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1 Introduction

In the present paper, we shall consider the existence, uniqueness and other related properties
of solution of the following quantum stochastic differential equation (QSDE for short) driven
by the fermion field introduced by Barnett, Streater and Wilde [14] in noncommutative space
LP(%):

dX; = F(Xy, t)dW, + dW,G(Xy, t) + H( Xy, t)dt, t > 0, (1.1)

which is closely related to the quantum noise, quantum fields etc. Quantum stochastic inte-
gration and quantum stochastic differentiation are actively used in quantum optics, quantum
measurement theory and quantum filtering theory [10,11]. Therefore, it is significant in theory
and application to investigate QSDEs. The fermion field and the boson field are the two most
important quantum fields. These QSDEs driven by fermion fields and boson fields respectively,
can be uniformly understood as same framework of the Hudson and Parthasarathy’s quantum

stochastic calculus [19,24] in noncommutative spaces. There are many efforts to study solutions
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of QSDEs by many mathematicians [1,4,8,9, 20,23, 27, 30-32] and reference therein. In [22],
Hudson and Parthasarathy studied the unitary solution of a special class of QSDE

1
dU = U [ > {L;dA - L;dA*} + | iH - 5 Ly dt|, U@0)=1. (1.2)
J J

The weak solutions of the following QSDE
dM, = F(My, t)dA; + dAFG(M;,t) + H(M,, t)dt, to <t <T, (1.3)

with initial value condition M;, = Z was studied in [8,25,26], where M; is a weak solution if
M = (Mto + /tF(MS,s)dAS + /t dAIG(Ms, s) + tH(MS, s)ds> u, to <t <T,
o to to

for any u € D(M;), where M; is an unbounded operator with the domain D(M;). In [29],
QSDE (1.3) is called the Heisenberg evolution of the Schodinger equation in the fermion field.
By using the isometry property of the Ito-Clifford stochastic integral in noncommutative space
L?(%), Barnett, Streater and Wilde [14] considered the solution of QSDE (1.6) in finite time
horizon. Bishop, Okeke and Eka [12] discussed the existence and uniqueness of mild solution of
the quantum evolution equation. The aforementioned results are restricted to finite time horizon
cases. In this paper, we investigate the LP-solution of QSDEs in infinite time horizon for p > 2.

The noncommutative LP-spaces and associated Harmonic analysis have been deeply studied
in [17,21,34-37] and references therein. Let J# be a separable complex Hilbert space. The

anti-symmetric Fock space over 7 is defined by

M) = P An( ),
n=0

where Ag(#) = C and A, (5) is the Hilbert space anti-symmetric n-fold tensor product of
¢ with itself. For any z € 7, the creation operator C(z) : Ap () — Ayy1() defined
by u — v/n+1 zAu, is a bounded operator on A(#) with ||C(z)|| = ||z||. The annihilation
operator A(z) is the adjoint of C(z), i.e. A(z) = C(z)*. The fermion field ¥(z) is defined on
A(S7) by

U(z):=C(2) + A(Jz),
where J : J# — J# is a conjugation operator (i.e., J is antilinear, antiunitary and J? = 1).

Denote by % the von Neumann algebra generated by the bounded operators {¥(z) : z € J}.
For the Fock vacauum 1 € A(s7), define

m(-) = (1,-1) (1.4)

on €. Obviously, m is a normal faithful state on ¢, and (A(#), ¢, m) is a quantum (noncom-
mutative) probability space by [38]. For any 1 < p < oo, define the noncommutative LP-norm
on € by

1fllp := m(|f7)7 = (1,]£]P1) 5,



where |f| = (f*f)%, then LP(¢', m) is the completion of (¢, || - ||,), which is the noncommutative
LP-space, abbreviated as LP(%).

Now, let 7 = L*(R™), and J be the complex conjugation on L*(RT,ds). For given 0 < t <
00, define %; to be the von Neumann subalgebra of " generated by

{W(u):ue L*(R.), ess supp u C [0,¢},

then {%;}+>0 is an increasing family of von Neumann subalgebras of " which is the noncommu-

tative analogue of filtration in stochastic analysis. Let
Wi = Wxp,n) = ¥(Xp4) = Clxp.g) + AlIxo,), t € RT, (1.5)

then {W, : t € R"} is the fermion analogue of Brownian motion adapted to the family {%; : t €
R*}, which is called fermion Brownian motion.
In the rest of this paper, we mainly consider the following QSDE in infinite time horizon,
dX; = F(Xt, t)th + thG(Xt, t) + H(Xt, t)dt, in [to, OO),
Xy =2,

(1.6)

where F(-,-), G(-,-), H(-,-) : LP(¢) x Rt — LP(%) are operator-valued functions and Z €
LP(%;,) for fixed p > 2. Since W; is a bounded operator and F(z(t),t), G(z(t),t) € LP(¥) for

any t € [tg,00), they are not commuting.

Definition 1.1. A stochastic process X, : [to, 00) — LP(%) is called a solution of QSDE (1.6)

if it satisfies

t t t
Xy =7 +/ F(Xs, s)dWs +/ dWsG(Xs,s)+ | H(Xs,s)ds, as. t > to.

to to to

Throughout the paper, we shall make the following assumptions.

Assumption 1.1. F(-,-), G(-,-), H(-,-): LP(¢) x RT — LP(¥) are operator-valued functions
such that

(A1) F(-,-), G(-), H(-,+) : LP(¥¢) x Rt — LP(¥) are adapted.
(A2) For any x € LP(%), F(z,-), G(z,-), H(z,-) : RT — LP(%) are continuous a.s..

(A3) Lipschitz condition: For any z1, z2 € LP(%) and a.e. t € [0, 00), there exists a constant
K such that

[1F(z1,8) = Fg,t)[lp + [|[G(21, 1) — G, 1)l + [ H (21, 1) — H (w2, 1), < Kllzr — allp.
(A3’) Osgood condition: For any =1, z2 € LP(%) and a.e. t € [0,00),
1F(1,t) = F(x2, )5 + |G (21,) = Gz, )} + [ H (21, t) — H(wa, 1)l < p(llzr — 22[7),

where p : Rt — R* is a continuous non-decreasing function with p(0) = 0, p(r) > 0 for
dr_ _
r > 0, such that f0+ T:’) = 4o00.



