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the controller is verified through the simulation of the elliptical orbital rendezvous system.



Prescribed-Time Fault-Tolerant Control of Uncertain Linear
Time-Varying Systems by Smooth Linear Time-Varying Feedback*

Jiacheng Dong T Bin Zhou T ¥

Abstract

In this paper, the prescribed-time fault-tolerant control for multiple input multiple output (MIMO)
linear time-varying (LTV) systems is investigated. Both uncertain lexicographically fixed and non-
lexicographically fixed LTV systems with precisely known models have been considered. By leveraging
the special structure of controllable canonical form and employing the properties of the parametric
Lyapunov equation, a global prescribed-time fault-tolerant controller is designed. By choosing a suitable
Lyapunov-like function, it will be demonstrated that the state converges to zero within the designated
time. In addition, the designed controller is bounded and maintains a linear, concise and smooth form.
Ultimately, the effectiveness of the controller is verified through the simulation of the elliptical orbital
rendezvous system.

Keywords: Global prescribed-time control, fault-tolerant, linear time-varying system, non-lexicographically
fixed, uncertainties, elliptical orbital rendezvous system

1 Introduction

Linear time-varying (LTV) systems have always received widespread attention in the past few decades
[1, 2, 3, 4]. It has many practical engineering applications, such as the nonholonomic car [5] and the
magnetic torque spacecraft [6]. Compared to the control of time-invariant systems, the control of time-
varying systems is a rather arduous and challenging task. We lack effective mathematical tools to handle
LTV systems, and even so, there is still a significant amount of literature on the control of LTV systems
[2, 3, 7, 8]. In the previous studies, researchers have primarily concentrated on the asymptotic stability of
LTV systems, wherein the system state converges to zero after a substantial duration. However, practical
applications often require faster convergence speeds.

Prescribed-time control has garnered considerable attention in recent years for its capability to set the
convergence time arbitrarily and its robustness against unknown disturbances [9, 10, 11, 12, 13]. Firstly,
concepts including finite-time, fixed-time, and prescribed-time convergence have been proposed. In the
finite-time scheme, the state converges to zero within a defined time interval, rather than indefinitely. The
convergence time, however, is related to the initial value [14, 15]. In cases where the upper bound of
convergence time remains constant regardless of the initial value, the finite-time scheme transitions into the
fixed-time scheme [16, 17]. In the prescribed-time scheme, the upper bound of the system’s settling time
is presumed, meaning that the convergence time is not only known but can also be arbitrarily specified
as a parameter. In recent years, criteria and stabilization methods for prescribed-time control have been
developed for a large number of systems, such as nonlinear systems [11, 18, 19] , linear time-invariant systems
[20, 21], stochastic systems [10, 22], time-delay systems [9, 23] and multi-agent systems [24].

On the one hand, controlling LTV systems is quite difficult, and on the other hand, prescribed-time control
can significantly improve system performance. Accordingly, achieving prescribed-time control for LTV sys-
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tems represents a significant challenge. However, to the author’s knowledge, there is currently no literature
to address this problem.

In this paper, the problem of prescribed-time control for LTV systems has been investigated. Firstly,
uniformly controllable LTV systems are transformed into their controllable canonical forms. When the
uniformly controllable system is lexicographically fixed, we will directly convert it. However, when the
uniformly controllable system is non-lexicographically fixed, it should first be expanded into an augmented
lexicographically fixed LTV system with the assistance of an auxiliary LTV. Subsequently, the augmented
lexicographically fixed LTV system will be converted into the controllable canonical form. Secondly, on the
basis of the obtained controllable canonical form, by employing the inherent properties of a certain type of
parametric Lyapunov equations (PLEs) [25, 26, 27], a smooth linear time-varying high-gain state feedback
controller is designed. Then, by choosing a suitable Lyapunov-like function, it will be demonstrated that
the state approaches zero within a prescribed time. Additionally, the uncertainties and the faults in the
actuator [28, 29] are also taken into account. Ultimately, our contribution to the design of prescribed-time
fault-tolerant controller for uncertain LTV systems is manifold.

1. There is no need to impose slow changing constraints on the coefficient matrix or adopt approximate
methods for LTV systems. In addition, the system’s state transition matrix is not needed to be known.
This paper only requires that the LTV system is uniformly controllable.

2. The global prescribed-time control for LTV systems is achieved. The uniformly prescribed-time input-
to-state stability in sense of Definition 2 and the globally uniformly prescribed-time stability in sense
of Definition 3 are considered. Moreover, the convergence time is independent of the initial condition.
In addition, our controller maintains a linear, concise, smooth form, and it is bounded.

3. The designed controller is capable of fault tolerance and robustness. The prescribed-time stability of
the LTV system can be maintained when the upper bound of the model uncertainties satisfies a specific
condition.

Notation: Consider R**! as sets of k x [ matrices. Opxq denotes the all-zero p x g matrices. R>;, refers
to the interval [t,,00) and ||-|| denotes the Euclidean norm. M & N represents the matrix with diagonal
elements being matrix M and matrix N . Let AT, rank(A), omax(A), omin(A) denote, respectively, the
transpose, rank, maximal and minimal eigenvalue of matrix A. J¥(Z, 0), J°°(Z, 0) and S®(Z, O) refer to
the set of k-times differentiable functions, smooth functions and bounded functions f : Z — O, respectively.

(n]

N represents the set of positive integers. p; " represents a row vector with dimensions 1 x n , where only

the i-th element is 1, and the rest are 0. The phrase “unique positive definite solution” is abbreviated as
“UPDS”.

2 Preliminaries

Consider the following MIMO LTV system with actuator faults and uncertainties

{ &= (1+w(t)A)z + B(t)((1 —n(t))u+ (1)), (1)
y:C(t)LU, t,to ERZ(), t > to,

where x € R" represents the state, v € R™ denotes the input, y € RP signifies the output, A(t) €
(T, 8°)(R>0,R™™) and B(t) € T (R>0, R™™). w(t), n(t) and 6(t) € R™ denote the model uncer-
tainty, the fault gain and float fault, respectively.

In this paper, we make following assumptions on the LTV systems (1).

