Time domain analysis for electromagnetic scattering by an elastic
obstacle in a two-layered medium

Changkun Wei!, Jiaqing Yang?, and Bo Zhang®

!Seoul National University
2Xi’an Jiaotong University
3Academy of Mathematics and Systems Science Chinese Academy of Sciences

March 07, 2024

Abstract
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We further verify the existence, uniqueness and stability estimate of solution for the PML problem. Finally, we establish the
exponential convergence in terms of the thickness and parameters of the PML layers via an error estimate on the electric-to-

magnetic (EtM) capacity operators between the original problem and the PML problem.
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Abstract

In this paper, we consider the scattering of a time-dependent electromagnetic wave by an
elastic body immersed in the lower half-space of a two-layered background medium which is
separated by an unbounded rough surface. By proposing two exact transparent boundary
conditions (TBCs) on the artificial planes, we reformulate the unbounded scattering problem
into an equivalent initial-boundary value problem in a strip domain with the well-posedness
and stability proved using the Laplace transform, variational method and energy method.
A perfectly matched layer (PML) is then introduced to truncate the interaction problem
with two finite layers containing the elastic body, leading to a PML problem in a finite strip
domain. We further verify the existence, uniqueness and stability estimate of solution for the
PML problem. Finally, we establish the exponential convergence in terms of the thickness
and parameters of the PML layers via an error estimate on the electric-to-magnetic (EtM)
capacity operators between the original problem and the PML problem.
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1 Introduction

Let us consider the interaction scattering of a time-dependent electromagnetic field by an elastic
body embedded in a two-layered medium in three dimensions. This problem can be categorized
into the class of the unbounded rough surface scattering problems, which are the subject of
intensive studies in the engineering and mathematics. In the problem setting, the whole space is
divided into two parts by an unbounded rough surface I' y with the elastic body 2 immersed in the
lower half-space. We assume that the electromagnetic field initiated by an electric current density
produces a tangential stress on the interface I' := 02 which excites an elastic displacement of the
elastomer. Following the Voigt’s model (cf. [37, 10, 4, 28]), we assume that the electromagnetic
field does not considerably penetrate inside the elastomer. Several important works have been
done on this typical electromagnetic-elastic interaction problem, which is confined to the time-
harmonic setting. It was shown in [10] that Cakoni & Hsiao established a mathematical model,
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for which the uniqueness and an equivalent boundary-field equation formulation as well as a weak
variational formulation were presented in an appropriate Sobolev space. Based on the framework
of [10], the existence of a solution was shown by using the variational method [28], which was later
extended to a different Sobolev space for the elastic field [4]. Further, it was shown in [28] that
a finite element Galerkin scheme was provided to compute both the scattered electromagnetic
field and the elastic displacement. Very recently, the well-posedness was established for the
interaction problem in [49] with general transmission conditions via the variational method in
combination with the classical Fredholm alternative.

In this paper, we aim to present a theoretical analysis for the time-dependent electromagnetic
scattering by an elastic body in a two-layered medium. The goal of this work consists of the
following three parts:

e Prove the well-posedness and stability for the interaction problem:;

e Propose a time-domain PML method and show the well-posedness and stability;

o Establish the exponential convergence of the PML method in terms of thickness and pa-

rameters of the PML layer.

Due to the unbounded interface, the usual Silver-Muiiller radiation condition is not valid any-
more to describe the asymptotic behavior of scattered waves away from the rough surface. More-
over, the classical Fredholm alternative theorem may not be applied into this kind of problems
due to the lack of compactness result. These make the studies of interface scattering problems
quite challenging. For the time-harmonic setting, there exists lots of works for the mathematical
analysis with using either the boundary integral equations method or the variational method;
see, e.g. [15, 11, 12, 14, 47] for the acoustic wave and [29, 35, 36] for the electromagnetic wave.
Recently, the time-domain scattering problems have attracted much attention due to their ca-
pability of capturing wide-band signals and modeling more general material and nonlinearity
[16, 33, 41, 42, 48]. Precisely, the mathematical analysis can be found in [17, 41] for time-
dependent scattering problems in the full acoustic wave cases, and [18, 34, 25, 26] in the full
electromagnetic wave cases. In addition, the time-dependent fluid-solid interaction problems
has been also studied for the bounded elastomer [1], local rough surfaces [43], and unbounded
layered structures in the three-dimensional case [27]. To the best of our knowledge, the math-
ematical analysis is quite rare for the electromagnetic-elastic interaction problems in the time
domain. Here, we refer to a recently related work [45] for a bounded obstacle embedded in the
homogeneous background medium.

As is known, the perfectly matched layer (PML) method is a fast and effective method
for solving unbounded scattering problems which was originally proposed by Bérenger in 1994
for Maxwell’s equations [3]. The purpose of the PML method is to surround the computational
domain with a specially designed medium in a finite thickness layer in which the scattered waves
decay rapidly regardless of the wave incident angle, thereby greatly reducing the computational
complexity of the scattering problem. Since then, various PML formulations have been widely
created and studied for solving the wave scattering problems (see, e.g., [40, 24, 32, 38, 19, 13, 17]).
The broad applications of the PML method attract great interests for mathematicians to study
the convergence analysis for the time-harmonic scattering problems; see, e.g. [32, 30, 21, 8, 2, 5,
6, 7, 23] for the acoustic and electromagnetic obstacle scattering problems. However, the PML
technique is much less studied for unbounded rough surface scattering problems. A general linear
convergence was proved in [13] for the acoustic scattering problem depending on the thickness
and composition of the layer. Moreover, an exponential convergence was also established in [35]
for the electromagnetic scattering problems.



Compared with the time-harmonic setting, very few results are available for the mathemat-
ical analysis of the time-domain PML method, which is challenged by the dependence of the
absorbing medium on all frequencies. For the 2D time-domain acoustic scattering problem, the
exponential convergence of both a circular PML method [17] and a uniaxial PML method [20]
were established in terms of the thickness and absorbing parameters. For the 3D time domain
electromagnetic scattering problem, the exponential convergence of a spherical PML method
was very recently shown in [46] in terms of the thickness and parameter of the PML layer, based
on a real coordinate stretching technique associated with [Re(s)]~! in the Laplace domain, where
s € C4 is the Laplace transform variable. It is also noticed that for the acoustic-elastic interac-
tion problem, the well-posedness and stability estimates of the time-domain PML method was
proved in [1], but no convergence analysis was provided. We also remark that an exponential
convergence of the PML method was recently established in [44] for the fluid-solid interaction
problem above an unbounded rough surface, which generalized our previous idea [46] with the
real coordinate stretching technique.

In this paper, we intend to study the time-dependent electromagnetic-elastic interaction
problem in a two-layered medium associated with a bounded elastic body immersed in the lower
half-space. With the aid of the factorization on the interface conditions [45] and two exact time
domain TBCs, we establish the well-posedness and stability of the interaction problem based on
the variational method and the Laplace transform and its inversion. Further, we propose a time-
domain PML method along x3 direction by using the real coordinate stretching technique in [46]
associated with [Re(s)]~! in the frequency domain. The well-posedness and stability estimate
of the truncated PML problem are proved by the Laplace transform and energy method. An
exponential convergence is then proved in terms of the thickness and parameters of the PML
layer, through an error estimate on the EtM operators between the original problem and the
PML problem.

The outline of this paper is as follows. In section 2, we introduce some basic notations and
give a brief description of our model problem. In section 3, the original interaction scattering
problem is firstly reduced into an equivalent initial-boundary value problem in a strip domain.
Then we study the well-posedness and stability for the reduced problem by the variational
method and the energy method. In section 4, a time-domain PML method is introduced to
truncate the interaction problem with two finite layers containing the elastic body, leading to a
truncated PML problem in a finite strip domain. The well-posedness and stability estimate for
the truncated PML problem is further verified. An exponential convergence of the PML method
is finally established. Some conclusions are given in section 5.