(A4) For any t € [0, 00),
F(0,t) = G(0,t) = H(0,t) =0, a.e..

Theorem 1.1. Under the above assumptions, for p > 2, there is a unique continuous adapted
LP-solution { X}, of the following quantum stochastic integral equation,

X =7+ /tF(XS, s)dWs + /t dWG(Xs, s) + tH(XS, s)ds, t > to. (1.7)

to to to

Remark 1.1. The Burkholder-Gundy inequalities for noncommutative martingales of Pisier and
Xu have been used by Dirksen [18] to study the LP-solution of QSDE with respect to any normal
LP-martingale for p > 2 without the drift term fti) H(Xg, s)ds. Under this condition, the solution
of the QSDE is a martingale, so the Burkholder-Gundy inequalities can be used to study the
existence and uniqueness of LP-solution. However, if the drift term exists, then the solution of
the QSDE (1.6) is not a martingale. Therefore, the Burkholder-Gundy inequalities are not used
to study the solution of QSDE (1.6) directly. In order to prove Theorem 1.1, we establish the

based on the Burkholder-Gundy inequalities and Minkowski-type inequality.

following inequality

[ s, <o) (/ t uf(s)ngdsf 0<t<T, (18)

This paper is organized as follows. In Section 2, we recall some preliminaries on fermion
fields. Sections 3 and 4 are devoted to proving the existence and uniqueness of LP-solutions
of QSDEs in finite time horizon and in infinite time horizon by classical Picard iteration and
Banach’s fixed-point theorem, respectively. In Section 5, we shall gain the self-adjointness and

the Markov property of the solution of QSDEs.

2 Preliminaries and the Burkholder-Gundy inequalities

In this section, we introduce the main techniques to solve problems later. We first recall

some notations and concepts [13-15,33,39,40] necessary to the whole paper.

Definition 2.1. A map X : RT — LP(%) is said to be adapted if X; € LP(%;) for each t € RT.
A map F: LP(€) x RT — LP(%¥) is said to be adapted if F(u,t) € LP(%}), for any t € RT and
u € LP(%6).

It is easy to verify that if X : RT™ — LP(%) and F : LP(€¢) x R — LP(€¢) are both adapted,
so is the map ¢ — F'(X4,t).

Definition 2.2. An adapted LP-processes f on [to,t] is said to be simple if it can be expressed
as

n—1
F=) )Xt (2.1)

k=0
on [tg,t] for tg <t <--- <t, =tand f(ty) € LP(%;,) forall 0 <k <n —1.



By [13], the Ito-Clifford stochastic integral of any simple adapted LP-process with respect to

fermion Brownian motion W; is defined as follow.

Definition 2.3. If f = _ f(tx)X[t,.1,,) 15 @ simple adapted LP-processes on [to,t], the Tto-
k

Clifford stochastic integral of f over [to,t] with respect to W is

t n—1
F8)dWs = f(te) Wy, — We). (2.2)
to k=0

For any p > 2, let SK(]RJF) be the linear space of all simple adapted LP-processes, i.e.
SERY) :={f:R" — LP(¥), [ is simple and adapted} .

Then, S§([0,¢]) is subspace of S§(R') whose processes vanish in (¢,00). It is clear that
ft'; f(s)dWy is a Clifford LP-martingale for any f € S ([0,¢]), i.e.

E < tf(T)dWT
to

Cﬁs> = fm)dwy, to <s<t.
to

For any f € SY([0,1]), let

t 3 ¢ :
HfHHP([O,t]) := max H </0 |f($)|2ds> ‘ ) H (/0 ’f(s)*|2ds> H )
» p

and the noncommutative Hardy space HP([0,t]) be the completion of S§ ([0,¢]) with the norm

| l¢r(j0,¢)- For simplicity, let #, (RT) be the space of all stochastic processes f : RT — LP(%)

loc

and x[04f € HP([0,t]). Moreover, we have the Burkholder-Gundy inequality (2.3) for the
Clifford LP-martingale first established in [33].

Lemma 2.1. /33, Theorem 4.1] Let 2 < p < co. Then, for any f € Hj, (RT) and its Ito-Clifford
stochastic integral
X, = /tf(s)dWs, £>0,
it holds that ’
a1 F e o,y < 1 Xellp < Boll Fllaer(po)s 20, (2.3)

where ay, and B, are positive constants depend on p.

The stochastic integral (2.2) is also called right stochastic integral. Analogously, we can
define left stochastic integrals fg dWsf(s), and have the Burkholder-Gundy inequalities with

respect to left stochastic integrals.

Lemma 2.2. [18, Theorem 7.2] Let 1 < p < oco. For any f € HL (RT), the left stochastic

loc

integral fot dWsf(s) and right stochastic integral fg f(s)dWy are continuous LP-martingales and
the following holds

/O LWL (s)

/ f(s)a,

=p ||f||HP([0,t}) =p

p p



By Lemma 2.1 and Lemma 2.2, the Ito-Clifford stochastic integral can be defined for any
element of HP([0,t]), and the Burkholder-Gundy inequality (2.3) holds ture. Next, we define
several classes Banach spaces of adapted processes in noncommutative space LP(%). For any
interval [0,7] C RT,

Ca([0,T); LP(%)) = {x() : 10, T] — LP(%) | (-) is adapted process
and lim [l2(s) = 2(t)[l, =0, 0 < s,¢ < T]}.
It is easy to check that Cx([0,T]; LP(%)) is a Banach space equipped with the norm
1zl (o120 (2)) = nax [l(2) -

For any 1 < p,q < oo, let L] (0,t; LP(%)) be the completion of S (R") with the norm

1
t q
|rf|rL§<o,t;Lp(%>>=( / ||f<s>|gds) i

Similarly, L% (¢; L9(0,t)) is the completion of S ([0,¢]) with the norm

1
t q
1122 m0. = H ( / \f(s)!qu)

As an application of Minkowski-type inequality, we give important inequalities on the above

. t>0.
p

Banach spaces.