Assumption 1 The model uncertainty w(t) is unknown but bounded, satisfying, || (t)|| < Wmax < 00, Vt €
R>o, where wmax s a known finite positive constant.

Assumption 2 The fault gain n(t) € [0,1) is unknown but bounded, satisfying ||n(t)]] < NMmax < 00,V €
R>o, where nmax s a known finite positive constant. The float fault 6(t) is unknown and its norm has an
unknown finite upper bound on the interval R>¢.



Remark 1 In Assumption 2, n(t) € [0,1) guarantees that the input of the LTV system (1) is not infinitely
close to zero. Otherwise, if n(t) = 1, the control function could be completely lost, causing the system to
become unforced. Similar constraints on fault are also found in [28, 29].

For simplicity, we define the following two operations. One operator # () is defined as

SO (M) 2 M),
S (M(1) 2 M(DA() + S M), (2)
M) E F(FTNME)), =12

and other operator Z(-) is defined as

33

Z° (M(t)) = M(t),
( (1)) £ A()M(t) — g M(1), (3)
Z(M(t) = 271 (M(1), i=12,...,
where A(t) is defined in LTV system (1). Specifically, Za,(-) and %4, (-) denote the similar operations in
(2) and (3) with the only difference being that A(t) is replaced by Aj(t).

Definition 1 [30] The LTV system (1) is said to be uniformly controllable on the interval Rx>q, if its
controllability matrix

BY(t) '
=] FEOT o, @
(@1 (B(1)T
satisfies rank(Q;(t)) = n, Vt € Rxq.
Consider the following partitions
B(t)=[ bi(t) bo(t) -~ bu(t) ].

The controllability matrix Q(t) is screened for independent columns in the order from left to right. First,
at step 1, the columns of the matrix B(t), b;(t),i = 1,2,...,m, are investigated. At step j,j € {1,2,...,n},
R (bi(t)),i = 1,2,...,m are investigated for their dependence on all previous ones. If %7 (b;(t)),i =
1,2,....m,j=1,2,...,.n— 1 can be represented by its previous vectors in a linear combination, we will discard
this vector. Otherwise, we will keep this vector. Finally, a new nonsingular matrix Q.(t) is constructed as
follows

Qc(t)=[ QL) Q1) -+ Qu7'(t) ] e R™™, )
Qé(t) :[ bi(t) Z(bi(t)) --- %M—l(bi(t)) ]E R <M

where ¢ = 1,2,...,m. Then, the ordered set {u1,uso,...,un} is called the controllability indices. The
controllability indices may change over time. Then, we give following two assumptions.

Assumption 3 There exists controllability indices {p1, 2, - - . , tm } that does not change over time such that
the LTV system (1) is uniformly controllable. In this case, the LTV system (1) is said to be lexicographically
fized.

Assumption 4 There exists controllability indices {p1(t), u2(t), ..., um(t)} that change over time such
that the LTV system (1) is uniformly controllable. In this case, the LTV system (1) is said to be non-
lexicographically fized.

Remark 2 Assumption 3 was widely presented, such as [31, 32, 833]. However, Assumption 3 is restrictive,
and Assumption 4 is more weak but has received less attention. (See [34] and the references therein.) If the
LTV system (1) is uniformly controllable, it must be non-lexicographically fixed with controllability indices
being {u1(t), pa(t), ..., um(t)}. (Here we consider the lexicographically fized LTV system as a special type of
non-lexicographically fized LTV system.)



If the LTV system is lexicographically fixed, the controllability indices {1, pi2, - . ., ftm } are some constants.

m
Denote > u; = n.

i=1
If the LTV system is non-lexicographically fixed, the controllability indices {u1(t), ua(t), ..., um(t)} are

time-varying numbers. For arbitrary given ¢ € R>g, we have Y u;(t) = n. Define
i=1

;= Y, i=1,2,...,m.
v tg}%;{“ )}, i m (6)
Set . . .
ng &) vi= max {ui()} >y pui(t) = n. (7)
1=1 =1 = =1

Finally, we will introduce the relevant knowledge on prescribed-time stability.

Definition 2 [19, 35] (UPT-1S5+C) The time-varying system & = f(x,0,t,t0),t,t0 € Rso,t > to, is
referred to as uniformly prescribed-time input-to-state stable and converges to zero at the prescribed time T
(represented by UPT-ISS+C), if there exists two K functions 7 and ¢ and a KL function B. such that for
any initial moment to, all t € [to,to + T| and the bounded function 6(t),

l=(0)l < e (ﬂx(to)n)w( sup )||5(8)),71(t)>, (®)

sE [to Jto+T

where v1(t) is a T-finite-time escaping function (t lin-ls-T%(t) = 00).
—to

Definition 3 [36] The time-varying system & = f(x,t,to), t > to,t,t0 € R>q is referred to as globally
uniformly prescribed-time stable (GUPTS) with the predetermined time T, if it is uniformly stable and, for
any given initial state value and initial moment, . liHi-T [lz(®)|| = 0.

—to

3 Controllable Canonical Forms for LTV Systems

In this section, employing a nonsingular time-varying transformation, the uniformly controllable LTV sys-
tem is converted into its controllable canonical form, regardless of whether it is lexicographically fixed or
non-lexicographically fixed. For lexicographically fixed LTV systems, we directly transform them into their
controllable canonical forms. Regarding non-lexicographically fixed LTV systems, we first introduce an
auxiliary system based on the original system to ensure that the extended LTV system becomes lexicograph-
ically fixed. Subsequently, the augmented lexicographically fixed LTV system can be transformed into its
controllable canonical form.

