®)||,, = 0.

(iii) If p~ > 1 and there exists w, € Cy(L2), w, > 0, w, # 0 verifying

[*)

/ R)ISOwgllZ, ™ < oo, )
0
then there exists a constant A > 0, depending on p* and p~, so that if 0 < A < A, then the solution of , with initial data
Awyy, is a nontrivial global solution.

Notice that the conditions (3) and @) of Theorem [I] are expressed in terms of the asymptotic behavior of [|.S(*)ul|,, where
{S(1)},5( denotes the heat semigroup. The first result of this type was given by Meier for problem (1) in the case F(x,s) =
sP,s > 0,p > 1. It is important because the conditions are valid for any domain €, bounded or unbounded, and because it is
sufficient to know the behavior of ||S(#)uy||,, to decide whether the solution of problem (I)) is global or not. For example, we
know, in RN, that ||.S(#)ug|l, ~ t~N/? for ¢ near infinity and u, € Cy(R™),u, # 0. Thus, assuming 4 = 1, condition (3) holds
if p* < 14+2/N, while condition @) holds if p~ > 1+2/N. This coincides with the results obtained in#. Similar results have
been obtained for parabolic coupled system related to problem (1)) in”,® and".

The main objective of this work is to obtain Meier type results, similar to Theorem [I] for problem (I)) considering F(x, s) =
F()PX, where f € CJ[0, o) is a locally Lipschitz and nondecreasing function, and p € C(Q) satisfies condition H We also
analyze situations where p(x) < 1 or p(x) > 1 on subdomains of Q. As a consequence of our results, we improve Theorem
(i) and remove the possibility of the existence of solutions that blow up in infinite time, see Remark 2}(vi).

Our results depend on the conditions:

/ LA )
min{ f(¢)?", f(c)"" }
for some @ > 0 such that f(a@) > 0, and -
/ o _, ©)
max{f(c)"", f(c)"}

for all = > 0 with f(r) > 0.
Note that if F(x,s) = f(s) and A = 1, condition (5} turns into

o0

do < oo, €)

f(o)

which is well known as a necessary and sufficient condition for the existence of blow up solutions. Some examples of a function
f satisfying condition (/) are f(u) = u9, f(u) = (1 + w)[In(1 + w)]?, f(u) = e*™ — 1forg > 1 and a > O.
In our first result we use condition (6) to get global solutions for problem (TJ.

Theorem 2. Assume that condition (6) holds with p~ < 1. Then for every u, € Cy(Q),u, > 0 there exists a global solution of

problem (T).
Moreover, u is a positive if

(1) f(0)>O0oru,#0or
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(i1) uy = 0 with the additional assumptions:

(@) f(0)=0, f(s) > 0in (0, ) for some 7 > 0.
(b) p(x) <y < 1 for some subdomain Q' C Q.

(c) frf‘:")y < oo for some 7 > 0.

1 € C([0,7,], [0, o)) is a positive solution of the Cauchy problem:
c
X = S A7 (), x(0) =0, ®)

where cy is the constant given in Lemma Here yp (., denotes the characteristic function on the open ball centered at
X, and radius r > 0.

Moreover, u(r) > u(t)xp,» on some interval [0,7,], 7; < 7, r > 0 such that B, ,5(xy) C Q,6 > 0, and

Remark 1. Here are some comments about Theorem 2
(i) Condition f(0) = 0 implies that u = 0 is a solution of problem and assumption fof do/f(6)" < oo guarantees the
existence of a positive solution of problem (8.

(ii) The existence of a positive solution of (1)) with u, = 0, for f(s) = s, h = 1, it was shown in"# considering a subsolution
of the form w(f) = Ct'/10=" ¢, for an appropriate constant C > 0 and @, > O the first eigenfunction of the Laplacian
operator on Hé (Q'). Here, we use the subsolution w = u(-) y, of problem u, — Au = h(t) f (1)’ in Q' X (0, 7;). This idea
was used firstly in'Z

(ili) For f(s) = s, p(x) = p € (0, 1) constant, h = 1 and Q = RV, the function u(r) = [(1 — p)t]'/=P ¢ > 0, is the positive
solution of problem (1)) (4, = 0) which is obtained solving the Cauchy problem: x, = x”, x(0) = 0, see“ and'l.