Theorem 2.3. Let 1 < ¢ < p < co. Then, for any f € L} (0,T; LP(¥)),

|| </0t If(s)!qu);H < (/Ot |f(s)||gds); , 0<t<T. (2.4)

Furthermore, L} (0,T; LP(¢)) C L (€; L1(0,T)).

Proof. Let
O=tr<t1 <t <--- <t =1

be an equal time partition of [0,t] where the mesh of the subdivision is | = t/n = tg11 — tx,

k=0, 1, ---, n—1. For simple adapted process ) at, X[, t,,,) of LF(€) where at, € LP(¢3,),
k>0
and any positive integer n, one has

n—1 % L n—1 % L n—1 %
(Z a1, |7 (b1 — m)) =11 (Z I) =11 lag (2:5)
k=0 k=0 k=0 P
p p q
Since g > 1, by Minkowski inequality [41, Theorem 5.2.2],
n—1 n—1
Z ’atk‘q < Z H‘atk|qHB , neE N*. (26)
k=0 p k=0 !



From (2.5) and (2.6), we have

1

n—1 q
< (Z llaz, |15 (tes1 — tk)) :
k=0

p

Q=

n—1
(Z |at, | (trs1 — tk))

k=0

Since 8§ (R™) is dense in L (¢; L1(0,T)),

H(/Otlf(s)\qufH S(/OtHf(s)Hgds>é, 0<t<T.

for any f € L%(0,T; LP(¥)), and L%(0,T; LP(%)) C L% (%€; L9(0,T)). O

Actually, the inequality (2.4) holds for any 0 < ¢ < p < co. By Lemma 2.1 and Theorem
2.3, we build the key inequality for subsequent proof.

Corollary 2.4. Let p > 2. Then, for any f € L3(0,T; LP(%)), there is positive constant C(p)

such that
t
‘ / F(s)dW,
0

Moreover, L% (0,T; LP(%)) C HP([0,T]) and

W (/Ot ||f(s)H129ds>% L 0<t<T (2.7)

1
t 2
||f||Hp([o,ms( /0 ||f<s>r|,%ds) L o<t<T (2.8)

Proof. According to Theorem 2.3, for any f € L% (0,T; LP(%)), one has

H ([ f(s)|2d3>éH ([ !If(S)IlidsY. o)

Since |[f(s)[l, = [1f(s)*[l for any 0 <'s <T,

|7 ls oy = s H(/Otrﬂsmds)éﬂ , H(/Otrf@)*ﬁdsf s(/otnf(s)\%ds)%.

Combining with (2.3), we have (2.7) immediately. O

Then, we state the parity of each element of LP(%). Let the parity operator P be automor-
phism map on von Neumann algebra 4 generated by bounded linear operators on A(J7) as is
in [13,15,33].

Definition 2.4. For any h € LP(%), h is said to be odd if Ph = —h, h is said to be even if
Ph = h. And, h has definite parity if h is even or odd.



In fact, for any 1 < p < o0,
LP(€) = LP(%,) ® LP(¢6.), (2.10)

where LP(%.), LP(%,) denote the even part and the odd part, respectively. Accurately speaking,

for any h € LP(%),
h+Ph h-Ph

2 + 2

where h. and h, are even and odd, respectively. Since P is isometric on LP(%),

h

= he+ho>

max {[|hollp, [ hellp} < [1Bllp < Ihollp + llfellp- (2.11)

Let & denote the algebra of even polynomials in the fields {U(u) : u € '}, and let €,
be W*-subalgebra of & generated by &. If h € LP(%) is even there is a sequence {h,} in &
such that h, — h in LP(%), and therefore h! — h* in LP(%). It follows that h* is also even.
Similarly, if ¢ is odd in LP(%), there is a sequence {g,} of odd polynomials in the fields with
gn — g and g — g¢* in LP(%), that is, ¢* is odd as well. In addition, if h = h* in LP(%) and
h = he + ho, then he = b} and h, = R}, in LP(%).

Lemma 2.5. [13, Lemma 3.15] Let {Wy},5,, be a martingale adapted to the family {%;;t € RT}.
If h € LP(%y,) has definite parity, then

h(Wiy = Wi,) = £(Wi, = Wiy)h, to <t1 <ty
depending on whether h is even or odd.

Lemma 2.6. [28, Theorem 1.8.2 Bihari inequality] Let p : [0, +00) — [0, +00) be a continuous
and non-decreasing function vanishing at 0 satisfying f0+ % = 00. Suppose u(t) is a continuous

nonnegative function on [ty,T] such that
t
ult) o+ | Sr)p(u(r)dr, to <t T, (2.12)
to
where ug s a nonnegative constant and ¢ : [to, T] — R, then
t
ut) U (Ut + [ otnar), wsesT
to

where U(t) = ftf) ﬁdr, UL is the convex function of U. In particular, ug = 0, then u(t) = 0
foralltg <t <T.

Lemma 2.7. [/2, Lemma 2.5.14 Young’s convolution inequality] Let p > 1. If f € LP(R™), g €
LY(R™), then
1 * gl rwny < 1 flo@eylgllor @r)-



3 [P-solutions of QSDEs in finite time horizon

In this section, we proved the existence and uniqueness of the LP-solution with Osgood
condition and the stability of the LP-solution with Lipschitz condition of QSDEs in finite time
horizon are proved for p > 2, respectively. The proof of Theorem 3.1 is similar to the classical

methods [14,18]. For the convenience of the reader, we give the proof in detail.

3.1 The existence and uniqueness of LP-solutions of QSDEs

In this subsection, assumptions (A1), (A2) and (A3’) of Assumption 1.1 hold. The exis-
tence and uniqueness of LP-solutions of QSDE (1.3) and QSDE (1.6) are proved.

