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1 Introduction

In this paper, we consider a mathematical model depicting in the framework of the Boussinesq
approximation, the heat convection in the micropolar fluid [14, 15,20], which is called microp-
olar Rayleigh—Bénard convection system. The micropolar Rayleigh—Bénard convection system
is a coupled system, including the micropolar equation and Rayleigh—Bénard equation. The
micropolar equations were first introduced in 1966 by Eringen [7], which enables us to consider
some physical phenomena that cannot be treated by the classical Navier-Stokes equations for
the viscous incompressible fluids, for example, the motion of animal blood, liquid crystals and
dilute aqueous polymer solutions, etc. The Rayleigh-Bénard equation can be used to model the
behavior of the fluid layer filling the region between two rigid surfaces heated from below. The
standard micropolar Rayleigh—Bénard convection system is as follows

Ou+u-Vu—(u+ x)Au+ Vp =2xV X w + e3b,

Oyw + u - Vw — vVAw + 4dxw — nVV - w = 2xV X u,

Ol +u-VO— kA0 =u-es, (1.1)
V-u=0,

u(z,0) = up(x),w(x,0) = wo(x),0(x,0) = Oy (x),
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where u denotes the velocity of the fluid, w denotes the micro-rotation velocity, # is the scalar
temperature, p is the pressure. u, x and x are the kinematic viscosity, the vortex viscosity and
the thermal diffusivity, respectively. n and v are angular viscosities. The forcing term fes in the
momentum equation describes the action of the buoyancy force on fluid motion and - e3 models
the Rayleigh-Bénard convection in a heated inviscid fluid.

If x =0, w =0 and the Rayleigh-Bénard convection term u - e3 = 0, system (1.1) becomes
the Boussinesq equation, which models geophysical flows such as atmospheric fronts and oceanic
circulation, and plays an important role in the study of Rayleigh-Bénard convection. Due to its
physical application and mathematical significance, Boussinesq equations have attracted consid-
erable attention in recent years and have made some progress [2,9-11,25]. When the effect of
temperature is neglected, namely # = 0, then system (1.1) reduces to the classical micropolar
system. More advances about the micropolar equations with partial dissipation refer to [4,5,8].

If x =0 and w = 0, system (1.1) reduces to the Bénard equation. In 2012, Wu and Xue [22]
established Global well-posedness for the 2D inviscid Bénard system with temperature fractional
diffusivity, which is shown below:

dru+u-Vu+ Vp = e,

00 +u-VO+ A0 =u-e,,

V-u=0,

(u,0)(x, ) =0 = (u0,00)(z), =€ R,

(1.2)

where 1 < 8 < 2 and A = (—A)= denotes the Zygmund operator. Wu and Xue [22] obtained
the Key estimate of ||0]|p~ by the DeGiorgi-Nash estimate approach. In 2017, Ye [26] provided
a simple approach to obtain the ||f||L~ estimate of system (1.2). When § = 1, the system
(1.2) corresponds to the 2D inviscid Bénard system with temperature critical diffusivity, and it
is difficult to show the global regularity in this case by the methods of Wu and Xue [22] and
Ye [26]. The main obstacle is the lack of the L>°-information of 6. In this paper, we investigate
the case of § = 1, which is called the critical case, coupled with the micropolar equation. The
specific equation is as follows

diu+u-Vu+ Vp =2xV X w+ e,
Oyw + u - Vw — vAw + dxw = 2xV X u,
00 +u-VO+ A0 =u-es, (1.3)
V-u=0,
(u,w, 0)(x,t)i—0 = (ug,wo, 0o)(x), x € R
The standard 2D micropolar Rayleigh—-Bénard convection can be written as
Ou+u-Vu— (u+ x)Au+ Vp = 2xV X w + eab,
Oyw + u - Vw — vAw + dxw = 2xV X u,
O +u-VO—kAO =1u- e, (1.4)
V-u=0,
(u,w,0)(z,t)i—0 = (uop,wo,00)(z), =z &R
In 2020, Xu and Chi [24] obtained global regularity for the system (1.4) with temperature zero
diffusivity (i.e., kK = 0). In 2021, Wang [23] established the global regularity of the system (1.4)
without velocity dissipation (i.e., u + x = 0); Deng and Shang [6] obtained global regularity for
the system (1.4) with only velocity dissipation (i.e., v = k = 0). In this paper, we study the
global regularity of the system (1.3), which is equivalent to the system (1.4) with velocity zero

dissipation and temperature critical dissipation (i.e., p+ x = 0 and —A# is replaced by Af). The
main result is stated as follows.