2 Problem formulation

Consider the propagation of an electromagnetic wave which is excited by an electric current
density in a two-layered medium with a bounded elastic body immersed in the lower half-space;
see the problem geometry in Figure 1. For x = (21,29, 23)" € R?, let T = (z1,29)" € R? and

Ff = {.’L’ eR3: xr3 = f(i)}

be the unbounded rough surface with f € C?(R?), which separates the whole space into a
two-layered domain

Q;f = {z cR3: 23> f(Z)} and Qp ={z € R?: 23 < f(2)}.

3



Figure 1: Geometric configuration of the scattering problem

Here, the electromagnetic medium fills with distinct parameters e, u. We assume that €2 is a
bounded domain with Lipschitz-continuous boundary I' := 0f) representing a homogeneous
and isotropic elastic body immersed in the lower medium €} and the exterior Q° = R3\Q of
Q) is simply connected. Furthermore, we assume 2 to be with a constant mass density p; > 0,
and Lamé constants A;, u; satisfying the condition that p; > 0 and 3A; + 2u; > 0. Define two
artificial planar surfaces I'y, := {z € R3 : 23 = hy}, where h; > supscpe f(7) is a constant
and 'y, := {z € R® : 23 = hy}, where hy < 0 is small enough such that € is over plane T'y,.
Let Qp = {z € R3: f(T) < 23 < by} and Qp, := {z € R3 : hy < 23 < f(T)} N Q°, and
Qy, = Qp, ULy, Uy, In what follows, we denote by n the unit outward normal vector both on I"
and I'y as well as ny = (0,0, DT, ny = (0,0,—1)" the unit outward normal vectors on I';,, and
I'y,, respectively. To the end, we define C; := {s = s1 + is2 € C with s1,s2 € R and s; > 0}
and remark hereafter that the index j is always valued in the set {1, 2} except special statement.

Elastic wave equation. In the elastic body 2, the elastic displacement u is governed by
the linear elastodynamic equation:

0*u
Pi 2

where A* is the Lamé operator defined as

—A*'u=0, in Qx(0,7) (2.1)

A*u = pAu + (N + p) Vdive = dive (u).
In above, o(u) and e(u) are called stress and strain tensors respectively, which are given by
1
o(u) = (Ndivu)I + 2pe(u) and e(u) = Q(Vu + (Vu) ).

Furthermore, the homogeneous initial conditions are imposed for the elastic wave equation

u(z,0) = %(w,@) =0, €. (2.2)



Maxwell’s equations. In the electromagnetic domain ¢, the electric field E and magnetic
field H satisfy the time-domain Maxwell equations

VXE+M8£=0, VXH—e‘if:J, in Q°x (0,7) (2.3)

where J is the electric current density which is assumed to be compactly supported in €y
and J|;—9 = 0, the electric permittivity ¢ and magnetic permeability p are both positive and
piece-wise constants:

€1, € Q+a M1, T € QJF,
e(a) = T P (2.4)
€2, xEQf\Q, 1o, xEQf\Q.
On the interface I'y between the two-layered medium, we have the jump conditions
nx[El=nx[u'VxE]=0, on I'; x (0,T) (2.5)

where [-] stands for the jump of a function across the interface I'y. In addition, the homogeneous
initial conditions are also imposed for the Maxwell’s equations:

E(z,0) = H(z,0) =0, z € Q°. (2.6)
Using the Maxwell’s system (2.3), it is obvious that
OE(z,0) = 1(V x H)(2,0) —e ' J(x,0) =0, 2 € Q°, (2.7)
OH (2,0) = —p 1 (V x E)(2,0) =0, z € Q°.

and
V-E=V-H=0, inQ°x(0,7). (2.9)

Due to the unbounded structure of the medium, it is no longer valid to impose the usual
Silver-Miiler radiation condition. Instead, we employ the following radiation condition: the
electromagnetic fields (E, H) consist of bounded outgoing waves in Qzl and € , where
Qzl ={r €R3: 23> hy} andQ};:{xGR?’:$3<h2}.

Interface conditions. The two medium are coupled by the interface condition (cf. [10]):
H(z,t) x E(z,t) - n =Tu(x,t) - wx,t), on I'x (0,T) (2.10)

where Tu :=2u;m-Vu+A\nV - -u+ pu;n x (V xu) denotes the elastic surface traction operator.

There are infinite many decomposition of above interface condition (2.10). According to the
Voigt’s model [37], the stress tensor is proportional to the magnetic field which leads to the
following decomposition (see [45])

nxH=Tu and nxE=nxwu, on I'x(0,T). (2.11)

Note that it is easily checked out that (2.11) implies (2.10).



3 The well-posedness of scattering problem

In this section, we firstly introduce two exact time-domain transparent boundary conditions
(TBCs) on the artificial plane surfaces to reformulate the scattering problem into an initial-
boundary value problem in a finite strip domain. Then, we will show the well-posedness for
the reduced problem in s-domain by the method of Laplace transform and the Lax-Milgram
lemma. To the end, the existence, uniqueness, and stability for the reduced problem in the time
domain shall be verified by using the abstract inversion theorem of the Laplace transform, and
the energy argument.

3.1 Transparent boundary conditions.

In this subsection, we start by introducing two transparent boundary conditions (TBCs) on the
artificial planar surfaces (cf. [26]):

%[Ephj] =H xnj, on I'y, x (0,7), j=1,2, (3.1)

which maps the tangential component of electric field E to the tangential trace of magnetic field
H on I'p;. Then the time-dependent electromagnetic-elastic wave interaction problem can be
reduced to an equivalent initial boundary value problem in the strip domain 2:

pia;;; — A*u =0, in Qx(0,T)

VxE+ uoH =0, in Qp x(0,T)

VxH-eE=J, in Qp x (0,7)

u(x,0) = dyu(x,0) =0, in Q (3.2)
E(z,0) = H(z,0) =0, in Q

nx[El=nx[u 'VxE]=0, on I'yx(0,T)

nxH=Tu, nxE=nxu, on I x(0,T)

%[Ephj] = H x ny, on I'y, x (0,7), j=1,2.

Taking the Laplace transform of (3.2) and employing (A.2) together with initial conditions (2.2)
and (2.6), we obtain the time harmonic electromagnetic-elastic interaction problem in s-domain:

A*u — pis’a =0, in Q
VxE+psH=0, in Qp
VxH-—esE=1J, in Q

. § 3.3
nx[El=nx[u 'VxE]=0, on Ty (3:3)

nxH=Tau, nxE=nxst on

a%j[Ethj] = H X nj, on th, j: 1.2

) )

where s € CT, and %, is the electric-to-magnetic (EtM) capacity operators on I'p; in s-domain
satisfying 7; = £ 1o %0 2.

In [26], Y. Gao and P. Li derived the formulation of the EtM operators %; and showed some
of important properties including boundness and coercivity. Here, we present the main results



of TBCs in [26] without detailed proof. The explicit representations of EtM operators #; take
the following form: for any tangential vector w = (w1, w2,0) " on Lp,,

%J [UJ] = (Ula V2, O)Ta (34)
where 1
= o+ 68— 601,
Ty = MJS;](Q (£ 5° B + £1(£102 — 1))

where U; denotes the Fourier transform of v; with respect to  (see Appendix A for the definition
of Fourier transform), and

Bi(€) = (gjp5> + €*)/2,  with Re[B;(€)] > 0. (3.5)

For convenience, we eliminate the magnetic field H and get the TBCs for electric field E in the
s-domain and time domain, respectively:

(,ujs)fl(v X E) X n; + '%j[Eth] =0, on th, (3.6)
(1) (V x E) x nj + %;[Er, ] =0, on T, (3.7)

j
where €; = £ 10580 Z.
The following lemma on the boundedness and coercivity of %; plays a key role in the proof
of the well-posedness which has been shown in [26].

Lemma 3.1. For j = 1,2, %} is continuous from H~1/2(curl, Lp;) to H*1/2(div,th) (see
Appendixz B for the definition of the trace spaces). Moreover, for any w € H_1/2(curl,th), we

have
Re(%jw,w)phj > 0.