(iv) When F(x,s) = s?®, s> 0and 0 < 7 < 1 we have

1 o0
/ /da /d
+o0o0 = — + -
max{al’ oP*} P sP
1

if and only if p* < 1. Thus Theorem 2] coincides with Theorem|[Ifi).

In our second result we use condition (3] to obtain blow up solutions.

Theorem 3. (i) (Global existence) Let F : (0,m] — [0, o) be defined by F(s) = %max{ fGf (S)P+} for s € (0, m].
Assume that 7 is a nondecreasing function and there exists v, € Cy(£2),0 # vy, > 0, ||vy]l, < m satisfying

[~

/h(a)F (||S(U)UO||00) do < 1.
0
Then there exists a constant 6 > 0 such that for u, = dv, the solution of problem (1)) is a global solution.

(i) (Nonglobal existence) Assume that f(0) = 0, condition (E[) holds, p~ > 1 and the following assumptions are satisfied:

(a) f(s)>Oforall s> 0,and

F(S®vy) < S@) f(vy), (€))
forall 0 < vy € Cy(Q) and 7 > 0.
(b) There exist 7 > 0 such that
/ : do — <2 / h(c)do. (10)
min{f(c)", f(o)" }
1S @l 0

Then the solution of problem (1) with initial condition u, > 0, u, # 0 blows up in finite time.

Remark 2. Here are some comments about Theorem 3
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@1 If f(0) = 0and p~ > 1, then F is well defined, since f is locally Lipschitz, and if we assume additionally that f is a
convex function we have that F is nondecreasing.

(ii) Condition f(0) = 0 is used in inequality (9) because the Dirichlet condition on the boundary must be satisfied.
(iii) Constant 277" in inequality appears due to Jensen’s inequality, see Lemma

(iv) Condition @]) holds for any convex function f when Q = RN, This is a consequence of Jensen’s inequality and the
representation of the semigroup S(f)u, = K, * u,, where K, = (4zt)~N/? exp(—|x|?/(41)) is the heat kernel.

(v) When Q is any domain, condition (9) holds for any twice differentiable and convex function with f(0) = 0. Indeed, if
v(®) = f(S()u,) then
v, — Av = — " (St)u) | VS Oupl* < 0

in QX (0, 00) and v(f) = f(0) = 0 on 0Q X (0, o). Since v(0) = f(uy) we conclude by the maximum principle.

(vi) Theorem 3]improves Theorem [I[(ii) if p~ > 1, f(s) = s and condition (3)) holds. Indeed, since p~ > 1 the condition () is
verified. Thus, it is sufficient to check the condition (T0). First, note that

+_ - 1-
/ . do < pT—p L ”,
min{c? 67"} ~ (pT=D(p--1) pt-1
(14

for every a > 0. From condition (3) there exists 7 > 0 such that

pr—p ol L (1Y r [ o
- —phwlle™ + 7 =(3) 1I5@ulis (0)do.
0

Hence, p
o

/ ©
IS(@ugllee min{or™ 07"}

1-p* pt=p- -1 1
<IS@ulls” | AL IS @l ™ + 25|

1-p* pr-p” pt-1 1
SISl |l + 25|
<27F /0 h(o)do.

By Theorem 3] u blows up in finite time.

In the proof of Theorem [3| we adapt the techniques used inl®, It is worth noting that in that work, the authors utilized their
findings to derive Fujita exponents for the problem (I)) with F(x,u) = (I + u)(In(u + 1))? and F(x,u) = e™ — 1. Theorem[3|can
also be applied to obtain Fujita-type results for problem (1) with more complex source terms and on different domains €. This
may include the logarithmic function with variable exponent [(1 + u)(In(u + 1))7]?® and the exponential with variable exponent
[e® — 177,

It is important always to be aware that solutions may blow up in a finite time when dealing with large initial data. This was
demonstrated in'# Theorem 3.3 yging Kaplan’s argument!>. Our next Theorem shows how this approach can be modified to present
a similar result. We will focus on the scenario where A = 1 for simplicity.