3.1 Controllable Canonical Forms of Lexicographically Fixed LTV Systems

Theorem 1 Suppose that the LTV system (1) satisfies Assumption 3, then there exists a nonsingular trans-
formation

z = To(t)z, )
such that the LTV system (1) is converted into the following controllable canonical form
{ 22 =0z DOt 60) (10)
y=C(t)x, t o€ Ry, t2>to,
where (A(t), B(t))= (T.(t) A(t)+To(t)) T 1 (t), To(t) B(t)). Moreover, A(t) and B(t) take the following form.:
An(t)  Aw() - Ain(t)
Agl(t) A22 (t) e AQm(t)
(t) = : : : c R™", (11)
Am; (t) Apa(t) - Apm(t)



by
B(t) = I(t) e R™™, (12)
bm

where T'(t) € R™*™ s an upper triangular matriz with diagonal elements all being ones and, for i,j =
1,2,...,m,

0 1
Aty =| e RI X
0 1
Qi1 | (4,2 Qg s
0 0 ]
Ayt)=1| - : €RMMM, i, (13)
0 : 0
L Qg1 Qg2 0 Qg |
bi=[0 - 0 1] eRm¥, (14)
mn which ag;r ,k=1,2,...,u; are time-varying known parameters.

Proof. The conversion process to controllable canonical form has been given in many previous literatures
[37]. We next mainly provide the construction method of the transformation matrix T, (¢). First, the inverse
of matrix Q.(¢) in (5) is divided into

A _ A A T
Q=0 M) =[ Q1) QI O
where, for i =1,2,...,m,
A T
Qi(t) = [ %Eo(t) %iT,1(t) %‘T,Mq(t) ] .
Denote
se(t) 2 s -1 (t), k=1,2,...,m. (15)
Next, the transformation matrix T.(¢) is constructed as follows
[ T (t)
Tea(t)
Tc(t) N [¢ . c Rnxn’ (16)
| Tem(t)
7 (t)
A (1))
To(t) 2 . ERMX k=1,2,...,m. (17)
| 7 Ga(8))

Then, by using the transformation z = T,(t)z,, A(t) and B(t) yield the expressions as shown in (11) and
(12). Moreover, I'(t) in (12) takes the following form

(p1—1) 2 (¢ ) 1 % -+ %

FASaICI0) 1

r() = B = o (15)

*

S (e (1)) 1
where I'(t) € R™*™ and * represents known time-varying elements. ®
Remark 3 The theorem mentioned above shares similarities with the result in [33]. However, in Theorem

1, The constraint



imposed on the controllability indices {pi1, 2, - .., tm t has been relaxed during the conversion to the control-
lable canonical form. Traditionally, many works including [81, 32, 33, 38] consider the condition (19) as a
requirement for the conversion to controllable canonical form. However, it has been noted by [39, 40] that
this condition is not essential. They highlighted that even without such condition, the LTV system can still
be converted to its controllable canonical form in form of (11) and (12), albeit without providing a detailed
proof. In our forthcoming research, we will provide a detailed proof that the condition (19) is redundant for
the conversion to controllable canonical form.

3.2 Controllable Canonical Forms of Non-lexicographically Fixed LTV Systems

In the previous subsection, employing the transformation characterized by the system data, the lexicograph-
ically fixed LTV system with actuator faults and uncertainties is transformed into its controllable canonical
form. Next we will introduce the method of transforming the non-lexicographically fixed LTV system with
precisely known model into its controllable canonical form. The non-lexicographically fixed LTV system can
be expanded into an augmented lexicographically fixed LTV system with the assistance of an auxiliary LTV
system. This idea was initially proposed in [34]. We will provide a direct method for obtaining the augmented
lexicographically fixed LTV system in this subsection and apply it into the analysis of global prescribed-time
fault-tolerant control in the next section. Initially, we introduce the time-varying base extension theorem,
inspired by the Dolezar’s theorem [41], with its proof relocated to Appendix Al for clarity.

Lemma 1 Letl,n € NT, r € {1,2,...,n} and M(t) € T*(R>0, R"*"). Suppose that rank(M (t)) = r, for
all t € R, then there exists S(t) € (T*,8%) (R0, R"™7*") such that

M(t)

rank | )

:| =n, Vte Rzo.

Then, assume that the LTV system model depicted in (1) is precisely known, that is w(t) = 0,Vt € R>o.
Denote ne = ng — n, where ng is defined in (7). The following result regarding the augmented lexicography
fixed LTV system is given, whose proof has been moved to Appendix A2 for clarity.

Lemma 2 Let Assumption 4 be fulfilled. Then, there exists suitable matrices Aq1(t) € R™ ™ Ay(t) €
R * (s~ and B,(t) € R™*™ such that the LTV system (1) with w(t) = 0,¥t € R>q can be expanded into
the following augmented lexicographically fixed LTV system

{ Ly = Ag(t)zg + By (t)((1 —n(t))u+6(t)), (20)
Yg = Cg(t)xg, t,to € Rzo, t > to,

where

:| c Rngxng
2(t ’
( ) Ng XM .
Bg(t):[ B.(t) ER"™ MCy(t)=[C(t) 0]eRP*"s.
Additionally, the augmented lexicographically fivred LTV system (20) has controllability indices {v1,va, . .., U}

Such widespread non-lexicographically fixed LTV systems are only considered in the problem of pole place-
ment [34, 42, 43, 44, 45] and lack attention on other interesting issues. Utilizing the augmented system, the
conversion to the controllable canonical form can be generalized to non-lexicographically fixed LTV systems.

Theorem 2 Let Assumption 4 be fulfilled. Suppose that w(t) = 0,Vt > tg € Rx>o in the LTV system
(1), then there exists a nonsingular transformation Ty = Ty(t)xg, such that the augmented system (20) is



transformed into the following augmented controllable canonical form

{50 = At B0 =) 30, o
ye = Cg(t)zg, t,to € R, t2>to,

where (Ag(t), By (1)) :((Tg(t)Ag(t)+Tg(t))Tg_1(t),Tg(t)B(t)). Moreover, Ag(t) takes the similar form to (11)
bg1
By(t) = I(t) € R, (22)
bgm
where, for each i € {1,2,--- ,m},
by=[0 - 0 1]" eRv", (23)

and T'g(t) takes the similar form to (18).

4 Global Prescribed-Time Fault-Tolerant Control by Linear Time-
Varying Feedback

In this section, employing the clear structure of the controllable canonical form and the characteristic of the
PLE, a linear time-varying feedback is designed to achieve global prescribed-time fault-tolerant control for
uniformly controllable LTV systems. Both uncertain lexicographically fixed and non-lexicographically fixed
LTV systems with precisely known models have been taken into account. We first consider the prescribed-
time fault-tolerant control for the lexicographically fixed LTV system.