3.2 Well-posedness in s-domain

Eliminating the magnetic field H in (3.3), we consider the reduced vector boundary value
problem

([ A*a — pis?u =0, in Q (3.8a)
V x ((sp) 'V x E) + seE = —J, in Qp (3.8b)
nx[El=nx[p 'V xE]=0, on I'y (3.8¢)
—(p2s) 'n x V x E = Ta, on T (3.8d)
nx E =n x su, on T (3.8e)
(11j8) 1V x E) x nj + #ilEr, ] =0, on Ty, j=12 (3.8f)

in the Hilbert space 2 := {(V,v) € H(curl, ;) x H'(Q2)3, n x V =n x sv, on I'} under the

norm

1/2
1Vl = (IV e + 1013 ap) (3.9)



We shall prove the well-posedness of problem (3.8a)-(3.8f) in 2 by the Lax-Milgram lemma. To
this end, we derive the variational formulation of (3.8a)-(3.8f) by multiplying (3.8b) and (3.8a)
with the complex conjugates of a pair of test functions (V,v) € 25, respectively, and applying
integration by part, coupling interface condition (3.8d), and TBCs (3.8f). Hence, the variational
formulation of (3.8a)-(3.8f) reads as follows: find a solution (E, ) € 2 such that

/ (su) H(Vx E)-(V x V)dx +/ seE - Vdx (3.10)
Qpn Qp

+ /(sug)_lv xExmn-Vdy+ Z Eph Vphj>phj = —/ J -Vdz,
r = Q,
and
/ [§<Ai(v ) (V-0) 4+ 2ue(a) : s(ﬁ)) + pis|s|*a -6} dx
Q
- /(sug)lv x E xn-5vdy =0, (3.11)
r

where A : B = tr(ABT) denotes the Frobenius inner product of square matrices A and B.
Adding (3.11) to (3.10) gives the final variational form:

a ((E,'&), (V,v)) = —/Q J-Vdz, (3.12)

where the sesquilinear form a(-,-) is defined as

a((E,u),(V,v)) = /Q ((sp) (VX E) - (Vx V)dz +seE - V)dz (3.13)
2
/ [sS(u v) —i—pzs‘s‘zu v] dac—i-z Eph ], Vphj>ph
Q =

Here, the bilinear form £(u,v) is defined by
E(u,v) := \i(div u)(div v) 4 2pe(u) : e(v) (3.14)
3
= 2Mi< Z Giujﬁwj> + Ai(div w)(div v) — picurl u - curl .
ij=1

Under our assumptions on the Lamé constants: p > 0,3\ + 2 > 0, we have the estimate (see
[31, Chap. 5.4])

/Q &(u, @)dz > Colle(w)|l2q, (3.15)

where the positive constant Cq only depends on €2, and |le(u)|| (o) denotes the Frobenius norm

defined by
1/2
le(@)llre =(Z||em W)
,j=1



Lemma 3.2. For each s € C, the variational problem (3.12) has a unique solution (E, ) € 2
which satisfies the following estimates:

IV % Ell 20,5 + 5Bl 20,8 S 81 18T 2,3 (3.16)
IVl pg) + IV - all20) + sl 200 S 51 max{l, sy M| 2,3 (3.17)

Hereafter, the expression a < b or a 2 b stands for a < Cb or a > Cb, where C' is a positive
constant and its specific value is not required but should be always clear from the context.

Proof. i) By Cauchy-Schwartz inequality, the boundness of %; and Lemma B.3, it follows that
la (B, ), (V,0))| S IsI7HIV % B2,V % VL2,

+ 181 B 2, 1V |20z + 18IV - @l 120y IV - vl 120

T IsfPl 2 o 01l 2y + 51 Vall oy V2]l ey
2

+> 1% By W ar-1/2a0,00 ) Vo, =1/2(un )
j=1

SNE N curon IV | reur.on) + @]l 71 sllvll Fr o)
which yields that a(-,-) is continuous in the product space 25 x Zs.
i) a(-, ) is uniformly coercive. In fact, setting (V,v) := (E, ) in (3.13) yields

o (B.a), (B, ) :/Q (s0) |V x BPde + se| B)da (3.18)
+ sE(a,q) + pis|sul |dx + E g ], E W T
/Q[ P } ; T Tp, /T

Define pimqyr := max{ i, 2}, Emin := min{e1,e2}. Combining the estimate (3.15) and the well-
known Korn’s inequality [31, Lemma 5.4.4]

le(@)lIF@) + vz = Callvlipgye, Vv e H(Q)? (3.19)

then taking the real part of (3.18) and using Lemma 3.1, we have

L s
Re[a((E,w), (E,a))] > s ‘12 (maz |V % Bl 72,8 + eminl|SE|22(q,)2)

+ 51(Calle(@)|[Fq) + pillsil 7z
‘ ‘chHEHH(curl Qp) + SlC?H’u'HHl
> (2, )3, (3.20)

where C' is defined as

C: —mln{| B C’l,leg} Cy = min{p,, L eminls|?}, Oy = Cqmin{Cq, p;|s|*}.



It follows from the Lax-Milgram lemma that the variational problem (3.12) has a unique
solution (E, @) € Z5 for each s € C;.. Moreover, using (3.12), we clearly have

L 1 . 3
a((E,u),(E,a) < HH']HLQ(Q;LPHSEHLQ(Qh)?’

< 1 ’
~ 2¢|s|?

(3.21)
. € .
’JHQL2(Qh)3 + §HSE”%2(Q}L)37

where we have used e-inequality in the last inequality.
Choosing e sufficiently small such that § < ﬁ%, e.g., €= @%, combining (3.20) with (3.21),

we obtain
| |2 (HV X ‘EHL2 )3 =+ ||SEH%2(Q’L)3>
+ symin{L, st (V30 + 19 @220 + 522 g0 (3.22)
S 5f1‘|j‘|i2(ﬂh)37
we arrive at (3.16) and (3.17) after using Cauchy-Schwartz inequality for (3.22). O

3.3 Well-posedness in time domain

For 0 <t < T, to show the well-posedness of the reduced problem (3.2) and the convergence of
the PML method, we make the following assumptions on the source term J:

J e H50,T; L*()3), 9lJ)i—o=0,1=0,1,2,3,4. (3.23)

Furthermore, in the rest of the paper, we will always assume that J can be extended to oo with
respect to t such that

J € H%(0,00; L*(%)*), 1Tl 0,00:22(00)%) S 15 0,7:02(000)%)- (3.24)

Theorem 3.3. The reduced initial-boundary value problem (3.2) has a wunique solution
(E(z,t), H(z,1),u(z,t)) satisfying

E(z,t) € L*(0,T; H(curl,Qp,)) N H' (0, T3 L*(Q)%)

H(z,t) € L* (0,T; H(curl, )) N H' (0,T; L*(%)?)

u(z,t) € L* (0, T; H'(Q)*) N H' (0, T3 L*(2)*),
with the stability estimate

nax, (10:Ell L2 (0,8 + IV X EllL2(q,s (3.25)

+ |0:H || 12,3 + IV X H|120,)2) S I lmo,m:02(9))

nax, (19wl 2y + IV - ull20) + VUl ) S I 0,020, (3.26)
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Proof. Simple calculations yields the following estimate
g 2 2 2 2
/0 (IV % Ell72(q,)s + 10:E|72(q,)s + Vullpq) + [0z q)s)dt

T
< /0 e 1DV X E|F20,5 + |10:El[72(0,ys + | Vaullf) + 05|72 () dt

oo
S /0 e BN(|V X B 720,y + 10:El[72(0,) + [Vul) + 100wl 72q))dt.
It is therefore sufficient to estimate the integral
) e (V% Elfaq,y + 0Bl 720, + Vulfq) + [0rul7aiq))dt
0 L2(2n) L2()? F(Q) e L2 ()3 /%

Recalling the s-domain reduced system (3.3), by estimates (3.16) and (3.17) in Lemma 3.2,
it follows from [39, Lemma 44.1] that (E,) are holomorphic functions of s on the half plane
s1 > 7y > 0, where « is any positive constant. Hence we have from Lemma A.2 that the inverse
Laplace transform of E and 4 exist and are supported in [0, 00].