Theorem 4. Suppose that p* > 1, A = 1 and there exists a bounded subdomain Q' C Q such that p(x) >y > 1 forall x € Q'.
Assume also that f is a convex function such that fT ®do/f(c) < oo for some 7 > 0 with f(z) > 0. Then there are solutions
of problem (I)) such that blow up in finite time.

Remark 3. Theorem 4| for f(s) = s was established in/14 Theorem 3.3

The rest of the paper is organized as follows. Section 2 is dedicated to analyze the existence of positive global solution and
Theorem [2]is proved. Blow up for large initial data is shown in Section 3. Section 4 is devoted to the proof of Theorem 3]
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2 | EXISTENCE AND UNIQUENESS

Solutions of problem are understood in the following sense: given u, € Cy(L2), a function u € C([0, T, CO(IRN )) is said to
be a solution of problem (1)) in (0, T') if u is nonnegative and verifies the following equation
t

u(t) = S(uy + / S — o)h(o)F(-,u(o))do an
0
for all € (0, T), where F(x,u) = f(u)’™.

Since f € C[0, o0) is a locally Lipschitz function, it is clear that if p(x) > 1, the nonlinear term F(x, u), for x € Q fixed, is a
locally Lipschitz function. Thus, using usual methods it is possible to show the existence of a unique local solution of (T]) defined
in some interval [0, T]. Moreover, this solution can be extended to a maximal interval [0, T,,,,) and the blow up alternative
occurs: either Tp,,, = +oo (we say that u is a global solution) or T},,,, < oo and limsup, ;. |lu(?)|l = +oco. In the last case, we
say that the solution blows up in a finite time, see for example®,14 % and®.

When p(x) < 1 on some subdomain of €, the function F(x,u) is not locally Lipschitz (for x fixed), and we can use an
approximation method to find a solution; see problem (12). We give more details in the proof of Theorem 2] below.

The existence of a positive solution of problem (1)) for 1, = 0 is proved with the aid of the following result given in

ax

16, Lemma 2.1

Lemma 1. There exists a constant c¢,, which depend only on N, such that for any r,6 > 0 with B, ,5 = B(0,r +20) C Q,

N
Sy, > !
o) e

Proof of Theorem [2| Local existence. We use a standard approximation method, see for instance?”. For every e > 0, let
F,. : QX [0,00) = [0, c0) be defined by

forall 0 <t < 62.

Fx.s)= F()P® if s > eor p(x) > 1,
e F(ePD1£(s) if0<s<eandp(x) < 1.
Note that since we are assuming p~ < 1 there exists a subdomain of  where p(x) < 1.
The function F,(x, ) is locally Lipschitz for every x € Q. Let u® be a solution of the problem

u, —Au = h(t)F.(x,u) in QX (0,7),
u=c on 0Q x (0,7), (12)
u0) =uy+e in Q,

defined on a maximal interval [0, T: ). We know that the blow-up alternative occurs, that is, either T: =oorT: < oo and
lim SUp, 7 [[u¢(®)||, = o0. Since u = € is a subsolution to problem (12, by a comparison principle we conclude that u¢ > e.
Note thatif €, < €, then Fez(', u) = F, (-,u®2) and u® is a supersolution to problem l) (with € = €;). Hence, by a comparison
principle we have 4 < u® in [0, T);2,). Thus, we can define u = lim,_, u¢ on [0, T,;.,,) for some ¢, > 0.