4.1 Lexicographically Fixed LTV Systems

In this subsection, the prescribed-time fault-tolerant controller is designed for uncertain lexicographically
fixed LTV systems. We first design a preliminary controller. Then, based on the preliminary controller, we
redesign the overall controller.

Assume that T¢(t) constructed in (16) and (17) is a Lyapunov transformation matrix. Therefore, the stability
of the original system can be preserved after the transformation z = T¢.(¢)z. Accordingly, the controller design
can be continued based on the controllable canonical form derived in the previous subsection.

For i € {1,2,...,m}, denote
Ki(t) £ [ Kii(t) Kip(t) - Kim(t) ] € R, (24)
where, for each j € {1,2,...,m},
Kij(t) 2 [ oujn qijo -+ aujp, | € RVM, (25)
in which o5 ,4,5 =1,2,...,m,k=1,2,..., u; are defined in (13). Set

(5p1(t)

dra(t)
Sr(t) = : = I'(t)é(t) € R™. (26)

5 (8)

where I'(t) is defined in (12). Since T,(t) is a Lyapunov transformation matrix and A(t) as well as B(t) are
bounded for all ¢ € Rxq, then both A(t) and B(t), respectively, depicted in (11) and (12) are bounded for
all t € R>q. Therefore, based on the special structure of matrices A(t) and B(t) outlined in (11), (12) and
the definition of K;(t),i = 1,2,...,m depicted in (24) and (25), along with the depiction of dp(¢) in (26),



we can conclude that, for every 4,j € {1,2,...,m}, I'(t), ér;(t) and K; ;(t) are all bounded for all t € R>o.
Set

Smax = SU 8% (1) . 27

Dg{ggmu} (27)

In addition, since I'(t) depicted in (18) is bounded and det(I'(t)) = 1,Vt € R>¢, according to Lemma 5, we
can infer that I'~1(¢) is also bounded for all t € Rxg.

Partition the state of the controllable canonical form (10) into

z=[2 #F - 2], (28)

where T, € R*, ¢ =1,2,...,m. Define the following preliminary controller
u=T""(t), v:[v;r vl - vk ]T, (29)
where I'(t) is defined in (18) and v;,i = 1,2,...,m are the remaining part of the controller to be designed

subsequently. Inserting the preliminary controller (29) into the controllable canonical form (10) yields

i‘i :(1 =+ w(t))/Li‘z + (1 =+ w(t))biiKi7lj(t)jj =+ bl(SFl(t)
+ (1 =nt)bv;, i=1,2,...,m, (30)

where, for each i € {1,2,...,m},

X
c R Hz’

and b;, K; ;(t),7 =1,2,...,m, and dp;(t) are defined in (14), (25) and (26), respectively. Next, we give the
following properties on the parametric Lyapunov equation (PLE).

Lemma 3 [25, 26] Let

0
. b= 0 , (31)
1
where A € R™™™ and b € R*"*!. The PLE
ATP+ PA—PbTP = —P, ~>0, (32)

possesses a UPDS P(v) to (81), exhibiting the following properties:

1. The UPDS P(v) is provided by
P(y) = vLnPnLy, (33)

where P, = P(1) and L, = L,(y) =y" 1 @y" 2@ .- 1.

2. There exists a constant O(n) > 1 independent of v such that

P() _ dPG) _ 6m)PG) (34)

ny dy ny

where O(n) = n(1 + omax(M,, + P, M, P;Y)), with M, =n—1&n—-2&---H1 0.



3. There holds

ATP(7)A < 3n%y*P(v). (35)
bIP(v)b = nry. (36)
Omax(Pn) = O-I;liln(Pn) £ An. (37)

We then give the assumption on the upper bound of the model uncertainty w(t).

Assumption 5 For every i € {1,2,...,m}, the known finite upper bound of the model uncertainty wmax
satisfies
2\/§uiwmax < 1.

By utilizing the properties of the PLE, we redesign the preliminary controller. Then, we present the following
main result.

Theorem 3 Let Assumption 3 and Assumption 5 be fulfilled. Assume that T(t) constructed in (16) and
(17) is a Lyapunov transformation. Let T > 0 be a prescribed time. Then, there exist positive constants o

and 8, such that the closed-loop system composed of the LTV system (1) and the linear time-varying state
feedback (29) with

v; = —fbl Pi() T.(Hz, i=1,2,...,m, (38)

P,

i—1
where f is a constant satisfying f > m, bi is defined in (14), fi; = > pe + 35,5 =1,2,..., i, and
k=1

aB(to+T) _ ,aBto k afB(to+T)
‘ ¢ e b (39)

7T oot T) — et 100 0 T HAX { caB(to+T) _ cabto’
in which k > 1 is a constant, and P;(~y) is the UPDS to the PLE (32) with dimensions ;, satisfies
lz(@®)II* < x(1 = e PEFT=D)(la(t0) |* + Simae),

for allt € [to,to+T) and any x(ty) € R™, in which x is a finite positive constant. Moreover, the overall
controller u(t) composed of (29) and (38) satisfies, for allt € [to,to +T),

||u(t)||2 < qu((eaﬁ(to+T_t) —1)° H"T(tO)”2 + Omax);

where ¥y, and < are finite positive constants. In addition, when the float fault 6(t) exists in the LTV system
(1), namely, 6(t) # 0, the closed-loop system is UPT-ISS+C in sense of Definition 2 and the overall controller
u(t) is bounded. When the float fault §(t) does not exist in the LTV system (1), namely, 6(t) = 0, the closed-
loop system is GUPTS in sense of Definition 8 and the overall controller u(t) satisfies t_}izliTu(t) =0.