Theorem 1.1. Consider (1.3) with x > 0 and v > 0, Assume (ug,wo,0o) € H*(R?) with s > 2
and V -ug = 0. Then the system (1.3) has a unique global solution (u,w,8) such that for any
T>0,

u e C([0,T); H*(R?)),
w e C([0,T);H*(R?)) N L*(0, T; H¥(R?)),
0 € C([0,T);H*(R?)) N L2(0,T; H**3 (R?)).

Remark 1.1. The results of Wang [23] is improved by Theorem 1.1, in which we reduce the
temperature dissipation term —A0 to A6.

Remark 1.2. If x = 0, w = 0 the 2D micropolar Rayleigh-Bénard convection system (1.3)
reduces to the 2D Euler-Boussinesq-Bénard equations. With Yudovich’s type data, Ye [28] also
obtain the global unique solution using a different method.

To prove the Theorem 1.1, a large portion of the efforts are devoted to obtaining the a priori
estimates for (u,w, ). In this paper, we shall consider the vorticity Q £ V x u, which satisfies

To deal with the terms on the right hand side of the vorticity equation, we construct a
combined quantity I' 2 Q + R0 + w with R; £ 9;A~'. We estimate ||0||~ by doing the H*
estimate of 6 and the L" estimates of I' and w, where % <k< % and 4 < r < co. Then, the
desired estimate |||~ can be obtained from the estimates of ||T'||pe, ||R16| L~ and ||w]||pee.
Furthermore, with the aid of the property of the heat kernel (see Lemma 2.9), we can obtain the
estimate of ||Vw||p~. We further do the H' estimate of the temperature equation and derive
the estimate of fOT ||A%9||2L2dt. With the disposal of the previous estimates at hand, we are able
to show the global H*® estimates of (u,w,f) by using the logarithmic Sobolev and Gronwall’s
inequalities (see Lemmas 2.6, 2.7).

Throughout this paper, the letter C' denotes a generic constant whose exact value may change
from line to line, although the same letter C is used. Because the exact values of p, x and v do

not affect the result, for simplicity, we set u = x = % and v = 1.

2 Preliminaries

In this section we first introduce Littlewood-Paley decomposition and the definition of Besov
spaces. Materials presented here can be found in several books and papers [1,17,21]. Given
f(z) € S(R?), the Schwartz class of rapidly decreasing functions, define the Fourier transform as

fl€) = Fr©) = m) 2 [ e aya

and its inverse Fourier transform:

(&) = FU(E) = (2m) 2 / €€ F(£)dE.

Rd

Choose a nonnegative radial function y € C§°(R%) such that 0 < x (&) < 1 and

3

0, for ¢ > 3,



and let $(&) = x(£/2) — x(€), x;(€) = x(57) and ¢;(€) = @(3;) for j € Z. Write

h(z) = F'x(z),
hi(z) = 29h(2z),
pj(@) 29527 z).

A_qu(z) = hxu(z),
Nju(z) = @j*u(z) for j >0,
Nju(z) = 0 forj <=2,
Sju(z) = Z Agu(z) for j > 0.

—1<k<j—1

Formally A\; is a frequency projection to the annulus [£] & 27, while S; is a frequency projection to
the ball |¢| < 27 for j > 0. For any u(x) € L*(R?) we have the inhomogeneous Littlewood-Paley
decomposition

u(z) = h*u(m)—i—Zcpj *u(z).

j=0
Clearly,
suppx(§) Nsuppp;(§) = 0 for j > 1,
suppp; (£) Nsuppp;(§) = 0 for |j — 5| > 2.