Global existence. By the existence part we observe that it is sufficient to show that T; = oo for some e > 0 sufficiently
small. Since u¢ is a solution of problem (12) and u¢(¢) > € we obtain

t

ué(@t) = SOUO) + € + / h(e)S(t — o) f u(0)]"Pdo, (13)
0
forz € (0,7, ). Hence

lufDllo < Nluplleo + € + /(; h()ILf W (e)]PX|| odo.
Using the fact that f is nondecreasing we have that f(u(0)) < f(||u°(0)],), and hence

I @ @NPPll <ML (I1e6(0) 1) PPl
< max{[f(lu“@) )1 Lf (lu (@)l )1 }.
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Thus, t
lu* Dl < Nl + €+ / h(e) max{[f (|u (@)l )17, Lf (14 ()]l x))”" }do.
0

Set

(1) = llugll + €+ f5 (@) max{Lf (|40l o1 ), [ (luf ()]l )" ) }do and

g(1) = max{[f O, [f O]}
Then, |[u(?)]|,, < ¥(¢) and

W'(1) = ) max{[f (|4 D)l 17, Lf Qlu @]l 17}
< h(t) max{[f (@), [f (PO}

Fix 7 € (0,min{e, T};  }) such that f(z) > 0 and condition @ holds. Defining H(t) = fT ! do/g (o), for t > 7, we obtain
(HoW)'(t) < h(t) fort € (0,T¢, ). Thus,

e Dl k0] t

/ do_ / do_ / h(o)do + H(¥(0)), (14)
g,(o) g,(o) /

T T

forr € (0, T¢, ). From this inequality, we concluded that T¢ = oo, since if ¢ < oo we have that limsup, 7. [lu¢®)|l,, =
ax max max max
+00, which contradicts condition (6).

Existence of a positive solution. (i) If uy > 0 and u, # 0, the result follows from and the strong maximum principle,
since u(t) > S(t)uy > 0 fort > 0.

Assume now that f(0) > 0. Without loss of generality we may assume that 0 € Q and B, ; C  for some r > 0 and 6 > 0,
where B, ,s = B,,,5(0). Since u and u are nonnegatives, and f is nondecreasing, from (11) we have

u) > [J h(o)S(t — o) f Wo)PPdo
> [T h(e)S(t - 0)f(0)"¥do
> min{ /(0)", f(OF'} [y h(6)S(t = 0),do,

where y, = yp . Let ¢, > 0 be the first eigenfunction of the Laplacian operator on Hé (B,) associated to the first eigenvalue
Ay, > 0.Since g, > Cq, , for some constant C > 0, we have that S(t — )y, > Ce_(’_")’llvr(pl,,, and thus

t

u(t) > Cmin{ £(0)"", £(0) }e Mg, , / h(c)do > 0
0
on B,(0) X (0, c0).
Using again it is possible to show that u(¢) > S(t — s)u(s) fort > s > 0. Thus, since 0 # u(s) > 0, by the strong maximum
principle, we have that u(r) > O for t > s > 0. Letting s — 0 we get the result.
(i) When u, = 0, from we have that

1

lu @)l < H™ / h(c)ds + H(e) |,
0
fort € (0,7, ). Thus, f(u(@®) < f([lu°@®)l,) < 1forz € [0,T] with T = T(gy) > 0 small and some ¢, > 0.

On the other hand, since p~ < 1, there exists a subdomain Q' C Q so that p(x) <y < 1 for x € Q. Assume that 0 € Q' and
that the ball B,,,; C Q' for some r, § > 0. Since {u¢} is nonincreasing in € we have that f(u¢(r)) < f(@) < 1for0<e < ¢
and 0 <t < T. Thus, from

u(t) > [y h(©)S(t — o) {[f U)Wy, } do
> [ h(e)S(t — o) {[f W )] 1, } do.