Proof. Let ky and ¢;,7 = 1,2,...,m represent positive constants such that, for i = 1,2,...,m,
N i
o E— (1 — ki — 2V/3Wimax — €;) > 0. (40)
i + 0(p;)
Choose
0<a< min {o}. (41)
1= m

—Lydyee

Fori=1,2,...,m, define

m 1.2
Hi i

Bi £ _ ™ m(l 4+ wmax)ﬂi + (1 + wmax) E N ) (42)
pi + 0(ps) Pl 2



where

kﬁ :Sup{HKJﬂ«(t)”}? .7 = 1327"'ama (43)
>0
and p; & Omin(Py,). Choose
mx (0
g > Shiem (44)
o

According to (9) and (28), (38) can be rewritten as
vi = — b} Pi(y)%;, i=1,2,...,m. (45)
Consider the Lyapunov-like function
Vi(t,Z;) = 2L Pi(v)Zi, i=1,2,...,m

For arbitrary given i € {1,2,...,m}, taking the time-derivative of V;(t, Z;) along system (30) with controller
(45) yields

rdP;(7)

Vit, &) =v&] P(v)%; + 47T, A

Ty K5 ()b 4 6ri(t)b)

Ti+y ((1 + @)z Al + (1+=(t) )z,

1

H |
_|_
+
&
=l
=
=

—(1- U(t))fxiTPi(W)bib;F> Pi(7)Z; +vz! P;(7) (( + w(t)) A

+bior, (t) — (1 - W(f))fbibgpi(7)$i>

- . .dP(y _ i
5T Pi(0)5: + il S 4 g (AT R() + P = 2(1 = ) PGB P
2(1 4 w(t))y Z z] K5 ()b Pi(y)i + 201 (t)yb; Pi(7)Zi + 20(t)yZ] Pi(7) Ai;. (46)
According to (34), we have
39t L0V, < 2 p )z, (47)
dy i

Referring to (32) and f > —j» We can get

2(1— 17

V’T(/TTP'( )+Pi(7)Ai=2(1= n(t)) fP;(7)bib Pi(7)) s

= Pi(7)Zi+(1=2(1 — n(t)) f)vE] Pi(7)bib] Pi(7)Z:
725UTP(’Y) i+ (1=2(1=Nmaz) ))VE; Pi(7)bib! Pi(7)Zs
— 7z} Pi(y)xi. (48)
It follows from (36) that
VZ{ Pi()bib] Pi(7)Ti <b) Pi(7)biZ Pi(Y)Zi = i’z Pi(7)Zi. (49)

By using Young’s inequality and (49), we can derive
1 1
201, (t)7b] Pi(7)Z: < kwﬂ’C?H(v)bibiTPi(v)ii+kf175%i (t) < k1p*z] Bi(7)Z: + Evé%i (t),  (50)

where k1 > 0 is a constant. Using Young’s inequality and (35) yields

= 1 _ _
2w(t) ( )A ; <k 2wmax7 z; P( ) ; + kfwmaxi'iTAiT‘Pi(’y)Ai.’fi
2

2_T — 3szwrnax 2-T -
SkZ’wmax’y LUZ- Pz(’y)xz + T’y ‘Ti P(’Y)xl
2
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32
= ( ad > Winax VT Pi(7)Z;. (51)
ko
Notice that, for i € {1,2,...,m}, there exists positive scalar p; such that
pily, = Omin (P ) s = Umin(Pui)Lil(D < Omin (P, )L ('70) < Umin(Pm>Lii S Ly Py Ly, (52)

where (33) and (39) are used. Using Young’s inequality, (33), (49) and (52) gives

2(1+w(t)ve! Pi(y)biy_Ki;(t)z
j=1

—Zz 1+ w(t))VZE Pi(7)bi K, (1T,

1
ngg(l + Winax )Ty Pi(7)bibi Pi(v)Z; + Zkg( + Winax)Y° T K (6 K (1),
j=1

j=1
<mksg(w@)niya; Pi()z 7 Zk% T
<mksg(w)pivz; Pi(y 72’%2] ]TMU
Dj
<mbksg(w)uivz; Pi()z VZ ” i Pi(y (53)
where k3 is a positive constant, g(w) = 1 + Wmax and k;j,j = 1,2,...,m are defined in (43). Combining

(47), (48), (50), (51) and (53), (46) can be further written as

. . _ 9 i) — _ _ _ ’L
Vilt, &;) <z} Pi(y)Ti+5 (M)xiTPi(v)xi—ngiTPi(v)wﬂrmkag( )iz Pi(y)z WZ L2l Py

%

1 32
+ k1?2 Py ()T + k—vé%i (t) + (kz + :Z ) WinaxV>T; Pi(7)%;
1 2

0(pi 3u?
=< (1 + (17 )> ¥+ (— L+ Kypi+ ( :z ) Wimax + €i>'72>x;rPi('Y)$i — e’z Pi(7)Ti
i 2

T ’7 Z] T 1 2
+ mksg(@)piyz; Pi(y) - Z 75 ,717% (1)
— 0. (NETP AN E: — er27T P ()5 k TP (v @)y ij TP L 52
=pi(V)T; P;(7)Ti— ey T; Pi(7)Ti + mksg(@) i@, Zp wﬁrklv 7.(1),
j=1 J
(54)
where
O(i) \ . 3u?
i 2
and ¢; is a positive constant to be designed.
Notice that
m m kQ m.m k2
>3 rpe, = 305 Barn e, £
i=1 j=1 im1 =1 Pi
Let
m m
V(tz) =Y Vi(t.z) = > ya; (). (57)
i=1 i=1



By using (27), (54) and (56), V (¢, %) can be further written as

V(t,z) <> (@i(V)f;FPi(V)fi — €z} Bi(7) % + mkag(w@)uiy@; Pi(y)Z;

=1
_’_g(w)r)/iik?j—TP( ) + i 2 (t)
ks PR v T
i=1j=1"7 i=1
= (0i(NFF Pi(y)7: — ev*3} Pi(y)Z; + mhsg(w@) iy a; Pi(y)z:)
1=1
A S S Bt )+
ks — p; ' k
=1 j=1
=> | wi(v) — €* + mksg(w) i + —YOmax
— ‘ pi ki

- _ 1
= Z(¢z(’y) - 6172)‘%‘1’1‘]32(7)1'1 + killyémaxa

where

) < kg-i
bi(7) £ @i(y) + | mksg(w)p; + % Z pi v,
j=1 "

and dpax is defined in (27). By choosing
k2 = \/gﬂlﬂ k3 = 1a
@;(7y) can be written as

2

(bl(’y) = (1 + 0;@)7"’ <_ 1+ kl/f('z ( 3]{)2 )'IUmdx + €z>7 + kaQ(W),U,Z—‘rg(k?) Z

B O (. 75 _ , 4 i , . i
B <1+ i )( 7ui+9(ui)(lfkmﬁ%/gmwmaquh%ui+9(ui) <mg(w>ul+g(w)z

O(pi) \

= (1 + W) (% — iy + Biv),
i

where «;, 8;,1 = 1,2,...,m are defined in (40) and (42).