Denote by E = £~ 1(E) and u = £~ !(a). Tt follows that using the Parseval identity (A.5)
and estimate (3.16)

/0' 6_231t(||v X EH%Q(Qh)3 + HatEH%Q(Qh)3)dt
[ - -
= % - (Hv X EHL?(Qh)S + ||SE||L2(Qh)3)d52

[o'e) oo

—00

which shows that
E(z,t) € L*(0,T; H(curl, Q) N H' (0,T; L*()?)
thanks to the Maxwell system in (3.2), we also have
H(z,t) € L* (0,T; H(curl, Q)) N H' (0,T; L*(4)?) .
For elastic wave, combining Parseval identity (A.5) with estimate (3.17), we similarly have

© . I e . -
e omla + IVul)dt = oo [ (sl g + IVl s

oo
< / 31_2 max{1, sz}\\sJ]]%Q(Qh)3d82
OO o0
< 31_2 max{l,sl_Q}/O efzsltHBtJH%Q(Qh)gdt,
which means that

u(z,t) € L? (0,T; HY(Q)*) n H' (0, T L*(Q)?) .
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In what follows, we shall prove the stability of solution in (3.2) by means of the initial
conditions. We start by defining an energy function

e(t) = e1(t) +ea(t), for te (0,7)

with 1/2 2 1/2 2
er(t) = [V E( )72, + 111 / H( 1)[[72(0,)s>

e2(t) = Hpi/QatuH%Q(Q)g +/Qé’(u,u)da;.

Observe that () can be equivalently written as

e(t) — £(0) = /0 tg'(f)dT: /O t (eg(T)Jreg(T))dT. (3.27)

By simple calculations using the system (3.2) and integration by parts, we have

t t
/ ey (1)dr = 2Re/ / (¢0-E - E + po-H - H) dadr
0 0 J

t
:2Re// (V% E)-H — (V x E)-H) dedr
o Jo,
2t
—2ReZ/ ;| Er, |- Er, dydr
= 0 th J J

t t
- 2Re/ / J - Edxdr + ZRe/ /(H x n) - Edydr
o Jay, 0o Jr

2 t
= —2ReZ/ T;|Er, |- Er, dvydr
= 0 th J J

t t
- 2Re/ / J - Edxdr + 2Re/ /(H x n) - Edydr.
0 Ja, 0oJr

Noting the definition of £(u,v) (see (3.14)), by the elastic wave equation (2.1) and using the
integration by parts, it can be similarly shown that

(3.28)

t t
/ ey(T)dr = 2Re/ / (Peazu -0:u + 5(3Tu,ﬁ))d:zd7'
0 0 JQ
t
_ / / 2Re( — &(u,0,m) + E(0,u,w) )dedr
0 JQ

t t
+ ZRe/ / Tu - Orudydr = 2Re/ / Tu - O;udydr. (3.29)
0JT 0o Jr

12



Combining (3.27)-(3.29) with €(0) = 0 and the interface condition (2.11), we obtain
= _QReZ / Z;(Er, ] - Er, dydr —2Re / /Q h J - Edzdr
—|—2Re/ /(H X M) -Ed’ydT—i—QRe/ /Tu-@TudfydT
= —2Re2/ Al E[‘h K E[‘h drydr — 2Re/ /Qh J - Edxdr
+2Re/ /H-(an—n X O;w)drydr

szeZ / Z;[Er, ] - Er, dydr —2Re / / J - Edxdr.
Qp

By [26, equation (4.11)], it holds that
Re /t g %[Erhj] 'Ephjd’}/dT > 0.
b
This, combining the e-inequality and (3.15) one has the following estimate
IEC, 0720,y + IH 220,08 + 10l 2 ) + lle(@) |

t t
S €(t) S — 2Re/ / J ~Edl’d7‘ S} / ||J||L2(Qh)3 . HEHL2(Qh)3dT
Qp 0

€ 1
5 o, X B, )220, + ZHJH%l(o,T;m(Qh)if)‘

(3.30)

(3.31)

Finally, letting € > 0 in (3.31) small enough, e.g. € = 1 and applying Cauchy-Schwartz inequality

yields

e (1B + Iz

+ o2y + el

ST ro,rz2,)3) S N2 0,m:0200,)%)-

Now, by using the Cauchy-Schwartz inequality again, we have for any 0 < & < T
2 ¢ 2 ¢
)l = | a0l it =2Re [ [ o) - ule. ydwa
¢ 2 1 2
<2 | " (el e + g lul Ol oy )

T
< 2Te[|Bu(-, )72 (s + 2*€||U('7§)||%2(Q)3-
Choosing € = T' in (3.33) gives

||u(7£)||%2( 3 S TQHatu(ag)H%?(Q)S

13
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(3.34)



Applying Korn’s inequality (3.19) and using (3.34) gives
18eull72(0)s + lle(@) Iy Z lullin oy 2 IV - ulZa@) + 1 VUl

This, combining (3.32) leads to the stability estimate (3.26).
Taking the derivative of (3.2) with respect to t, observing that (0;F, 0, H) satisfy the same

set of equations with the source J replaced by 0,J, and the initial conditions replaced by

OE = 0,H = 0 using (2.7)-(2.8) and du also satisfies elastodynamic equation with d2u(x,0) =

p; P A*u(x,0) = 0, therefore we can follow the same steps as deriving (3.32) for (O,E, 8, H)

which leads to

max (10,0l 2@, + I, 0) |20,

telo,T (3.35)
+ 107wl 20y + €@ ) ) S 10Tl 20 722000
This, combining (3.32) with the Maxwell’s equations completes our proof of (3.25). O

4 The time domain PML problem

In this section, we shall derive the time domain PML formulation of the electromagnetic-elastic
interaction scattering problem. The well-posedness and stability of the PML problem is estab-
lished based on the variational method and the energy method which is adopt in section 3. In
the end, we shall show the exponential convergence analysis of the time domain PML method
applying a novel technique to construct the PML layer.

Figure 2: Geometric configuration of the truncated PML problem
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4.1 The PML equations and Well-posedness

We firstly introduce geometry of the PML problem as shown in Figure 2. Let Qﬁll ={z €
R3 : hy < 23 < hy + L1} and Qﬁ; = {x € R : hg — Ly < w3 < hy} denote the PML
layers with thickness L; and Ls which surround the strip domain €2;. Denote by Qp p :=
{x € R®: hg — Ly < 23 < h1 + L1} N Q° the truncated PML domain with boundaries
Chivr, i ={z€R3¥:x3="hy + L1} and Ty, 1, :== {x € R®: 23 = hy — Ly}. Now, let s1 > 0 be
an arbitrarily fixed parameter and let us introduce the PML medium property o = o(x3):

1; ifhgg.%'gghl,
o(x3) = S 1+ sy o (BEm)™,if by < a3 < by + Ly, (4.1)
1+ 81710'2(}125;3)7“, if hg — Lo < x3 < ho,

where o; are two positive constants and m > 1 denotes a given integer. In what follows, we will
take the real part of the Laplace transform variable s € C to be s1, that is, Re(s) = s1.