It is well known that condition for do/[f(6)]" < oo assures that the solution y of the Cauchy problem (8) is continuous and
positive in some interval [0, 7;]. Since f(0) = 0 and u(0) = O, it is possible to choose 7, € (0, 7;) so that f(u(z)) < 1 for

5)
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t € (0, 7,). Thus by Lemmal[I]
Jy h(©)S(t = ) f (W) y,do
= [, h(e)S(t — o)Lf (u(0) )V x,do
= [y h@Lf () S(t — 0) y,do

N
> cN/o KOS W@ () Zyuyims 40

> 21, Jo HOLf (o)) do
= u®)x, = w(),

(16)

for 0 < t < min{r,, 7%, 8%} = 5.
Subtracting (T6) of (I5)

w(t) — ut(t)
< f(; h(e)S(t — o) {[f(w)] — [fWw (o)) } . do
<v /Ot h(c)S(t — o)[0f (w) + (1 — 0) f W) (w —u), y.do; 6 € (0, 1)
<y /01 h(c)S(t — o)[f W)~ (w — u6), y,do
<SyIfOF! [y h(@)S(t = 0)w — u), y,do,

where a, = max{a, 0} for all a € R. Thus,

t

[w(®) — u (O], < pTIf(e)) ! / h(e)S(t — o)(w — u), x,do,
0

and .

Iw@) - w1, 2l < PHLFEF / h(@)|l[w — ul, x|l do-
0
By Gronwall’s inequality, (w(t) — u‘(?)), x, = 0, for ¢ € (0, 73), that is, w(t) < u(?) on the ball B, for ¢ € (0, 73). Letting, ¢ — 0
we conclude that w(t) < u(f) on B, X [0, 73).
Since w > 0 and w # 0, we can argue as in case (i) to conclude that u is positive.

3 | LARGE INITIAL DATA

For the existence of blow up solutions we need of the following result established in'% Lemma3.1,

Lemma 2. Let 5 be a positive measure in Q € R” such that fQ dn=1landlet f € LF (Q,dn) with 1 < p~ < p(x) < p* for
all x € Q. Then

p- Ja

/If(x)l"(")dn(X)ZT‘”min /If(X)Idn(X) ,/If(x)ldﬂ(X)
Q Q Q

Proof of Theorem[d|Let ¢, > 0 be the first eigenvalue associated to the first eigenvalue 4, > 0 of the Laplacian operator on
H)(Q') such that [, @, = 1. Let O(t) = [, u(t)p,dx. By Lemmaand Jensen’s inequality
O + 40 > [, [f )PV, dx
> 27" min { (fo S@@)@1) (for S@)r)” |
> 2"’: min{[f (@), [f(©)]”"}
2270 f y(G)(t)),

< o0, we have that

if f(®()) > 1. Since f7 is a convex function and f f( )y

r(r) = (0
i £70) = 17(0)
r—0o0 r
Thus, there exists M > 0 such that 2’% fr@) — Ayr > 2p++1 —— f1(r) for r > M. Therefore, ® > T f7(®) whenever f(©) > 1
and ® > M. Taking ®(0) such that ®(0) > max{ M, a}, where f(a) > 1, we have that the solution blows up.

= +o0
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4 | BLOW UP AND GLOBAL EXISTENCE

Proof of Theorem [3{(i) We apply an argument similar to the one used in**. Consider 6 > 0 such that
< —r, a7

where f > 0 satisfies

(o]

[ noraseulae < 4.
0
for some v, € Cy(Q), vy > 0,0, # 0. Set uy = 5v, € Cy(Q) and define the sequence {u*} 5 by u’(t) = S(*)u, and

t

u (1) = S(Duy + / S(t — o)) f W (o))" do,
0
fork e Nand ¢ > 0.
We claim that

u (1) < (1 + B)S()ug, (18)
for k > 0 and ¢t > 0. To show this, we use induction on k. Estimate is clear for k = 0, thus we assume that holds for k.
Note that condition implies [|(14+8)S )yl < I1S@®vyllee < mfort > 0. Since (0, m] — [0, o) and f are nondecreasing
functions, and sF(s) = max{ f(s)’", f(s)?" } for s € (0, m] we have

t

W) = S(uy + / S(t — 6)h(e) [ f W (o)™ do

0
t

S®uy + / h(e)S(t - o) f((1+ ﬂ)S(G)uO)]”(X) do

0
t

S(Huy + / h(e)S(t — o) f(S(6)v)]"™ do

0
t

S®u, + / h(0)S(t — 0) max{[f(S(e)vp))” , [ (S(e)vy)) }do

0
t

= S()uy + / h(6)S(t — 0)F(S(6)0y)S(c)vydo
0

IA

IA

IA

t

< S®uy + SMv, / h(e)F(|S(e)vylls,) do
0
< S@ug + (1 + BSuy ﬂf— 1= 1+ pS®)uy.