We now recall the definition of the Besov space.

Definition 2.1. Let s € R and 1 < p, q < 400, the Besov space B;’q(Rd) abbreviated as B, , is
defined by

By, ={f(z) € S'R; | f|s;, < +oc},
where
1l = { (Cjoa P24 [10)7, for g < +oo,
P sup;>_1 27°(|A; fl e, for ¢ = +o0
is the Besov norm.
Next we recall the definition of two kinds of space-time Besov spaces.

Definition 2.2. Let T >0,s€R, 1 <p, q, r < o0 and j > —1.
(1) We call uw € L™(0, T} B;yq(]Rd)) if and only if

lullsps , = (27| Ajull o )all Ly < oo

(2) We call w € L"(0,T; B;’q(Rd)) if and only if

lullz s 2 1271 Agtul 2o a0 < o0,



The following lemma states the Bernstein’s inequalities (see [1, 3]).
Lemma 2.1. (1) Let « > 0 and 1 < p < q < oo, if f satisfies
suppf C {¢ € R?: |¢] < K27}

for some integer j and a constant K > 0, then

[(=2)* fllze < Ca220 G2 £ .
(2) Let « > 0 and 1 < p < q < oo, if f satisfies

suppf C {€ e R?: K120 < |¢] < K27}
for some integer j and constants 0 < K1 < Ky, then

1

C12%%9 | fll o < (=) fllpe < C222°9H9G=2)| £l 10,

where Cy and Co are two constants depending on «, p and q.
(8) Let 0 < oo <2 and 2 < p < co. Then there exist two positive constants ¢, and C, such that
for any f € 5" and 5 >0, we have

20j Py 2 20
2 7 A flle < A 12172 < Cp27% 1A, fl e
Next we recall some commutator estimates.

Lemma 2.2. [13,16] Let d be the space dimension. Let s >0, 1 < r < oo and % = p% +
p% + q% with q1,p2 € (1,00) and p1,q2 € [1,00]. Then

1A%, flgllze < CUIV Fllzen A gllpar + A Fllzea llgllzes ),

where [A®, flg = A*(fg) — fA®g and C is a constant depending on the indices s,r,p1,q1,D2,q2-

Lemma 2.3. [26] Let d be the space dimension and % = ]D%er% with p € [2,00), p1, p2 € [2,00],
q €[1,00] as well as s € (—1,1 —¢€) for e € (0,1). Then

IAS, f - Vglls , < C(IVFl[Lellg]

Bfe T 1fNlz2llgllL2),
where fis a divergence-free vector field.

Lemma 2.4. [12,28] Let d be the space dimension. Let u be a smooth divergence-free vector
field and 0 be a smooth scalar function. Then
(1) For every p € (1,00) there exists a constant C = C(p) such that

IRy, w- Vbl < Cl[VullLe[|0]| L~

(2) For every (p,r) € (1,00) x [1,00] and € > 0 there exists a constant C = C(p,r,€) such that

IRy, u-V10|sg, , < O L~ + [120le)(|6]

Be,, +10lzr).

Lemma 2.5. [12] Let d be the space dimension. Let u be a smooth divergence-free vector field.
Then, for all p € [1,00] and ¢ > —1,

IAg,w- V0l < ClVullzr|0] e, .,

for every smooth scalar function 6.



Now, we recall the logarithmic Sobolev and Gronwall’s inequalities (see [27]).

Lemma 2.6. Let d be the space dimension and s > % + 1. Then there exists two constants Cy
and Cy such that

IV fllzee < CilIVSllL2 + ColV £y,  log(e + [[Af]|2).

Lemma 2.7. Let A and B be two absolutely continuous and nonnegative functions on (0,T) for
giwen T > 0 satisfying

A'(t) + B(t) < [m(t) + n(t)log(A+ B +e)](A+e) + f(t).

for any t € (0,T), where m(t), n(t) and f(t) are all nonnegative and integrable functions on
(0,T). Assume further that there are three constants K € [0,00), o € [0,00) and 8 € [0,1), such
that for any t € (0,T),

n(t) < K(A(t) + e)“(A(t) + B(t) + e)”.