Theorem 3.1. Under the assumptions of this subsection, QSDE (1.6) admits one and only one
solution Xy € C([0,T]; LP(%)).

Proof. We shall deal with the existence and uniqueness separately.
Existence: The proof of the existence is divided into three steps.

Step 1. The iteration sequence {Xt(n)}nzo is well-defined for any tqg <t < T. Let T > ty,
to <t < T be fixed. For any non-negative integer n, define Xt(") in LP(%) inductively by

t t ¢
X = Z+/ F(Xs(”),s)dWer/ AWG(XM, )+ [ H(XM s)ds.  (3.1)

to to to

Firstly, we claim that each Xt(n), n > 1, defines an adapted LP-continuous process on [tg, T
by induction. By assumption (A2) of Assumption 1.1, F(Z,s), G(Z,s) and H(Z,s) are LP-
continuous with respect to s and belong to LP(%}) for tg < s < T, then Xt(l) is well-defined for
to <t <T. Furthermore, we can obtain the boundedness of Xt(l) by the continuity on compact
sets and easily verify that t — Xt(l) is continuous: [tg, 1| — LP(%).

Now, if Xt(n) is assumed to be adapted and continuous, then F(Xt(n),t), G(Xt(n),t) and
H (Xt(n),t) are adapted, LP-continuous and bounded on [tg, T'], thus Xt(nﬂ) is adapted. For any
to < t1, to < T, by assumptions (A1) and (A2) of Assumption 1.1, Lemma 2.1, Lemma 2.2
and Holder inequality,

n+1 n+1
I — Xy,
to
H(X™, s)ds

S
t1

t2
< / AW,G(X[™, s)

t1

.

gl

to
/ F(X™, s)dW,
t1

p p p

to % to % to %
< () (/ ||F<X§”>,s>u,%ds> o) (/ ||G<X§">,s>||§ds) o) (/ |rH<X§">,s>||§ds) .
1 1 1

This implies that t — Xt(nﬂ) is LP-continuous on [ty,T]. Hence, we have proved our claim by

induction.



Step 2. The sequence of iteration is convergent under the given conditions. For any tg <

t < T, by Minkowski-type inequality,

n+1 n
1 — X,

t t
< ] [F(X™, ) — PXOD, s)}aws| + \ AWAGX, ) — GXD, 5))
to P to D
t
e, s - B 9y
to D

By similar analysis as above, the elementary inequality (a + b+ ¢)? < 3(a? + b2 + ¢?), Holder

inequality and assumption (A3’) of Assumption 1.1, there exists a constant C' such that
(n+1) (n) )2
1™ = Xl

t t
< 3C(p)* t IE(X(,8) = (XY, 8) |1 7ds + 3C(p)° t IG(X{, 5) = GXY, 5)Ids
0 0

t
+30(T)* [ |H(XM,s) — H(X["Y, 5)|2ds

to °
t
<cu1) [ (IFC,5) = P8+ G, 5) = G, )2
to
+ [ H(X, 5) = HX,5)|2)ds
t
<cop.1) [ p(I1X07 - X0 V) ds,

to

where C(p, T) = 3max{C(p)?, C(T)?}. Therefore, for any n, k> 1,ty <t < T,

t
X = XD < o1 [ (1K - X0 0E d,
to
Since each Xt(n) is LP-continuous process on [tg, 7] for any n € N, HXt(n) ||p is uniformly bounded

on [tg, T]. Set

k
unp(t) = sup [|X — x )2,
te(to,T)

which is also uniformly bounded, then
t
i) < CO.T) [ plunra(o)is.
to

Let vy (t) = supup (), to <t < T. Then,
k

Denote
a(t) = lim supw,(t), to<t<T.

n—-+o0o

10



Applying Lebesgue dominated convergence theorem, we get

0 < a(t) < Cp,T) /tp(oz(s))ds, lo<t<T.

to

Hence, by Lemma 2.6, one deduces
a(t) =0, to<t<T,

which implies that {Xt(n)}nzo is a Cauchy sequence in LP(%).
Step 3. X() € Ca([to,T]; LP(¥)) is the solution of QSDE (1.6). Since {X }n>0 is a
Cauchy sequence in LP(%), there exists Xy € LP(%) such that for any tg <t <T
: (n) _ _
nlggo (R Xillp =0.
Then, for any £ > 0, there exists § > 0 such that
10 = X llp = 10 = X5 + X0 = X0+ X0~ X,

< 1% = X7+ 1607 = X7 + 1657 = Xl

<eg,asn — 00, Vit ty € [tg,T] satisfying [t; — ta| < 0.
It shows that X is LP-continuous and adapted on [to, T'] since Xt(n)
We shall prove that {X;}¢>¢, is the solution of

is LP-continuous and adapted.

t t
Xt:Z—l—/ F(XS,S)dWS—l—/ dWsG(Xs, s) + H( ,8)ds, a.s. to <t <T.
to to to
Indeed,
t + 2
/ F(XM s)dW, — [ F(X,,s)dW,
to to D

Cp)*IF (XM, 8) = F(Xs, 9) 500 (110.0)

t
<O | IFXM,s) = F(X,,5)|[7ds

to
t

<CP [ (10 = X) ds
0

— 0, n— oo,

since Xﬁn) — X5 in LP(%) for any ty < s < T and p is continuous. Similarly,

t t t t
/ AW,G(XM . s) = | dW,G(Xs,s) and | H(X™, s)ds — | H(X,,s)ds

to to to to
in LP(%¢). Taking limits on both sides of (3.1), it deduces that

X; = lim X(nJrl)

n—oo
t t t
= lim <Z+ / F(X™, s)dW, + / AW,G(XM, s) + H(X§">,s)ds>
n—00 to to to

t t t
=7+ F(Xs,s)dWS—{—/ dWsG(Xs,s)+ | H(Xs,s)ds.
to to to

11



That is, {X;}+>t, is a solution for any tp <t < T.
Uniqueness: Suppose that {Y; };>¢, is another adapted LP-continuous solution with Y;, = Z.