Next, we shall derive the PML equations by the change of variables technique, starting by
introducing the real stretched coordinate &

z3
@1:11,:%2::172,:%3:/ O'(T)dT.
0

Since supp J C Qp, taking the Laplace transform of the original Maxwell’s equation (2.3) with
respect to t, we have for j = 1,2

{V x E+p;sH =0, in Qsj (42)

VxH-¢;sE=0, in Qij

Let E(&) and H (%) be the PML extensions of the electromagnetic field E and H satisfying (4.2).
To be more precise, the change of variables technique is to require E(2) and H (&) satisfying

V, x B(#) + p;sH(2) =0, in Q° 43
V) x H(i) - g;sE(7) =0, in 9 '
where V), x u = (Opyus — 0 10p,u2, 0 0pyur — Oy uz, Oy ug — Oz,u1) " for any vector u =
(u1,u2,u3)". Observing that
V x diag(1,1,0)u = diag(o,0,1)V, X u,
we introduce the PML solutions (E, H ) by
E(z) = diag(1,1,0)E(2), (4.4)
H(z) = diag(1,1,0)H(&). (4.5)

Inserting (4.4) and (4.5) into (4.3) and combining the elastic wave equations, we obtain the

15



truncated PML equations of E, H and u

(VXE-F,[’;SIA{/—O in Qh+L
VXH—ssE J in Qh+L
A*u s2u =0, in
Ll (4.6)
nx[El=nxu 1V><E}—O on I'y
nxﬁ:Tﬁ,an:nxsu on I
Exnj=0, on Tpar,, j=1,2,
where 11 := diag(c,0,0 " u and € := diag(o, 0,0 1)e, respectively, and the perfect electric
1 g I g(o,0, p y p

conductor (PEC) boundary conditions have been imposed on the PML boundary I'y,, 1, and
I'p,—1, (Hereafter, we always take the sign + when j = 1, and — when j =2in p;2r,;)-

Eliminating the magnetic field H from (4.6) yields the equation of (E )

V x ((s71)"'V x E) + seE = —J, in Qpur

A*u — pisu = 0, in Q

nx[E]=nxu leE]_o on Iy )
—nx(sﬁ)_1VxE—Tu, on I

an:nxsa, on I

Exn; =0, on Tyip, j=1,2

In the following, we shall show the well-posedness of (4.7) by the variational method in the
Hilbert space

L, = {(V,v) € Hy(cwrl, Q1) x H'(Q)?, n x V =n x sv, on I'}

where Hy(curl,Q47) = {v € H(cwr,Qpqr) : u xny = 0, on 'y, 41z, and u X ng =
0, onT'y,_1,}. And the norm on 25 is defined as (3.9) with €, replaced by €,4r. To this end,

we introduce the variational formulation of (4.7): to find a solution (E, u) € . such that
A(B.%), (V,v)) = —/Q J Vi forall (V,v)e Z,, (4.8)
h
where the sesquilinear form af(-,-) is defined as
a((E, @), (V,v)) = /Q ((sﬁ)’l(v x E)-(V x V)dz + seE .V)da;
h+L

+/ [55(17,?) + pis|s|®a - ﬁ} dx.

Q

Noting that 1 < o < 1+sf100, for x € Q4+ 1, combining the boundness of €, u, Korn’s inequality
(3.19) and (3.15), we have

~( T 1 S1 = =
Red((B. @), (B @) 2 TOW(HV><EH%a(QHL)s+\\8E!!%2<Qh+L>s)
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where oy := max{o1, 02}, which implies the uniform coercivity of a(-,-).
Arguing similarly as in the proof of Lemma 3.2 (noting that the TBC in the s-domain is now
replaced with the PEC boundary condition), we can obtain the following lemma.

Lemma 4.1. The truncated PML variational problem (4.8) has a unique solution (E,u) € 2
for each s € Cy with Re(s) = s1 > 0. Further, it holds that

1V % Bl 2@y + lsBllz2(@ys s < 570+ 57 00) I8 2y 0. (4.9)

\/ 1+ 81_10'0

IVallp) + IV - llr2@) + [stllf2qp S simin{1, 51}

1T 2263 (4.10)

Taking the inverse Laplace transform of system (4.6), we obtain the truncated PML problem
in the time domain

(V x E + 1i0,H = 0, in Q. x(0,7)

VxH-z0,E=1J, in Quyp x (0,7)

piZ% — A" =0, in Qx (0,7)

Eli—o = H|;—o = 0, in Q. (4.11)
u(z,0) = du(z,0) =0, in Q

nx[El=nx[u"'VxE =0, on I'yx(0,T)

E xn; =0, on Thip, x (0,T), j=1,2

Note that s; appearing in the matrix g and € is an arbitrarily fixed, positive parameter, as
mentioned earlier at the beginning of this subsection. In the Laplace transform domain, the
transform variable s € C is taken so that Re(s) = s; > 0, and in the subsequent study of the
well-posedness and convergence of the truncated PML problem (4.11), we take s; = 1/T.

The well-posedness and stability of the truncated PML problem in the time domain (4.11)

can be obtained similarly as Theorem 3.3 with using the estimate (4.9)-(4.10) in Lemma 4.1 as
well as the energy method.

Theorem 4.2. Let sy = 1/T. The truncated initial-boundary value problem (4.11) has a unique

solution (E(:L’, t), H(z,t),u(x, t)) satisfying

E(z,t) € L*(0,T; Ho(curl, Q1)) N H' (0, T; L*(Qm41.)?)
H(z,t) € L*(0,T; Ho(curl, Qs 1)) N H' (0,75 L2(Qp11)?)
a(z,t) € L*(0,T; H'()*) N H' (0,T; L*()*),

with the stability estimate

trerfg:}ig} (||atE”L2(Qh+L)3 +[IV x EHLQ(Qh+L)3

HIOH | 20,00 + IV % Hllz2(0,,,9)
S M+ 00D T g 0.1z (9)2)

and

trer[l(?)ji](uatﬂHLQ(QP IV a2 + IVl r) S V1I+ ool o238
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4.2 EtM operators for the PML problem
Recalling the truncated PML problem (4.6) in s-domain, let E = (El,gg,ﬁg)T and H -
(i1, Ha, H3)", denote by Er, = —n;x(n;x Elr, ) = (E1(@, hy), Ea(F,hy),0)" and Hxnj =

(Ho(Z, h;j), —H\(Z, h;),0)" the tangential component of the electric field and the tangential trace
of the magnetic field on I'y;, respectively. We start by introducing the EtM operators for the
PML problem (4.6)

Bj: H2(curl, Ty,,) - HY2(div,Tp,)
Ephj — H X M
where E and H satisfy the following equations in the PML layer Qij

V x E+JijsH =0, in Qﬁ:
Vxﬁ—gjsﬁzﬂ, in Qij

v > (4.12)
E(%,l’g) :E(?L:a h])a on th
E x n; = 0, on Phj:I:L]-‘
Using the Maxwell’s equations in (4.12), we easily have
ﬁ2(57hj) = (Uj3)71<8m1ﬁ3_aw3ﬁl)7 (4-13)
_ﬁl(gv hj) - (Ujs)_l(arzﬁfi_amE?)' (4'14)

Eliminating magnetic field H from (4.12) and writing it into component form, we obtain

0 0y (0 Op Er) + 8§2E1

— Oy [8:v2§2 + 0_1813(0_153)] - SQ;L]-EJ'El =0, (4.15a)

0710, (0710, Ep) + 02, By

03,00, Er + 010y, (07 E )] — s2pse;E = 0, (4.15b)

Oy (O By + Oy Ba) — 02, By — 0%, By + s2je; s = 0, (4.15¢)
Noting that 5 § 5 3

V- (GE) = ¢j(08,, E1 + 003, Ea + 0py (0 E3)) = 0, (4.16)

then inserting (4.16) into (4.15) yields

0710,y (07 0y ) + 02, By + 02 By — s2pje; By = 0, (4.17a)
0y (07 0y B2) + 02 B + 02, By — s°pije Bz = 0, (4.17b)
Oxq [071[%3 (07153)] + 8%153 + 83253 — 82,qujE3 =0. (4.17¢)

18



For convenience, we only consider the derivation of EtM operator % on I'y,,. To do this,
taking the Fourier transform of (4.17a) and (4.17b) with respect to x leads to the ODEs

-~

az Ej(€ w3) — (mers® + €1 Ej(E,23) =0, in Q.
By(¢,a5) = By(e ), on T, (4.18)
(57 .%'3) = 0

The general solutions of ODEs (4.18) can be easily represented as

on Fhﬁ-Ll-

~

Ej(‘f,xg) = A; 1 O@=) 4 Bie=fO@s=h) ) < gy < by + L. (4.19)

Letting x3 = hy and x3 = h; + L; and applying the boundary conditions in (4.19), respectively
yields

B O L By (&h) PUOL By ()
Aj = _eﬁl(ﬁ)zl — e—BOL] B; = eBLEL1 _ g—B1(§)L’
where R — -
L= /h1 o(t)dr = L1 + m1+ 1L101. (4.20)

Hence, the solution of (4.18) is described as

% e B1(E)(@s—h1—L1) _ Br1(€)(#3—h1—L1) E - — (4.21)
#6r2a) = PO — =AOL1 36 ), < @5 <hat Lo '

Taking the normal derivative of (4.21) and evaluate the value on I'j,, we obtain

~

OE;(&,h -
%(;1) = —1(&) coth[B1 (§)L1] E; (€, ha), (4.22)
where coth(t) := £ +eit denotes the hyperbolic cotangent function and the fact that ¢ = 1 on

I'y,, has been used.