Then the following estimate holds true
t
A+ [ B(s)ds < Clmin, f.0,6,K,0) < ox, (21)
0

for any t € (0,T). Especially, for the case a = 0, namely
n(t) < K(A(t) + B(t) +¢)?,
(2.1) still holds true.

The following form of positive lemma gives a specific lower bound, which makes it convenient
for us to do the L" estimate for r > 2.

Lemma 2.8. [18] Suppose s € [0,2], f and A°f € LP for p > 2. Then

p—2 s 2 5 % 2
[ 2inesan =2 [ s a.

Finally, we give a classic LP-L? type estimate for the heat operator as follows.

Lemma 2.9. [19] Let d be the space dimension, s >0 and 1 < p < g < co. For anyt > 0, we
have

[Voe 2 f|lpa < Ct= 572G f]| 1.

3 The proof of Theorem 1.1
3.1 The estimate of ||0| .=

In this subsection, we first establish the global L2-bound for (u,w, ), and then the estimate
of ||0]| L. Precisely, we have the following lemma.



Lemma 3.1. Let (ug,wo,80) satisfy the assumptions stated in Theorem 1.1. Then the corre-
sponding solution (u,w,8) of (1.3) obeys the following bounds, for any 0 <t < T

t t
1
2 + ]2 + [6]25 + / V()2 adr + / IAR6(, 7)|[2adr < | (o, wo, Bo) || 2267,

(3.1)
0] L < CeCT. (3.2)
Proof. First, we dot (1.3) with (u,w,8). By the Holder and Young’s inequalities, one has
1d 1
5&(”“”%2 +llwlZe + 1161Z2) + [Vwllza + 2l|w]Z: + |AZ6]/7
z/ (v xw)-ud:v—i—/ eﬁ-udx—i—/ (V xu)-wdx—i—/ u - egfdz
R2 R2 R2 R2
< Cllull 2| Vwllzz + CllullL2(|0]] 2
1
< Cllulzz + ClIOIIZ: + S [IVellZe
By Gronwall’s inequality, (3.1) is proved.
Now, we estimate ||0||» for 2 < p < co. Doing the LP estimate of ¢, we have
1d
Lotz + [ a0 Gop20)e = [ us (0P~ (33)
pdt R2 R2
By Lemma 2.8, one has
2 P 2 P
/ A8 - (10]P~20)da > 7/ (A26%)%dz = Z||AZ|0|%||2.. (3.4)
R2 D Jr2 p
By the Interpolation and Young’s inequalities, we have
9 p 2=l
\/Rz ug - (|01770)dz| <Cllull L2 1101% 1| afo-1/0
p, 2 1,000,222
<Cllull2l[101= [ 221421012 ][ 12"
1 » 2(p—2)
<Cllull 210l » |1AZ16] 2] ;2" (3.5)
1 P 1
<—[[AZ161% |72 + Cl0I1, + O (Cp).
p p
Inserting (3.4) and (3.5) into (3.3), one has
d 1,2
1Oz + 1A= 0151172 < Cl10117, + C(Cp)?.
By Gronwall’s inequality, we have
t
L2
16117 +/0 IAZ16]%[[72d7 < C(|160]l7, + (Cp)?)e™. (3.6)

Next, we estimate ||A*|p2, |T||r- and ||w||z- for & < k < =2 and 4 < r < co. Applying
the operator A* to the temperature equation, and dotting A*6 on the both sides and integrating
over R?, we can derive that

1d

QaHAkaHiZ +|[AFTE0)2, = —/ Ak(u~VG)Ak9dx+/ AfugARodz. (3.7)
R2 R2



By Lemmas 2.1 and 2.3, one has
| [ AF(u-VO)A*Odz| =|/ (A% u - V]OAROdz|
R2 R2
k k
<C||[A%u- V6], A%,
<CI|[A*,u- Vel -3 (IA¥F20]| 2 + [|A*0]| .2)

2,2

+ [l 2 011 2) (I A*F26]| 2 + [[A*6)] 2)