Then, by QSDE (1.6), we obtain

t t t
Y, =2 +/ F(Ys, s)dWs +/ dWsG(Ys,s)+ | H(Xs,s)ds, as. tog <t <T.

to to to

Furthermore, for any to <t < T,

t t
1% = Yilly < || [ 1F(Xe5) = F(Ya, 5)}aws|| + \ / AW {G(X,,5) — G(Ys, )}
to D to D
t
{H(Xs,s) — H(Y,s)}ds
to P
Continuing to use the same technique as Step 2 of existence, we can yield that
t
X~ Vil < Co.T) [ p (X~ Vil ds. to<t<T,
to
It follows that,
| Xt — Y|, =0, as. to <t <T,
that is, the solution is unique. The proof is finished. O

As described in [8], the It6 product rule dA(x[o,4)dA*(X[o,q) = dt holds for any ¢ > 0. Based
n [16], let
& = arA(uxjoy) + A (uxpoy)), t >0, a1, a0 €C,
the stochastic integral fo s)d€s defines a quantum martingale for any f € St (R™). Next,
let Ay := A(x[o,)), we study the properties of the LP-solutions of QSDE (1.3) with respect
to the fermion creation process A(t) and annihilation process A(t)* on the basis of martingale

inequalities. From Lemma 2.5 and the canonical anti-commutation relation, we derive the

corresponding noncommutative Burkholder-Gundy inequalities.

Theorem 3.2. Let f : [0,T] — LP(¥) be adapted processes with p > 2. Then, for any
0<t<T, fo s)dAs and fo dA%f(s) are LP-martingales and

t ‘ !
[ sa| <2 ([ usegas)”
0 0

t . , >1
Caacss| <o ([ 1

Proof. First, we consider simple adapted LP-process f € S ([0,77]), then fo s)dAg and fo dA%f
are LP-martingales.

Let

(3.2)

f(s)



be a partition of [0,¢]. Then,

t n—1
QO = [ Fs)dA = Y F(tn) (An ~ ).
0 k=0
k—1
Qtr) =Y f(t:) (A — Ar), k€Z, 0<k<n.
1=0

Define the martingale difference of Q(t) as

dQr = Q(tr+1) — Q(ty) = f(te)(Ayyy, — Ar), kEZ.

By Theorem 2.1 of [33], there exists (3, such that

/fdA

By the canonical anticommutation relation:

1 1

< fp max d@ﬁ) : (Zd@ﬁ) : (3.3)
k>0

k>0
p p

A A+ AfA =t t>0,
one has
(A — A)(A] — AY) <t—s, (A —ADA—As)<t—s, 0<s<t (3.4)

By means of (2.10), f = fe + f, for any f € LP(%), so

n—1
> 1dQxf? = Z( o = AL) ) S (t) (g, — A
k>0
n—1
=3 Felta) = folt)) () — Folti)) (47, — A47,) (Au, — Ay
k=0 (3.5)
n—1
<D (felth)” = Solte)) (F(t6) = Folti)) (rsn — te)
k=0
= [ 1fels) = fols)Pds
0

and

> ldQi* = Zf (k) (Aryr = A )(Ag = AL ) " ()

k>0

< Z f tk tk-i—l — tk) (36)

= /0 [F(s)"|2ds,

where the above two inequalities are based on Lemma 2.5 and (3.4).
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Substituting (3.5) and (3.6) into the right side of (3.3) and applying Theorem 2.3, we get

| [ r6aa < symas H( /Ot|f<s>*|2ds);H , H( /Otrfe<s>—fo<s>\2ds);
p p

p
< §, max { ( / t Hf(s)*n,%ds) . ( / fuls) - f0<s>||,%ds) } |
From (2.11),
¢ ¢ 1
‘ [ raa| <25, ([ i), osest (3.7)
0 » 0
Similarly, one has
t t 1
/dA;f(s) <28, (/ ”f(s)\gds) C0<t<T (3.9)
0 » 0

Finally, (3.2) can be obtained by (3.7) and (3.8) directly since the general adapted LP-

processes can be approximated by simple processes. O
As an immediate consequence of Theorem 3.1 and Theorem 3.2, we have the following result.

Corollary 3.3. Under the assumptions of this subsection, there is a unique solution My €
Ca([to, T]; LP(€)) of QSDE (1.3) with initial condition My, = Z € LP(%},) on [to, T].

If Lipschitz condition (A3) substitutes for Osgood condition (A3’) in Theorem 3.1 and
Corollary 3.3, then the existence and uniqueness of LP-solution of QSDE (1.3) and QSDE (1.6)

are obvious.

3.2 The stability of LP-solutions of QSDEs

In this subsection, we shall prove that the solutions of QSDE (1.3) and QSDE (1.6) are
stable, namely, small changes in the initial condition Z and in the coefficients F, G and H with
Lipschitz condition lead to small changes in the solutions over a given finite time horizon [tg, T
when assumptions (A1), (A2), (A3) of Assumption 1.1 hold.

Let {Xt}i>t,, {Yi}e>t, be the solution of QSDE (1.6) with initial conditions X¢, = Z and
Yi, = Z' for any Xty Yy, € LP(%},), respectively. The solution X; is stable under the changes

in the initial condition as follows:

Theorem 3.4. Given that the above conditions hold, for any € > 0, there exists § > 0 such that
if |Z —Z'||, <9, then || Xy — Yy, < e foralltg <t <T.

14



Proof. Similar to the analysis Theorem 3.1,

t
n+1 n 4 n n
IXD = ¥R <)z - 22+ 40, T (| IF(X) - FE)|2as

to

t t
+ [ 16O = G s + [ 1K) - B ds)
to

s p
to
) ¢
<2 - 2 +4C(.T) [ X - ¥ s
to
Since lim || Z — Z'||, = 0, by Lemma 2.6,
e—0

lim | XD — v, Y)2 20, as tg <t < T
e—0

Setting n — oo, we conclude that
Hm || X; — V|2 =0, as. to <t <T.
e—0
The result is our desired. O

In a similar manner, we can get the convergence theorem.