Next, we consider the equation (4.17¢c). Let P = 0*1573, by divergence free condition (4.16)
and PEC boundary condition on I'y, 41, we have

8$3P(5, .7}3) = 0, on Fh1+L1.
Taking the Fourier transform of (4.17c) with respect to Z, we obtain
02, P(€,w3) — (me1s? + |€2)P(E,x3) =0, in Q.

P&, 25) = F3(€, 1), on T, (4.23)
8£3P(f,l‘3) =0. on Fh1+L1

Similarly, we get the general solution of (4.23) that

~ e B1E)(@s—h—L1) 4 Br(E)(@3—h1—L1) 2 =
P(§ x3) = 5O 1+ o B ©Ln E3(§,h), h <x3 <hi+ L. (4.24)
e e
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Taking the normal derivative of (4.24) and evaluate the value on I'j,, we obtain

OP(¢,h1) p(€) 2773(5 h1)

Oxs _coth[ﬁl (€)L4]

It follows from (4.16) and o =1 on I'y, that

Es(f, hi) = —COth[ﬁl(ﬁ)ﬂﬁl(g“P(fvhl)
_ cothBy (§)Ly]i

B1(€) <51E1<€=h1> + & Es(E, m)) .

This, combining (4.13)-(4.14) and (4.22) leads to

ﬁb(& hi) = Mlls [%153(& hy) — 8953;71(6, hl)]

_ COth[if)fﬂ [_ﬁf(lg) (glﬁl<g,m> + &, h1>) OB h1>]
_ W [Elms%ﬁ(s, h) + & (5151@, hi) — 5252@7%))] !
and
(6 ) = — [@Eg(&, h1) — &Eﬁa(é’hﬂ]
fi1s
_ COth[if)fﬂ [_55(26) (glfjl(f,hl) +£2§2(§,h1)> +51(§)E2(§,h1)]
- W [Elmgﬁgg, m)+& (&ﬁ:g(a h) - &El@,hl))] .
Now, for any tangential vector w = (wi,ws,0)" defined on I'y,, we obtain the explicit

representation of the EtM operator 1@1

Frw = (v1,02,0) ", (4.25)
where _
5 = W (11571 + 2(€281 — £132)]
Ty = Colhl[fﬁll(é)fl] [e1p18%@s + & (§1@2 — &in)]
Wlth hi+L 1
—~ o 1 1 _ 81_
Ly := /h1 O(T)dT—L1+m+1L10'1. (426)

Similarly, for any tangential vector w = (wy,ws,0)" defined on I'y,, the EtM operator %’72 has
the following form _
<%2L'J = (Ula V2, O)Tv (427)
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where

o _ coth[B2(6) Lo] [e20125°B1 + (&1 — 1))

M28ﬁ2(€)~
5 = W [eapns%n + (6132 — &01)] |
with . .
Lo = /hQ_L2 o(r)dr = Lo + njl—i— 1L202. (4.28)

We now find that the truncated PML problem (4.7) is equivalently reduced to the following
boundary value problem

(V x (s71)"'V x E) + s6E = —J,  in Qpr
A*u — p;s?u =0, in Q
nx[E]=n x *1V><E:O, on I
[E] - I ;] f (4.29)
—n x (sp) "'V x E = T, on T
nxE=nx s'ﬁ, on I
k(s,uj)_lv x E x n; + éj[ﬁrhj] =0, on I, j=1,2
The variational formulation of (4.29) can be obtained: to find (E, w) € 2, such that
ap((l%,’ﬁ), (V,v)) = —/ J-Vdx forall (V,v) <€ 2, (4.30)
Qp
where the sesquilinear form ay,(-,-) is defined as
0, (B, ), (V,v)) = / (s7) " (V x B) - (V x V)de + 2B - V)da (4.31)
Qp

2 ~
+ / |:§8(’l~l,,§) + p¢8|5|2'l~l, . 6} dx + Z(%j[Eth}, Vrhj>rhj.
Q -
7=1

4.3 Exponential convergence of the time domain PML solution

In this section, we shall give an error estimate between the solution (FE,w) of the original
equations (3.2) and the solution (E,@) of the truncated PML problem (4.11). The following
fundamental Lemma on the error estimate between the EtM operators %; and the EtM operators
a@j is essential to the exponential convergence of the PML method.

Ljo;
m—+1-°

Lemma 4.3. For j = 1,2, denote fj =
following estimate

Then for s = s1 + isy with s1 > 0, we have the

| B; — Bl [ 2e 2VET =M

P . _ _ N < 000000000 = .
1/2 1/2 :

J JIL(H-1/ (curl,l"hj),H / (le,th)) =17 1 — e 2VEML; 79

where I'; is defined in (4.37), and L(X,Y) denotes the standard space of the bounded linear
operators from the Hilbert space X to the Hilbert space Y .
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Proof. Given u = (u1,u2,0)", v = (v1,v2,0)" € H_I/Q(curl,Phj), we have from the definitions
of %; (see (3.4)) and @j (see (4.25) and (4.27)) that

() — Bi)u,v)r,,

2\1/2 ~
- /RQ (1;8';]"(2)(1 — coth[5;(€) L)) (1 + |¢*) /2

[qust(ﬂﬁl + ’17252) + (&’1&2 - gzal) . ({1%\2 — 5251)] df (4.32)
Hence we need to estimate the term

1 2\1/2 ~
(Tﬁﬂ))l 1- coth[ﬁj(f)Lj]’ -
Firstly, we denote

2 . . 2 2
gjpis® = aj + ibj, with a; = e;p;(s7 — s3), bj = 2e5u55152,

and
B3 =gjuis’ + [€]* = ¢; + ibj, with ¢; = Re(g;p;s%) + €]> = a; + [¢]*.

Noting that

L+ A2 (1495 — aj)2]1/4

e U @re |
we define an auxiliary function
” (1+1t—aj)?
i(t) = Y t > aj.

Simple calculations gives the derivative

2(t — aj + 1)[(a; — 1)t + b3]

Fi(t) =
j 21 122
(t2 +b5)
We consider the following two cases:
2
(I) If s3 > s%, then aj < 0. Setting K; := 17—]'%,, it can be verified that Fj(t) increases in

(1—a;)2+b3

laj, K], and decreases in [K}, +00). Hence Fj(t) reaches its maximum 2 at K.

(II) If s3 < s%, then a; > 0. We have another three possibilities.
(ILa) 1 —a; <0, then Fj(t) increases in [a;, +00), hence

Fi(t) < lim Fj(t) = 1.

~ t—4o0

(ILb) 1 —a; =0, it can be easily verified that

t2
Fi(t) = 55 <1
2 402
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(ILc) 1 —aj > 0, that is 1 — gju;87 + €;p585 > 0. In this case, we need to compare the size of
aj and Kj;. Note that K; < a; is equivalent to

1 1
s§+<25%+)s%+s% <8%—> <0.

] Eilj
Thus define
1 252 1
co(s1) := —(s% + L : (4.33)
! 2€; 45 €jfhj 45]2-;1?