According to (39), (41) and (44), for every i € {1,2,,...,m} and all ¢ € [to,to + T'), we have

Y=y + By < — o’ + afy
_(eaﬁ(to—i_T) — eaﬂto)% aB(to+T) apt aB(to+T)
T (eaBta+T) _ aBl)2 —a(e®TT — €00 + affet )
a<eaﬁ(to+T) _ eaﬁto)nyO Be%@’(to-‘rT)
= (coB(ta+T) _ gabt)2 <_70 + caBto+T) _ ea5t0>

<0.
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Therefore, V (¢, Z) can be further written as

1 1
E — < 7) — —
61'7 xz z T; + kl ’Yémax > —€y (V(t,.’lﬁ) le 6max> ) (58)

where € = 1Igm {€;}. By using the comparison lemma [46], V (¢, Z), for all ¢ € [to,to + T'), satisfies

= e,

V(t,7) < AS(t,to)V (to, 2(f0)) + iémaxa X (o), (59)

where ¢ = e(e®T — 1)y9/aBe*PT is a positive constant and the scalar function A(t,ty) = (e®#to+T=t) _
1)/(e*?T — 1) € (0,1) is bounded. Using (33) and (37), we have

m m
=> & "Pi()Ti =Y V2] Ly, Pu, Ly, T
=1 =1
m
2 Z’YQA;lf;FLMLM@
=1
m
>x1(70)7 Y % %
i=1

= x1(0)7 2], (60)

4

where x1 (7o) . min  {y4,'}. By employing (33), we have

,2,...,m

V(to,2(t0)) = Y _ 70&] (o) Pi(70):i(to)

= x2(70) [|Z(to) ||, (61)

where 0 = Oumax (L, (Y0) Pus Ly (70)),i = 1,2,...,m, and x2(70) = 0v2. Hence, it follows from (59), (60)
and (61) that

1 . - L e
Xl('VO)’Y <)\ (t7t0)v(t03'r(t0)) + 6k1 6max(1 A (t,to)))

e@P(to+T) _ gobt <X2(W’O))\< = 2 L(t’t())(; >

lz()]* <

t.to) 1Z(to)||* +
— (eaﬁ(to+T) — eaﬁto)fyo Xl(’YO) ( O) H ( 0)” eklxl(fyo)
<xa(1 — e PEFT=D) (12 (10) |* + inas), (62)

where t € [to,to+T), x3 represents a finite positive constant. By using (62) and the assumption that
Z = T.(t)x is a Lyapunov transformation, we can get

lz(®)]* < x(1 = e PEOFTD)(|l2(t0) * + bnax), (63)

where t € [tg,to +T), x represents a finite positive constant. Next, we will prove the boundedness of
v(t),Vt € [to,to + T'). According to (36), (45), (57), (59) and (61), for all ¢ € [to,to + T'), we have

m

[o(t) Z la()I1* = > f22F Pi(y)bib! Pi(v)2s
=1 =1
m

Z £ Pi(y)bi! Pi(7)7s

13



i=1
< pV(t z)
< XS 1)V (t0, 7(t0)) + -Omax(1 = A°(1, o)
< X (1, 10)x2(30) [7(00) I 4 -G (1 = (1, 10)
< DT — 1) fo(to) | + ), (64)

where i = max {u;f*} and 9 is a finite positive constant. Finally, we will analyze the boundedness of
i=1,2,....,m

the overall controller composed of (29) and (38). Since in (29), I'"!(¢) is bounded for all ¢ € R>g, according
to (64), for all t € [tg,to + T'), we have

lu(®)II* < 9a((PEHTD — 1) [l2(to)|” + dmax),

where ¥, is a finite positive constant. As of this point, the proof is finished. m

Remark 4 To prevent singularity issues that when t approaches to + T, (39) can be updated to

@B (tg+T) _gaBty
0aB(to+T) _gapt Y0, te [th tO + T#] )
Y= @ B(to+T) _gaBto

eo‘ﬁ(tO"’T)—eaB(tOJrT#) 70) t Z tO + T#)

in which Ty =T — §p with d7 being a small enough value. [26].

Remark 5 In Theorem 3, we only utilize the special form of the controllable canonical form of LTV systems
during the controller design. The feedback linearization technique is not employed, as it would result in
increased energy consumption for the controller.

4.2 Non-lexicographically Fixed LTV Systems

Assume that the LTV system model depicted in (1) is precisely known, that is w(t) = 0,Vt € R>¢. Using
the controllable canonical form of non-lexicographically fixed LTV systems obtained from Theorem 2 and
following the steps of designing the global prescribed-time fault-tolerant controller for lexicographically fixed
LTV systems depicted in Theorem 3, the following result can be directly obtained.