Theorem 3.5. Let F, G, H, F,, Gy, Hy, forn=1, 2,---, satisfy assumptions (A1), (A2)
and (A3) of Assumption 1.1, and Wy be as in (1.5). Assume that F,, - F, G, - G, H, - H
in LP(€) as n — oo, uniformly on LP(€) X [to, T|, and the initial condition Z, — Z in LP(%},).
Then X, (t) — X (t) in LP(€) uniformly on compact set [to, T|, where X (t) is the solution of the
QSDE

AX () = F(X(t), )dW; + dW,G(X (t),£) + H(X (1), t)dt, in [to, T],

X(to) = Z,
and X, (t) is the corresponding solution with F,G, H,Z replaced by F,,, Gy, Hy,, Zy, respectively.

Likewise, by Lemma 3.2 and Corollary 3.3, we can obtain the results related to QSDE (1.3).

Corollary 3.6. With the above assumptions, the LP-solution M.y € Cx([0,T]; LP(¢') of QSDE
(1.3) is stable on [to,T] when initial condition My, = Z € LP(6:,) and the coefficients change
slightly, respectively.

In this section, the initial condition Xy, of QSDE (1.6) is replace by X;, = Z + R(X) where
R(:) : LP(¥¢) — LP(%¥) constitutes the nonlocal condition. That is,

dXt == F(Xt, t)th + thG(Xt, t) + H(Xt, t)dt, in [to, T],
X; = Z + R(X).

(3.9)

Furthermore, R is continuous and adapted and there exists a constant 0 < C'(R) < 1 such that
[R(21) = R(z2)llp < C(R)|[21 = z2llp, V21, 22 € LP(E). (3.10)

Theorem 3.1, Theorem 3.4 and Theorem 3.5 hold. Similarly, Corollary 3.3 and Corollary 3.6
also hold if nonlocal condition My, = Z + R(M) of QSDE (1.3) replaces of the initial condition
My, = Z.

15



4 [P-solutions of QSDEs in infinite time horizon

Based on the analysis of Section 3, this section is devoted to proving the existence and
uniqueness of LP-solution and the dependence of LP-solutions on initial value and coefficients of

QSDE (1.6) for p > 2 whose integral form is

t t t
X, = Xy, + / F(X,, )W, + / AW, G(Xos)+ | H(Xos)ds, t>to,  (41)

to to to

provided that assumptions (A1), (A2), (A3) and (A4) of Assumption 1.1 hold in infinite time

horizon.
Firstly, we introduce the special linear spaces of infinite time horizon whose values belong

to noncommutative space LP(%). Let 1 < p,q < oo and p € R be fixed. Define
L0, 00; LP(%)) := {f :[0,00) — Lp(cﬁ)’f is measurable, /000 e f ()| ddt < oo} ,
and
LT(0, 00y LP(%)) = {f :[0,00) — Lp(%)‘f € L9"(0,00; LP(¥)) and f(-) is adapted}.

Lemma 4.1. Fiz pu € R with %—%M < co. Then for any X, X; S Lz’_“(to, o0; LP(¥)),

V20
it holds that
2 3 1
K o0 / 2
i) < B ([T - X))
2/’L to

o0
/ 672;17&
to

t{F(XS, s) — F(X.,s)}dW,

to D
(4.2)
1
> 2ut ¢ / ? ? 5PKG > 2ut 2 %
e M /dWsGXs,s - G(X,, s dt] < (/ e M Xy — X dt> ,
A [ e - a0 e (e xig
(4.3)

and

o0
/ 672ut
to

Proof. By (2.7), one has

{H(X,,s)— H(X.,s)}ds

to

1
2 2 1
K 20 , 2
dt) §H< / e2ﬂtHXt—Xty§dt> . (4.4)
u

p to

t{F(XS, s) — F(X,,s)}dW,

to

1
t , 3
S%(/HFwaﬁ—ngﬁﬁ%>,t2&
P to

16



Combining with Lemma 2.7 and assumption (A3) of Assumption 1.1, we have

s 2\ 2
/ e 2 dt
to p

oo t 2
< ([T e [ IPs) - PO o) asar
0 0

t{F(Xs, s) — F(X,,s)}dW,

to

o0 t , %
< < / e PMBKE | |1 Xs — Xsu,%dsdt>
to to

1
00 t , 2
= <6§K% / / e =) e 2ms| X, — XSHf,dsdt>
to to
00 o) , %
< ([ eman [ e )
to to
1
—Hto 3 K o0 ' 2
_ & PpAr BpKr (/ 6_2‘U‘t||Xt — Xt||}2,dt>
V 2/'1’ to
Similarly, by Theorem 2.3, Lemma 2.2 and Lemma 2.7,
1
00 2 3
/ e 2mt dt
to p

[e') t
< ( /t e—wﬁg t |G(Xs,s) — G(X, )desdt>
0 0

1
6_‘“0/3 KG 0 _ / 2
e ([ i)
to

From assumption (A3) of Assumption 1.1, Hélder inequality and Lemma 2.7, we get

( /°°

/t AW {G(X,, s) — G(X., )}

to

N

1
2 2
dt)

p

1
t 2 3
‘2’” 1H (X, s) —H(X;,s)npds) dt)

{H(X,,s) — H(X.,s)}ds

to

to

t 2 %
*WK2 ( HXS—XSHPds) dt
to
1
</ KH/ e H=S) e X, — X desdt>
o0 3
( e f“fdt) ( / e2ﬂt\|Xt—X;H§dt)
to

1
—plo | , 2
= 76 Ll </ 6_2’utHXt - Xt‘zzodt>
M to

The proof is complete.

IN
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On the basis of the above lemma, we define

K K K
)\X = inf{/\ eR ’ €_>\t0 <W + )\H> < 1} eR. (4-5)

We now give the existence and uniqueness of LP-solution of QSDE (1.6) in infinite horizon time.