,2

1
2

<C(IVulor ]

r—2

<O 1015 + lullz21002) (IA*F 20 12 + [ A%6]].2)

<C|A%9]|2.]|0

1
%,.+C’+§||Ak+%9||2p + C||A%0]2., (3.8)
where we used k < %
\/ ArfuaA*0dz| <C||AFugl| L2 || AR 12
R2

<Cllul[ha ™2 0|27 || A%
<Cllull > Q0L A0 2
<C(IA%0]Z. + lI901Z.) + C. (3.9)

Inserting (3.8) and (3.9) into (3.7), one has

2)+C

d 1 1
&HA’“GH@ +[AF20)7. <C(IAZ0]|72 + 1D)(([A*0]|7 + 1192
<C([AZ0]7: + D(IA*0)17= + [TI[7- + lwll7- + 1) (3.10)

To close the estimate, we need to estimate the L norms of I" and w. Applying the operator R,
to the temperature equation, we have

atRlﬂ —+u - VR19 + AR19 = 7[721,11, . V]0 + R1U2.

Combining above equation, vorticity equation (1.5) with the equation of w, we can get the
equation of I' := Q + R0 + w as

Ol +u-VI' = —[Ry,u-V]0+Rius + Q — 2w,

where [Ri,u-V]0 £ Ri(u-V0) —u- VR0 denotes the commutator. Doing the L estimate of
I', we have

d
S < [Rayu- VIOle Il e + ([Rauallor + 1902r + 2wl Tl 2 L+ L. (311)
dt
By Lemma 2.4, we have
|Il‘ SC”[Rl,U . V]0| Lr F| Lr
<C|[Vull L [|0] Lo ]| -
<C(ITlrr + 1R10]| - + wll )0l oo T ]| - (3.12)
<O)|0]l = (ITNZ- + wlZ- +1).
It is easy to derive that
|[I2] < C(IPIIZ + llwllZr +1). (3.13)



Inserting (3.12) and (3.13) into (3.11), one has
d
FITIZ- < Clollee (ITIZ- + Jlwlz- +1). (3.14)
By doing the L" estimate of w, we have
d
Wl + lwlzr < Clelerlwler < CUTIZ + wlzr +1). (3.15)
Adding (3.10), (3.14) and (3.15) together and we get
d 1
T IA%0IZ + I + JlwllZ-) + 1A 2017

1
<C(0 Lo + IAZ0]Z2 + D(IA™OI72 + ITIZ- + lwllZ +1). (3.16)

By using Lemma 2.1 and the equation (3.6), for N to be determined later we have that for k > %

0] <lISn41llze + D> [1Ag0]|z~

qg=>N+1

2 1_ 1
<OV [[Sn b +C D 21T AR T A B
qg>N+1

<C2% (1! +1) + C2V G| AR 39 o
We choose 2N <1’ < co and N satisfying
N > [Clog(e + [A*+0)13)] +1,
thus we arrive at
0]l < C + Clog(e + A 30]|7,).
Inserting the above estimate for |6/~ into (3.16), we have
AN + T3 + i) + A=),

<C(log(e + |A**20]12,) + [AZ0]|2. + 1) (JJA*0) 22 + D)1, + |lwl|3 +1).

Applying the logarithmic Gronwall’s inequality in Lemma 2.7, we have that for % <k<
4<r<oo

t
IA%0IEs + I + [l + [ IA*+H6adr < CeT.
0

By the Interpolation inequality, one has
t t r=2 _r
[ Mudlmdr <c [l i 10077 ar
0 0

t
<C [ (Il + fller + 7
0
<CeCT,
We thus get from the temperature equation
t
(6l < Clloollz~ + [ fullimdr < €T,
0

and the proof of Lemma 3.1 is complete.



3.2 The estimate of |||~

In this subsection, we establish the estimate of ||2|p. Precisely, we have the following
lemma.

Lemma 3.2. Let (ug,wo,60) satisfy the assumptions stated in Theorem 1.1. Then the corre-
sponding solution (u,w,8) of (1.8) obeys the following bounds
cT
19 < Ce®
forany0<t<T.