We further have three cases:

(IL.ci) 1 —e;u;s? <0, then s3 > iti*171 5 0 and go(s1) < 0, then a;j < Kj. Hence

EjHg
(1 — aj)2 + b2.
Fj(t) < Fj(Kj) = ——5—".

2
bj
2
(IL.c.ii) 1 —ejujs? =0, then s3 > 0 and go(s1) = 0, it holds that Fj(t) < Fj(K;) =1+ 43?2%.
(IL.c.ii) 1 —e;pu;s? > 0, then we have the following two cases:
(IL.c.iii.1) If s3 < ep(s1), then K; < a;, therefore F}(t) decreases in [aj, +00), then
1
F;(t) < Fi(a;) = 5.
j(t) < Fj(ay) a?—i—b?
.C.1i1. s5 > €g(s1), then K; > a;. Hence
Il.c.iii.2) If s3 , then K; > a;. H
(1—a;)?+b2
F(t) < Fy(G) = —— 5
J
Recalling the definitions of a; and b;, by the above discussions, we arrive at
1+ |e|2)1/2
e < M) (4.3)
j
where Aj(s1,s2) is defined as:
(1) when 1 —ejujst <0,
1
1, 0<s3<st——)
Ejkj
Aj(s1,82) = 2
it ) 14 (1 —&ju (st — s3)) /4 2, 2 1
4e2 %52 52 ’ 2T
jH5°1°2 ik
(2) when 1 —ejujs? =0, )
— 52 \1/4
Aj(S]_, 52) = (]. + 475%)
(3) when 1 —¢ejujst >0,
1
_, 0 < 53 < eg(s1),
As(on, ) VEiHs] 2 = ol
" S1,82) = 2 21\ 2
1—ceipi(si—s 1/4
[1 + ( 4] 2J(2 12 3 2)) i| 5 8% > 60(81).
£71175155
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In the following, we further estimate

’26_26jr ©L;

sup |1 — coth[8;(§)L]| = sup
£€R2 ¢£ER?

1 — =28, (O)+iB, ()L,

2¢—2B5(§)L;
<sup —mMM=—
£ER? 1-— efzﬁjr (@LJ‘

where 3;.(£) = Re[3;(§)], and f;,(§) = Im[B;()]. By the formulas

: (4.35)

21? = 12 ;— S isgn(za) 12 ; Zl, for z =z + iz, Re[z1/?] > 0,
we have
183 ()] + Re[B7(6)]
B, (&) = 5
1/2
| [egmy(s1 = 83) + [€1°)* + despdsisi]' /2 + ey (sT — s3) + €]
B 2
—28. (&)L,
Note that % is monotonically decreasing with respect to 3;,(£). Hence, we need to
—e Jr J

seek the maximum of 3, (£) in R%. Simple calculations yields that & = 0 is the unique extreme
point of the function j3;, (£), and

2e—2Bir (€)L; 9e—2vEil;51L;

- (0) = Eil;iS1, — = == =
B35 (0) = V/Ejmjs1 1 28,05 le=0 | _ ~2ymmsiL,

. . 267251T(£)Zj
Besides, 3, () — -+o0, thereby, 1—o—205,(OL;

By the definitions of L; and L (see (4.26) and (4.28)), we therefore conclude that

— 0, as £ — oo.

2672ﬁjv‘(£)zj 26—2mslfj 26_2\/%3]
e L, 7 = —. (4.36)
¢er? 1 — =205 ()L 1 — e 2VEiRGs1L; 1 — o—2VaniL;

Combining (4.34) and(4.36) as well as Cauchy-Schwartz inequality for (4.32) yields

2e~2VEi; L

|<(‘%J - ‘@J)U” U>th| < F] 1_ e*QWZj ”uHH71/2(curl,th)Hv|’H*1/2(curl,th)7

where

1
Ij= TISIAJ(SL s2) max{e;p;|s|?, 1}. (4.37)
J

This completes the proof. ]
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Let w = (E,u) and w, = (E‘,ﬁ) be the solutions of the variational problems (3.12) and
(4.30), respectively. By the definitions of variational formulations of a(-,-) and a,(-, -), we obtain
|a(w — wp,w — wp)|
= |a(w,w — wp) — a(wp, w — wp)|

= |ap(wp,w - wp) - a(""paw - “’p)’

2 ~
= ‘Z EFh |, (B — E)th>th
J=1
2
Z 15 = 25l L 12 (curl Dy ), H- 12 (v ) 1909l 22 |0 = wpll 2z (4.38)

where the constant 7 = max{y/1+ (h; — h2)~1,/2} is defined in Lemma B.3. Now we arrive
at our main theorem by concluding the above argument.

Theorem 4.4. Let (E,u) be the solution of problem (3.2), and (E, @) be the solution of problem
(4.11) with s1 = 1/T, 09 = max{o1, 02}, then under the assumptions (3.23) and (3.24) we have

the following error estimate
T ~
(& - EH?{(curl,Qh) + [lu = alfF ) dt (4.39)
0 (@)

24 (i 2 2 2, e vEml
S max{1L, T2+ 27%) (0 +92) 1+ 00T P (30— ) W iz

where 1 and 2 are positive constants independent of (E,w) and (E‘,ﬂ), but that may depend
onT.

Proof. Combining (4.38) with Lemma 4.3 and the uniform coercivity (3.20) of a(-,-), we have
lw = wyll 2, < C7HP (M1 + M) |wp |l 2 -
By the Parseval identity (A.5) and the definitions of My, Ms in Lemma 4.3, we get

00 eyt 371 B 9 g — 1 ] B 2 d
€ | (w wp)”m - |w wp||555 52
0 T J -0

1/ o 2 p, 2eVIBh
! 1 — e 2VEHL;

IN

2 2
) llopl, dso.
This implies that
T ~ 5
/0 (1B = Bl cunnny + e = 12 o)t

o0 P
< eQSIT/O e (| E — Bl a0, T 1w — 7 q)s)dt

251 T o 2 1 2 (4'40)
_ / 2L w0 — wy)| % dt
0
4.25.T —2 /&5 L,
ne 2
<t [Te (Zr Y % dse.
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Since s; > 0 is arbitrarily fixed, recalling the definitions of C' in (3.20) and I'; in (4.37), there
exists a sufficiently large positive constant M, such that

C7°T%,C7°T1 Iy < mls®, (4.41)
when so > M, where 1 is a constant independence of s3. On the other hand, it’s clear that
C_QF?’ C_2F1I‘2 S Y2, (442)

when 0 < so < M, where 9 is a constant independence of s. Thus the last inequality in (4.40)
becomes

2. 9e2VERL )
/ (ZFJ 25 L ) |wpll %, ds2
2 2 T M (4.43)
2e~2VEiHiL; | 2 o0
<< —*> / w%ds—i—/ $4w2ds>.
< ;1_6_2\/WLJ- (0 Yollwp|l %, dsa - Y18 wpl| % ds2

Now, only the right-hand integral in (4.43) remains to be estimated. Combining Lemma 4.1
with Parseval identity (A.5) and the assumptions (3.23)-(3.24) yields

M 2 o 4 2
/ w3 dsy + /M 8 4wp|[%, dss
0

-0 . ) M 1—|—281 .] 2 J d
< (1+s7 00) ( ; 72[m|| 72y + 51 N5 172,y ds

+ h [LQSIH s1T||% +572|s° T2 ]ds)
M n sjmin{1, s?} L2(@n)* T 71 L2(Q5)21%°2
1+ 2s?

~ stmin{l, s?}

(1 +72)(1 + 57 o) / ZnsJHLz odss

1+2
= 751}("}/1 —f—"}/Q 1+81 0'() / Z”alJHLQ 3dt

sfmin{1, s3

By this inequality and (4.40), (4.43) the required estimate (4.39) follows easily on taking s; =
T~! and using the assumption (3.24) again, where integer m > 1 should be chosen small enough
to ensure the rapid convergence (thus we need to take m = 1) noting the definition of L; =

o;L;/(m+ 1). The proof is thus complete.
O

Remark 4.5. Theorem 4.4 implies that, for large T the exponential convergence of the PML
method can be achieved by enlarging the thickness L; or the PML absorbing parameter o; which
increases as InT'.