Theorem 4.2. Let u € (Ax,00). Then for any initial condition X;, € LP(%), QSDE (1.6)
admits a unique adapted solution X(.y € Li’_”(to,oo;Lp(‘K)). Further, the following estimate
holds

1
00 5 1
T X2t ) < Cp—e=]|IX 4.6
([ e ixgzar)” < ol Xal (1.6
where
1
Cu = ento _ K Bp(ErtKe)
V2p

Proof. Let us prove the existence and uniqueness of the solution by Banach’s fixed-point theorem.
Firstly, we define a map W : LZ’_“(to, o0; LP(€)) — Li’_“(to, o0; LP(%)) by

t t t
U(X)(t) = Xy, —|—/ F(Xs, s)dWs +/ dWG(Xs,s)+ | H(Xs,s)ds, t > to,

to to to

for each X ) € Li’_”(to, 00; LP(%)). By Lemma 4.1, the map W is well-defined. Let Xé.),X(.) €
L? " (tg, 00; LP(€)) be fixed. Then

([ e - \P(X’)(t)nf,dtf

t{F(XS, s) — F(X.,s)}YdW,

o
S / 6—2},Lt
( to to
1
o0 2 2
+ ( / e~ 2ut dt)
to P
1
00 2 2
+ ( / e~ 2mt dt)
to P

1

K K K > / 2

< e Mo <Bp( F2—; c) + MH> </ e | X, — Xt||12;dt> .
\% to

Since p € (Ax,00) with Ax € R defined by (4.7), it holds that e*”t"% + % <1. It

shows that ¥ is a contraction map on the Banach space Li’*“ (to,00; LP(¥)). Hence, there is a

unique fixed point X € Li’_“(to, 00; LP(€)) of ¥, which is the solution of the equation (4.1).

1
2 2
dt)
P

/t AW {G(X,, s) — G(X.,s)}

to

{H(X,,s)— H(X,,s)}ds

to

By the same calculation, we can deduce that

1

1
_ Kp+ K, K S 3 S 5
(1 eomo (PR LBy ) (7 o) < il ([ o)
2“ 2 to to

which implies (4.6). O
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Based on Theorem 3.2 and Lemma 4.1, let

AM = inf{)\ eR ‘ e Ao (W + K)\H> < 1} € R. (4.7)

Corollary 4.3. Given that the above assumptions hold, i € (Ayr, 00) and initial condition My, €
LP(€), QSDE (1.3) admits a unique adapted solution My € Li’f“(to, 00; LP(€)). Furthermore,
the following estimate holds

1
o0
ot ||2dt) < Gl | (4.8)
e t t 3 .
</to D /7 ollp
where
1
C'u = etto — Ky 28p(Kr+Kg)®
I V2u

Meanwhile, we get the dependence of LP-solutions on initial value and coefficients.

Theorem 4.4. Let F',G" and H' satisfy assumption as above, j € (Ax,00) and X{  be given.
If Xz_) € Li’_“(tg,oo;Lp(‘g)) is the solution of QSDE (1.6) corresponding to (X, F',G', H'),
then

o0 3
</ eQufHX;—XtHgdt)
to
o
<G [ eI, - Xl +
t

0

/t AW, {G/(X, 5) — G(Xs, 5)}

to

t
{F'(X,s) — F(Xs,s)}}dW;
to

p

{H'(XL,s) — H(Xs,s)}ds

to

i)'

p

N
Proof. Since X
(X, F', G', H'),

E,) € Li’_“(to,oo;Lp(%)) is the solution of the equation (4.1) corresponding to

t t t
X! = x| + / F(X!, $)dW, + / AW,G' (XL 5)+ [ H(X!,8)ds, t > to. (4.10)

to to to
Let X () = X() — XE.). From (4.1) and (4.10),

t t t
X, =X, + [ F(X,, )W, +/ AW, G(Xos)+ [ H(X,,s)ds, t > o,

to to to
where

t
X4, :X{O — Xy + [ {F'(X],s) — F(X.,s)}dWy

to

+ / AW (XL ) - XLy + [ (H(Xs) — H(X], 9)}ds,

to to
F(Xs,8) = F(X.,s) — F(Xs,s), G(Xs,s) =G(X.,s)—G(Xs,s),

H(Xs,s) = H(X.,s) — H(Xg,s).



By the same calculation as (4.6), we can obtain

> 2ut || v 112 %
([ esxiza)
to
o
<o ([T e, )
to

00 t
< [T e (i, - Xl + | [ 700 - FOEL 9},
0

to

P
t t 2 1
+ ‘ / AW, {G'(X],s) — G(X], )} + ‘ (H'(X!,s) — H(X.,s)}ds ) dt) 2,
to D to D
The proof is complete. O

Corollary 4.5. Under the Corollary 4.3, let F',G' and H' satisfy assumptions as above, and
M, be given. If M(’.) € Lig*“(to,oo;Lp(%)) is the solution of QSDE (1.3) in infinite time
horizon corresponding to (M , F',G', H'), then

o0 3
(/ o2t 0! — Mtugdt>
to

o0
< [ e (I, - My +

to

t
{M' (XL, s) — M(Xs,s)}dAs
to

p

)ar)?.

p

t {H'(M,s) — H(Ms, s)}ds

LA (MY, ) — G(Ms, 5))

d
to

+\

p
5 The Self-adjointness and Markov Property

In this section, we discuss the self-adjointness and Markov property of LP-solutions of QSDE
(1.6) for p > 2. In order to prove the self-adjointness of LP-solution, together with the description

of parity in Section 2, we first give an auxiliary lemma.

Lemma 5.1. Let F': [0,T] — LP(%) be adapted and satisfy fg | F(s)||l2ds < oo. Suppose further
that F(t) = F(t)* € LP(%.) for each 0 < t < T. Then fg F(s)dWs is self-adjoint element of
LP(€), and [ F(s)dW, = [} dW,F(s).