Proof. First, we estimate ||0]] BBl - Applying the operator A, to the temperature equation, we
B
have

OGO +u- VAR + AN = —[Ay,u- V)0 + Ajus.
Taking the L?-inner product to the above equation with |A,0P~2A,0 for 2 < p < oo and ¢q > 0,
we have
1d
pdt
<[[Agyu- VIOl o | AT + | Aguall e A7,

1A0]%, + /R ALBIAOP A0

By Lemmas 2.1 and 2.8, one has
g2q||Aqe|\gp < /R AADIAOP A bda.
Thus
%HAqHHLP + 2 Agf r < Cll[Ag,w- V0|l e + CllAqual|Lr-

Integrating with respect to t, it arrives at

t

A0l < Ce™*" | Aol Lo + C / e 2 (I[Ag, u- VIO o + | Aqualle)dr.  (3.17)

Multiplying the above estimate (3.17) with 29 and integrating in time and using Lemma 2.5, we
have

t
201808ll1; e <ClIAGbOlI2r +C / (11Ag 1w~ VI6l|o + [ Aqualr)dr
0
t
<Cllfollz» +C / (IVullzel6lse, . + lullze)dr

t
<C||0o|l > +C/O (120 o101 Lo + [[ullLr)dT
<CeCT,

Thus we have

1001z, < O

10



By Bernstein inequality in Lemma 2.1, we have that for every 0 < e <1 — % and 2 < p < o0

NOlLipe < CH9||£11,B;’00 < Ce°T.

tPoo,1

Next, we estimate ||| L. By doing the L> estimates of I', w and R0, one has

t t
1D} 2~ < [Tollz + / IRy, V0] edr + / [Rya| e dr
0 0

t t
+/ HQ”LoodT"—Q/ HCU”LoodT,
0 0
t t
ol g +2 / lwllzdr < flwollz + / 19 dr,
0 0

t t
[R10| Lo < R100]| L +/ \\[R17U'V]9\|Lmdr+/ [Riuz| pedr.
0 0
Thus
19z < [Tz + [R10]| Lo + [Jw][ o=
t
< C[|Qllz + C|R1b0|| Lo + Cllwo|| L + C/ [[R1,w- V]0| p=dr
0
t t
+C/ ||R1U2||LoodT+C/ ||Q||Lood7'
0 0

By Lemma 2.4, it can be derived

t t
/||[R1,u-vw||modrsc/ |[Ruvu- V)60 dr
0 0 ’

t
<c / (920 + 190122) (18] e, + 6]l 2)dr

<c [ e

B, + D(IQz~ + 1)dr.

For 2 < p < 0o one has

t t p—2 _p
/ [Ruusllzdr < C [ |lul 72101 E 7 dr < €O
0 0

Inserting (3.19) and (3.20) into (3.18), we have

t
Q- <C+C / (6l5< , + (2 o + 1)dr.
0

By Gronwall’s inequality, we have
190l < Ce”

and the proof of Lemma 3.2 is complete.
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3.3 The estimates of |[Vw| .~ and fOT |A26])2,dt

In this subsection, we establish the estimates of ||Vw| e~ and fOT HA%GHQLth. Precisely, we
have the following lemma.

Lemma 3.3. Let (ug,woq, o) satisfy the assumptions stated in Theorem 1.1. Then the corre-
sponding solution (u,w,8) of (1.3) obeys the following bounds

t
Vel + | AB]2 +/ IA20]|2.dr < Ce"
0
forany0<t<T.
Proof. First, we write the equation of w as
t
w=ePuwy + / eNA(Q — 2w — u - Vw)dr.
0
We do the W1 estimate of above equation. By Lemma 2.9 and Young’s inequality, we have
t
IVl <IIVe o]l + / [Ve™D2(Q = 2w = u- Vw)||p~dr
0
t 1
<[IVawol +/ (= 7) 72 (I Lo + 2wl + [Jull Lo | Vwl| Lo~ )dT
0
1 t cT CcT 4 1
<[Vnll + CTH [ (" 4 T Vsl
0
By the Gronwall’s inequality, we have

(IVw||pe < cee".