Hence, claim holds for k + 1.

On the other hand, using again induction on k, it is possible to that u**! < u* for all k € N. Thus, from monotone convergence
theorem and estimate , we conclude that u = limu,, is a global solution of .

Proof of Theorem (ii) We argue by contradiction and assume that there exists a global solution u € C([0, o), C(£2) of
problem (T)) with initial condition u, # 0, that is

t

u(t) = S(uy + / S(t — o)h(o) fu(e)]"™ do,

0
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fort > 0.Let0 < ¢t < s. Then,
t

S(s — Hu(t) = S(s)uy + / h(6)S(s — o) f w(o)P™ do. (19)

0

Set d(t) = S(s)uy + [ h(6)S(s — &) f (@)’ do, for t € [0, s]. Then
@' (1) = h(1)S(s — DLf w@)]P™,
and from Lemma
S@s = DLf @) = [ Ko(x,yis = DL W, y)PPdy
> 27" min { [SG=0) /@) [Sts=)f @) } ,

a(s—t,x)P" -1 7 a(s—t,x)pt-1

where K, is the Dirichlet heat kernel on Q and a(s—t, x) = [, Kq(x, y; s—1)d y. Since Ko(x, y; s—1) < Kpu(x, y; s—t),23 Lemma 7,
we conclude that a(s — 7, x) < 1. Thus, since p~ > 1, f is nondecreasing, inequality (9) and we obtain
@'(1) > 27" h(f) min {[S(S -0 fw®)” ,[S(s— t)f(u(T))]f}
> 277" h(t) min {[f(S(S — DU, [f(S(s — t)u(t))]pf} (20)
= 277" h(t) min {[f (D))", [f (@)} } .

Set g,() = min{[f (D))", [f(t)]P+} for all + > 0. Then, by we have @' (1) > 2‘p+h(t)g2(<l)(t)). Defining G(¢) = fl+°° °_ for

’ 8 (0)
t > 0 we obtain [G(®(?))] = —2% < —277"h(t), for 0 < t < 5. Note that condition H guarantees that the function G is well
defined. ’
Integrating, from O to s, we obtain
do do
~G(SOM) < Jow) 1 ~ Jowoy

= G(D(s)) — G(P(0))
< =277 [ h(o)do

which is equivalent to 2-F" fos h(o)do < G([S(s)uyl). Since G is decreasing and the left hand does not depend on x, we conclude
that

N

2 / h(o)do < G(|S()uyll.y),

0
which contradicts condition (T0).

S | CONCLUSIONS

We deal with the parabolic problem u, — Au = h(t) F(x, u) in QX (0, T'), where Q is a smooth domain (bounded or unbounded),
F(x,u) = f(w)’®, with f € C[0, c0) non-decreasing, & € C(0, ) and p € C(Q) with 0 < p~ < p(x) < p*. We assume that
uy € Cy(£2), uy > 0 and consider only non-negative solutions.

Under the assumption /*° m
some conditions to get positive solutions in the case that u, = 0, extending the results of the classical case F(x,t) = #¢ with
0 < g < 1.When fr ® m < oo we obtain blow up solutions and we use this result to improve a result established in?.

Global existence is obtained for small initial data assuming that fO°° h(e)F(||S(0)vyll,)do < 1 for some v, € Cy(L2), vy # 0,

where F(s) = max{ f(s)”", f(s)” }/s defined on a small interval (0, m).

= oo we show that all the solutions non-negative are global. Moreover, we establish
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