Proof. 1t is sufficient to consider the case that F'(¢) is simple with values in & for any 0 <t < T.
n—1

Since F is simple, F'(t) = > F (k)X ,t4,.)(t) and
k=0

[ Feaw. = 3 R, - )

where {t;}7_, is a partition of interval [0, t].
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On the other hand, F'(t) and W; are hermitian for any ¢t > 0, then

< /O tF(S)dWS>* = (nlggo n_lF(tk)(Wtkﬂ - Wtk))*

k=0

i
L

(Wtk+1 - Wtk)* F(tk)*

= o

Z (Wtk+1 - Wtk) F(tk)
k=0

= /O t AW, F(s).

3 x>

Since F'(t) is even for any 0 < ¢ < T, by Lemma 2.5,
(Wtk+1 — Wtk) F(tk) = F(tk) (Wtk+1 — Wtk) , A F(tk> S Lp((ge).

Then, fot dWF(s) = fot F(s)dWs. Tt is obvious that fot F(s)dWs is self-adjoint element in LP(%)
by virtue of fg |F(s)||2ds < oo and Corollary 2.4. The proof is complete. O

Let LP(%)sq denote the self-adjoint part of LP(%). Let F;, G; : LP(€)sa — LP(€), (i =1,2)

be adapted and each F; be an even function. Set

P, Z:ﬁi—l-Gi, 1=1,2.

It is seen that ®; satisfies the Osgood conditions and maps self-adjoint elements of LP(%) into

self-adjoint elements of LP(%.). Then, we have the self-adjointness of the solutions of QSDEs.

Theorem 5.2. Let &1, ®y be as above. Let H : LP(€)sq — LP(%) be adapted and satisfy Osgood
conditions on LP(€) in Assumption 1.1. Thus, for any Z = Z*, there is a unique self-adjoint,
adapted, LP-continuous solution {X;}i>t, of the following QSDE

dX; = 1 (X,)dW; + dW,Do(Xy) + H(Xy)dt, t > to (5.1)
with initial condition Xy, = Z.

Proof. Since &)1, ;1;2, H satisfy the Osgood conditions (A3’) as in Assumption 1.1, it follows
from Theorem 3.1 that QSDE (5.1) admits a unique LP-continuous, adapted solution {X;}>4,
such that

t t . t
Xi =27 +/ ‘I)l(Xs)dWS —l—/ Cle(I)g(XS) + H(Xs)ds, a.s. t > tp.
to t

0 to
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Next, it is enough to prove the self-adjointness of the solution of QSDE (5.1). We can define
the following integral equation by inductively with X;, = Z,

t t _ t
x"Y = 74 / Oy (XMW, + / AW, Do(X™) + [ H(X[M)ds. (5.2)
to to to
To prove the self-adjointness of X, it is sufficient to show that Xt(nH) is self-adjoint by induction

for alln > 0. It is obvious that Xt(l) is self-adjoint since Z = Z*. Assume that Xt(n) is self-adjoint,
then &;(X{") € LP(%.) N LP(%.)sa. By Lemma 5.1, [} ®1(X{")dW, and [} dW,B5(X{") are
self-adjoint. In addition, fg H(X S(n))ds is also self-adjoint. Hence, Xt(nﬂ) is self-adjoint. Then,
the fact that X, is self-adjoint for any ¢ > % is easily proved, and the proof by iteration is similar
to Theorem 3.1. O

Theorem 5.2 also holds when the initial condition X;, = Z is replaced by nonlocal condition
X, = Z 4+ R(X) as described in Section 3 .

This result of self-adjointness of LP-solutions is the basis for the study of studying optimal
control problems of QSDEs. The Markov property is another important property of stochastic
processes. Accardi, Frigerio, Lewis and their co-authors [2,3,5-7] have done a series of works
on Markov properties of quantum Markov processes. Next, we discuss Markov property of
the solution of the QSDEs by the transition probability which is consistent with Theorem 2.2,
Corollary 2.3 and Corollary 2.4 of [15].

For any interval I C [tg,c0), let 277 denote the W*-algebra generated by 1 and the solution
X; of QSDE (1.6) for ¢t € I, and write @ for o7, ,. Since the solution X; is adapted, i.e.
X; € LP(%;) for all t > ty, it follows that o7 is a W*-subalgebra of %; whenever I C [to,t].
Let o/; = <1V B(47) be the W*-subalgebra of € generated by <77 and (7). It is clear that
B(sz}) = o and o, C €, for any s > to.

Next, we denote the algebra generated by field differences. Let %, denote the WW*-subalgebra
of € generated by the field differences {W, — Wy : tg < s < 7}, ,52%; V % be the W*-subalgebra
of € generated by o, and Z,. Thus, ﬂ(ﬂf; V Fg) = Ao\ Fs. Then, we obtain the Markov
property of the adapted solution {X;}+>¢, of QSDE (1.6).

Theorem 5.3. Let assumptions (Al), (A2) and (A3) of Assumption 1.1 hold and {X;}i>¢, be
an adapted, unique, continuous LP-solution of QSDE (1.6), then X, € LP(dl, V' Fs) for all

to < s <t. Moreover, the process {Xi}i>t, is a Markov process in the following sense: for any

s>ty and f € L%(sz[svoo)), one has

m(f|yo,) = m(f| ), (5.3)
where m(-|9B) denotes the conditional expectation with respect to the subalgebra B of €.

The proof of Theorem 5.3 is similar to Theorem 2.2 of [15]. Furthermore, the result for the
solution {M;}s>4, of QSDE (1.3) also holds.
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6

Conclusion

In this paper, we have used some useful inequalities such as Holder inequality, the non-

commutative Burkholder-Gundy inequalities, Bihari inequality and Picard approximation to

obtain the existence and uniqueness of solution of QSDEs driven by the fermion field in non-

commutative space LP(%’). Moreover, the stability, dependence on initial value and coefficients,

self-adjointness and Markov property are developed for QSDEs. This paper will play a key role

in studying optimal control problem of quantum control system for future work.
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