Next, we do the H' estimate of 6. Applying the operator A to the temperature equation,
dotting A and integrating over R?, we can derive that

1d

L0002, + A 20)2, =—/ A(u-VG)Ade—I—/ AusAfda (3.21)
th R2 RQ

By Lemma 2.2 and Young’s inequality, we have

|/ Au - VO)AOdz| :|/ [A,u- V]0AOdz|

R2 R2
<CI|[A, u- V6|l 4 A s
<C||Vul| || A9 2| A2 0| 2
<C|| ]| A9 22| AZ 0| 2

1. .3
<C|IA0||7: 174 + §HA29||%2- (3.22)

|/ AuaAfdz| <C||Aul|z2]|AG] 2
RZ

<C||A0|3> + C. (3.23)
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Inserting (3.22) and (3.23) into (3.21), one has

d 3

&HMH%z +[IA26]Z. < C|IA9)12: (19174 + C,
thus we have

t
AO|22 + [ IA26)2.d7 < Ce,
L ; L

and the proof of Lemma 3.3 is completed. O

3.4 The global H*® estimates of (u,w,0)

This section establish the global H® estimates of (u,w,#) with s > 2.

Proposition 3.1. Let (ug,wq,bp) satisfy the assumptions stated in Theorem 1.1. Then the
corresponding solution (u,w,0) of (1.3) is bounded in H*(R?).

Proof. First, applying the operator A® to the system (1.2), and dotting the first equation of (1.2)
by A%u, the second equation by A’w, the third equation by A®6, respectively, integrating over
R2, we have

| &

(IA%ullZ2 + [1A%w] 72 + [A%0]72) + |4 wlFe + 2 AW + |A*F26] 7,

N =
o,

t

—/ [A°,u-V]u-ANude+ [ A°(V xw) - Audx + A®(ex0) - APudx
R2 R2 R2

IN

- / A%, u- V]w- AMwdz —|—/ A°(V x u) - Nwdz
R2

R2

- / [A% u- V] A°Odx + / A°(u-eg) - A°0dx
R2 R2
=Ji++J3+Jy+ 5+ Jg + J7. (324)

We can estimate J; — J7 as follows. By the Holder inequality and the commutator estimate in
Lemma 2.2, we have

|J1] < C[[A% w- Vul| 2 || A%ul| 2 < O Vul|pe [|A%ul]|7-.
S S 1 S S
T2 + J5] < CIA T w| 2| A% 12 < §HA Hlwl|Zs + Ol A3,

|3 + J7] < C(IA°0]1 22 + [|A"ul|72).
By an similar argument to derive .J;, we can deduce that

[Jal < C(IVul Lo [[A%w][ L2 + [A%ul| 2 [ Vel e )| A%w]| L2
< C(IVullz= + Vol ) (A%l 2 + [[Aw]Z2),

and

[ Js| < CIA® u- V0[] 4 [|A0]| s

13



< C(IIVullzs[[A*0l| 2 + [| A%l L2 [ VO]| L4)[|A*T2 0] 2

2 S S 1 S 1
< C(IA20172 + QL) (1A ulZ2 + [1A%0]72) + S A2 0] 7.

Inserting the above estimates into (3.24), and applying the logarithmic Sobolev inequality in
Lemma 2.6, we have

d S S S S S 1
A ullfe + [[A°W][ 72 + [A%0]72) + [ATF w72 + A% 2672
8 s s s
< O([Vullpe + [Vl + [[AZ0]72) ([Aul72 + [|A*w][72 +[|A%6]72)
< C(1+ |92 < log(e + [|Aul z2) + || Veo]| Lo + [A20]132)
X (A2 + [A°w] 72 + [A0]]72).

By the logarithmic Gronwall’s inequality in Lemma 2.7, one has

T T
1
lles + 03 + 16]3.) + / Vel dr + / AR 0, dr

< C(lluoll -, 0ol s, T).

|woll e,

The proof of Proposition 3.1 is completed. With the Proposition 3.1 at our disposal, by a standard
continuation argument of local solutions, we complete the proof of Theorem 1.1.
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