Theorem 4 Let Assumption 4 be fulfilled. Assume that Ty = Ty(t)xs such that the augmented system (20)
is transformed into the augmented controllable canonical form (21) is a Lyapunov transformation. Let T > 0
be a prescribed time. Then, there exist positive constants o and 3, such that the closed-loop system composed
of the augmented system (20) and the linear time-varying state feedback

_ T
u=Tg(t) 1vg, Vg = [ vgl ng Ung } , (65)
[n]
Vi, 1
[n]

PTZ
vgi = _fgbng‘PZ(’y) :,2 Tg(t)l'g, i= 1; 2, sy MM, (66)
pgfhi

i—1
where f, is a constant satisfying fg > Iy (t) and bg; are defined in (22) and (23), U;; = > vk +
k=1

1
2(1—Nmax)’

7,5 =1,2,...,v;, and

eaﬁ(to+T) ,eaﬁto kﬂeaﬁ(toJrT)
VT eaB(to+T) _gapt 100 0 T MAX { caB(totT) _ gablo’ } ’
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Target Orbit

Apogee

Figure 1: Spacecraft rendezvous system and coordinates

Parameters Symbol Values
True anomaly 0
The 6-derivative of variable o da /d6
Semimajor axis 2.4616 x 10" m
Eccentricity 0.73074

3.986 x 10 m? /s
2.267 x 1072 /s1/2
6.762 x 1010 m2/s

Geocentric gravitational constant
Constant k
Specific angular momentum

SR o 2 Qo

Table 1: The parameters of the elliptical orbital rendezvous system

in which k > 1 is a constant, and P;(7) is the UPDS to the PLE (32) with dimensions v;, satisfies
lzg (£)1I* < xg (1 — e PEHT=D) (|| (20)|* + Tgmax),

for allt € [to,to +T) and any x4(to) € R", in which xg is a finite positive constant and dg max takes the
similar form to (26) and (27) with the only difference being that I'(t) is replaced by I'(t). Moreover, the
overall controller u(t) composed of (65) and (66) satisfies, for allt € [to,to +T),

2 — ; 2
lu()I” < Dug (€T — 1)% [lzg(t0) ° + Og max),

where Yy and g are finite positive constants. In addition, when the float fault §(t) exists in the LTV system
(1), namely, 6(t) # 0, the closed-loop system is UPT-1SS+C in sense of Definition 2 and the controller u(t)
is bounded. When the float fault §(t) does not exist in the LTV system (1), namely, 5(t) = 0, the closed-loop
system is GUPTS in sense of Definition 3 and the controller u(t) satisfies t_}itf)ri_Tu(t) =0.

5 Applications to the Elliptical Orbital Rendezvous System

The spacecraft rendezvous system in elliptical orbit is shown in Figure 1. The parameters related to the
target spacecraft is represented in Table 1. Denote

&= [ r Yy z T Yy Zz
T
u=qaf = [ af(t) af(t) ai(t) } ,
where af signifies the acceleration vector generated by the thrust of the pursuer spacecraft.

When the target spacecraft reaches perigee at time ¢ = 0, the true anomaly is also equal to zero at the
initial moment. In this case, there exists a one-to-one correspondence between ¢ and the true anomaly 6.
When R > r, the elliptical orbital rendezvous system is represented as the following LTV form with model
uncertainties and actuator faults

{ £=(1+@(t)AWD)E+ BE)((1—n(t))u+6(t)) (67)
y = C(t)¢,
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where

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
Al =1 w2 g2 o W 0 0 2w |’
0 —kw3/? 0 0 0 0
" 0 w? 4+ 2kw3? —2w 0 0
0 0 0 1 007"
00 0 01 0
00 0 00 1
BOY=11 ¢ 0| CO=|¢g o o
01 0 00 0
0 0 1 00 0

and k = p/ hs = constant, w signifies the orbital angular velocity. Denote p = 1 + ecos(8). Applying the
state transformation [z(8),y(0), z(0)]" = plz,y,2]" into the system (67) yields

X(0) =1+ w(0)A(0)X

—

0)+ B(6)

—~

(1=n(0))U(0)+5(6))

00 0 1 00 00 0
00 0 0 10 00 0
00 0 0 01 1 00 0
=(1+w=(9)) % 00 0 2 0 X(9)+fk4pg 10 0 (1=n(0))U(0)+46(0)), (68)
00 0 -2 0 0 01 0
00 -1 0 00 00 1
Y (0) =C(0)X ()
% 00 00 0
1
=0 2 00 0 0]x(), (69)
0 0 % 00 0

where X (0) = [2(0),y(0), 2(6),#(0), §(0). 2(0)]", U(0) = ult) = [af(0),af(0),ai (0)]" and Y () = y(t).
It follows from (68) and (69) that the elliptical orbital rendezvous system depicted in the #-domain is
lexicographically fixed with controllability indices {2,2,2}. Then, according to (16) and (17), computing the
transformation matrix T, (6) yields

ta(®) 0 0 0 0 0
tea(0) 0 0 ta(d) O 0
0 ta® 0 0 0 0
TO=1 o 4500 0 0 tal® o0 |’
0 0 ta(®) 0 0 0
0 0 tw® 0 0 ta(d)

where te1(0) = ke1 p,te2(0) = keo € sin(0) p?, key = 2.6412 x 1077, keo = —7.9237 x 1077, It is easy to verify
that T, (0) is a Lyapunov transformation matrix. Applying the transformation matrix 7 () to (68) and (69)
gives the following controllable canonical form associated with 6

d - _

T (0)=(1+w(0)) A(0)X (0)+B(0)((1—n(8))U(0)+5(8)),
Y(0) = C(6)X (),
where
0 0 O
1 00
po- |80 0|
0 0O
0 0 1
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Figure 2: The state responses for elliptical orbital rendezvous system subject to float fault §(8)

in which I'() = I5. Following the steps in (29) and (38), the controller can be determined as

(6]
v=—f[ 2| "l | T0),

v=—f[? 2v ]| "% | T0).

vs=—f[7 2y ]| Ty | Te(0),

Then, a numerical simulation will be employed to demonstrate the effectiveness of the proposed prescribed-
time fault-tolerant controller for elliptical orbital rendezvous system. Let w(f) = 0.01cos(),n(0) =
0.01sin(8) + 0.01,8(6) = 0.004sin(f). Choose the initial state as [847.5,0,1467.9, —112.9, —187.7, —195.6]T.
Set T' = 2.5. The parameters of the proposed prescribed-time fault-tolerant controller are given in Table
2. Our simulation will be implemented on the nonlinear model of spacecraft rendezvous system [47]. The
state responses and controller are plotted in Figure 2 and Figure 3, respectively. It is evident that the state
responses converge to zero within the specified time and the controller is bounded. In addition, when the
float fault 6(6) does not exist, namely, 4(d) = 0, employing the same controller with parameters described
in Table 2, the state responses and controller are plotted in Figure 4 and Figure 5, respectively. It can be
observed that the state responses converge to zero within the specified time and the controller is bounded
and approaches zero after the prescribed time.