5 Conclusions

In this paper, the scattering of a time-dependent electromagnetic wave by an an elastic body
immersed in the lower half-space of a two-layered background medium is studied. The well-
posedness and stability estimate is verified by using the Laplace transform, the variational
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method and the energy method. In addition, we propose an effective PML method to solve this
interaction problem, based on a real coordinate stretching technique associated with [Re(s)] ™!
in the frequency domain, where s is the Laplace transform variable. The well-posedness and
stability of the truncated PML problem are proved by using the Laplace transform and energy
method. At last, through the error estimate between the EtM operators of the original prob-
lem and the EtM operators for the PML problem, we establish the exponential convergence
depending on the thickness and parameters of the PML layers.

In practical computation, the PML medium must be truncated along the lateral direction
which may be achieved by constructing the rectangular or cylindrical PML. Further, the idea of
real coordinate stretching could be extended to other time-dependent scattering problems, such
as diffraction gratings, elastic rough surface scattering problems. We hope to report such results
in the future.

A Laplace transform

For each s € C4, the Laplace transform of the vector field u(t) is defined as:

The Fourier transform of ¢(, z3) is normalized as follows:

~

P&, x3) = F(P)(€,23) = % /RQ e TEH(T, x3)dE, € € R?

and the inverse Fourier transform of éﬁ\(f ) is

-~

_ B _ 1 o~
6@ 0) = F @) @) = o [ TG )
™ JR2
Some related properties on the Laplace transform and its inversion are summarized as

2(%(s) = s2(w)(s) ~ u(0), (A1)
2u u
250 (5) = 2 () (5) — su(0) ~ T (0), (A2)

g( /0 tu(T)dT)(s) = 5712 (u)(s), (A.3)

which can be easily verified from the integration by parts.
Next, we present the relation between Laplace and Fourier transform. According to the
definition on the Fourier transform, it holds

varzute ) = [

w(t)e Stle 52l dt = / w(t)e” 1T — L(u)(s) + isy).
0

We can verify from the formula of the inverse Fourier transform that

1
V2T

u(t)e™! = —=F HF (u()e )} (L (st +is2)) )

1
=—7!
V2T
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which implies that
_ L o s :
u(t) = m/ (e L(u(s1+ zsz))>. (A.4)

where .Z ! denotes the inverse Fourier transform with respect to so.
By (A.4), the Plancherel or Parseval identity for the Laplace transform can be obtained (see

[22, (2.46))).
Lemma A.1 (Parseval identity). If u = Z(u) and v = £ (v), then

1 o

ol u(s) - v(s)dsy = /0OO e~ 21ty (t) - v(t)dt. (A.5)

for all s1 > X where X\ is the abscissa of convergence for the Laplace transform of uw and v.

Lemma A.2. ([39, Theorem 43.1]) Let w(s) denotes a holomorphic function in the half plane

$1 > 0g, valued in the Banach space E. The following statements are equivalent:

1. there is a distribution w € D;(E) whose Laplace transform is equal to w(s), where D;(E) is
the space of distributions on the real line which vanish identically in the open negative half
line;

2. there is a o1 with og < o1 < o0 and an integer m > 0 such that for all complex numbers s
with s1 > o1 , it holds that ||w(s)||g S (14 |s|)™.

B Functional spaces

In this subsection, we give a brief summary of some fundamental functional spaces. For a
bounded Lipschitz domain D € R? with unit outward normal vector v on its boundary X, we
set

H(curl, D) := {w € L*(D)* : V x w € L*(D)*},

which is clearly a Hilbert space equipped with the norm

1/2
lll ey = (I0lB2pys + 1V x @lZaps) -

From [9], we define the bounded surjective trace operator 7, tangential trace operator ; and
tangential projection operator v by

7 HI(D)—>H1/2(E), Yo=¢ on
HYD)? - L}(2)?, mw=wxv onX,
yp: HY(D)? = L2(2)3, yrw=v x (wxv) onX,

where L?(2)? := {w € L*(¥)3: w v = 0} and denote by wx = v x (w x v) the tangential
component of w on X. In fact, the range of v, and ~p

H{(3) = {£ € L}(D)*: € = yqw, w € H (D),
Hi%) = {¢e L%(E) L€ = yw, w € HY(D)},
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are dense in L?(X)3, and v : HY(D)? — HJI_/2(Z), yr : HY(D)3 — HHI/Q(E) are bounded and

surjective operators. The dual spaces of Hi/ 2(2) and H, ﬁ/ 2(E) with respect to the pivot space

L?(%)3 are denoted by Hll/Q(E) and Hll_l/z(E), respectively. In this paper, we will also use
the notion v;¢ (or yr¢) for the composite operator v, o v~ (or yr oy~ 1¢). According to [9,

Theorem 4.1], the definitions of 7; and 7 can be extended into H (curl, D).

Lemma B.1.

H~Y?(Div, %) := {)\ e H'*(8): Divae H—1/2(2)}

and
H2(Cu, %) = {x e BVA®): cunae HOA(R) )

The operators ~; : H(curl, D) — H~'?(Div,¥) and vr : H(curl, D) — H~'/?(Curl,¥) are
linear, continuous, and surjective. Moreover, the L?(X)-inner product can be extended to define
a duality product (-,-)s, between the spaces H=Y/?(Div,%) and H~1/?(Curl, ¥).

We refer to [9] for the detailed definitions of the surface divergence and surface scalar curl op-
erators Div and Curl in lemmaB.1. In addition, the dual pair H~?(Div, ¥) and H~/?(Curl, ¥)
satisfy the following vector integration by parts

/ (w-VXxv—VXw-v)dr = (yw,yrv)s Vw,v € H(curl, D). (B.1)
D

For a finite strip domain €, the definition of Sobolev space H (curl,)) can be found in
[26, 35]. Denote by C2° the linear space of infinitely differentiable functions with compact
support with respect to the variable x on €. According to the dense argument of C?(Qh)?’ in
H(curl, Q) (see [35, Lemma 2.2]), one may only need to consider the proof in C£°(€;)% and
then extend them by limiting argument to more general functions in H(curl, Q). Therefore, the
boundary integrals only on I'p; and I' need to be considered when formulating the variational
problems in €,

For a smooth vector w = (w1, ws,ws3) " defined on ['p;, denote by

diVthw = O, w1 + Og,w2, curlphjw = Oy, w2 — Og,w1

the surface divergence and the surface scalar curl, respectively. Now we introduce two vector
trace spaces on the planar surface:

Hil/z(curl,f‘hj) ={we Hﬁl/z(f‘hj)3 P wy =0, cwrlp, we H71/2(th)},
H™V2(div,Ty,) o= {w € H2(Iy,)* : w3 =0, divr, w € H™Y2(1y,))},
which are equipped with the norm defined by the Fourier transform:
B N N N N 1/2
lllr-vacanrn,y = ([, HIERT2(@0 + 3ol + end — e P)ag)
B N N N R 1/2
ol = [ (0 6P+ [Bal? + eads + mal)g)
The following two lemmas about the duality between the spaces H~Y?(curl, ['p,;) and
H~1/2(div, [';) and the trace regularity in H(curl, ;) can be found the proofs in [35, Lemma

2.3, Lemma 2.4].
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Lemma B.2. The spaces H'/?(div, Lp;) and H~1/?(curl, L'y;) are mutually adjoint with respect
to the scalar product in LQ(th)?’ defined by

<w, ’l))ph, = / w - ﬁd’y = / (@151 + @252)6%
J Ty, R2

Lemma B.3. Let n = max{+/1 + (h1 — ha)~1,v/2}. We have the estimate

||w||H—1/2(cur1,th) < 77||wHH(0url,Q)7 Vwe H(Curla Qh)
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