6 Conclusion

This paper investigated the prescribed-time fault-tolerant control problem for uniformly controllable linear
time-varying (LTV) systems, whether lexicographically fixed or non-lexicographically fixed. For lexicograph-
ically fixed LTV systems, we allow for uncertainties in the system, while for non-lexicographically fixed LTV
systems, the system model is needed to be accurately known. By utilizing the clear structure of controllable
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Figure 3: The controller for elliptical orbital rendezvous system subject to float fault §(9)

2000~ —
= -2(0)
‘ ~i(0)
s % H0)
T 20001 |
— i //
= |
4000 —— ‘ ! ! \ ‘
0 05 1 15 2 25 3
0/rad
—0)
r’ ‘\ o ° 0
100+ ; 90)] |
ii: 0 ‘f“/"\\,_»—w””’“ 777777
> : RSN
> h e eme T
-100 4 |
| | | | |
0 05 1 15 2 25 3
0/rad

Figure 4: The state responses for elliptical orbital rendezvous system without float fault 6(6)
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Figure 5: The controller for elliptical orbital rendezvous system without float fault 6(6)
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Parameters Value
Initial moment 6y =0 (toc =0)

o 0.0638

f 1.25

B 0.04
afBT

- 1;30Q1ﬁﬁTc_1

Table 2: The parameters of the prescribed-time fault-tolerant controller designed for elliptical orbital ren-
dezvous system

canonical form and employing the properties of the parametric Lyapunov equation, a global prescribed-time
fault-tolerant controller is developed. The uncertainties present in LTV systems are reflected in the selection
of controller parameters. By choosing a suitable Lyapunov-like function, the system state will be proven to
converge to zero within the prescribed time. In addition, the designed controller is bounded and maintains
a linear, concise and smooth form. Finally, the simulation of the elliptical orbital rendezvous system verified
the effectiveness of the proposed controller.

Appendix

A1l: The proof of Lemma 1

First, we introduce the Dolezar’s theorem.
Lemma 4 [/1] Let n,k € N*, r € {1,2,...,n}, and M(t) € J*(Rso, R"*"). If rank(M(t)) = r for all
t € R, then there exists a nonsingular matriz T(t) € J*(Rso, R"*™) satisfying
where rank(V (t)) = r,Vt € R>o. In addition, for each m € {1,2,...,n}, if T(t) is partitioned as
T@t)=[ &) D) |,
where D(t) € R™™, then D(t) € S (R0, R"*™) and (DT (t)D(t))1DT(t) € S®(Rx>o, R™*").

Proof. According to Lemma 4, there exists a nonsingular matrix T(t) = [r1, 72, ...,7,] € J*(R>0, R™*")
such that
Mt F(t) 0
[ 0() }T(t) = [ (()) 0 } € JF(Rxo, R™™), (70)

where rank(F(t)) = r,Vt € R>g. Set
V()= 741 Trp2 0 Ta | € T¥(Rso, RN, (71)

According to (70) and (71), we have
M@)V(t) = OTX(n—v")~ (72)

Referring to Lemma 4, we have
V(t) c (jk,Soo)(Rzo, R{nx(n—’r))7
VTOV(H) V(1) € (T*, %) (R0, RTTX).

Set
St & ve)Tve) W) e (jk,SOO)(RZO,R("*T)X”). (73)

Then, by using (72) and (73), we have

SOMTE)(MEMT (1) = 0—r)xr
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which imply
s | oot v |-, (74)

A2: The proof of Lemma 2

Let (P(t))e represent taking the last n, rows of the matrix P(¢) to form a new matrix. Define the following
generalized controllability matrix

Qg(t) £ [ le(t) QgZ(t) - ng(t) ] c Rnxng, (75)
Qgi(t) = [ bi(t) Z(bi(t)) - RZV(bi(1)) ] € RV

where ¢ = 1,2,...,m and rank(Q4(t)) = n, Vt € R>o. According to Lemma 1, there exists Qg(t) €
R("e=")*"s guch that

rank { gig; } =ng, VteR>o.
Define Qg (t) 2 [Qg(t), Qg(t)]T. Consider the partition
Bg(t) = [ bgl(t) bg2(t) bgm(t) ] .

It follows from the result in [34] that

j (1)
‘%Ag (bei(t)) = (@Ag (bgi (t))) (76)
(#0,0u) | = [ 4 4100 ]85 0u(0) - (24" 0u0)) (77)

wherei =1,2,...,m,7=1,2,.... Let Qg (t) be the controllability matrix of the augmented LTV system (20)
with observability indices {vy,va, ..., vy }. Referring to (76) and (77), for i =1,2,...,m,j =1,2,...,v;, we
can get

[ 4200 40 ] Qult) ~ (500) = (@ulo)e (79)

where
Q) =[ Qalt) Qult) - Qunlt) ] R, (79)
Quilt) = [ Fh, (bus(t)) 3 (bus(t)) - 2%, (ba(0) . (50)

in which Qgi(t) € R™*% i =1,2,...,m. It follows from (78), (79) and (80) that
a0 4100 ] = () +@uloe) &0,

According to the fact that Qg(t) is the controllability matrix of the augmented LTV system (20), we can

derive B.(t) = (Qg(t)[ (pq[;?])T (pg;])T (pLﬂ)T })C»

where 0; = > v, +1,i=1,2,...,m.
i=1
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A3: Some Preliminaries

First, we recall the well-known Lyapunov transformation.

Definition 4 The transformation T = L(t)x is referred to as a Lyapunov transformation if for allt € R>g

1. L(t) is nonsingular and continuously differentiable.

2. L7Y(t), L(t) and L(t) are bounded.

Then, we provide the following lemma to test the boundedness of inverse matrices.

Lemma 5 [48] If the nonsingular matriz L(t) is bounded and |detL(t)| has a lower bound on the interval
R>q, then, there exist a positive constant | such that

L)) <1, VteRx.
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