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Abstract

This paper aims to construct new mixed-type periodic and lump-type solutions via
the dependent variable transformation and the Hirota’s bilinear form (general bilinear
techniques). This study will be investigated by considering the (341)-dimensional gen-
eralized B-type Kadomtsev-Petviashvili equation which describes the weakly dispersive
waves in a homogenous medium in fluid dynamics. The obtained solutions contain
abundant physical structure. Consequently, the dynamical behaviors of these solutions
are graphically discussed for different choices of the free parameters through 3D- and

contour plots.
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1 Introduction

Nonlinear phenomena are investigated in many disciplines of the science, such as the
marine engineering, fluid dynamics, plasma physics, chemistry, applied mathematics and so
on [1-6]. With the development of nonlinear dynamics, the research of nonlinear partial
differential equations (NPDEs) become more and more important. To further understand
these phenomena, solving NPDEs plays a significant role in nonlinear sciences [7-16]. In the
past few decades, many efficient and powerful techniques have been introduced to obtain the

analytical solutions of these equations [17-28].

In this paper, a (3+1)-dimensional generalized B-type Kadomtsev-Petviashvili (BKP)

equation is considered as follows [29]:
Uyt + 3 Uy — Uy Ugy — 3 Uy Ugy — Uggzy = 0. (1)

Eq.(1) is an exceedingly used model for assaying the dynamics of nonlinear waves and solitons
in various fields of science especially in plasma physics, weakly dispersive environment, and
fluid dynamics. Multiple-soliton solutions are generated and discussed by Ma [29]. Ma
and Zhu [30] derived multiple wave solutions by using the multiple exp-function algorithm.
Tang [31] obtained new analytical solutions which contain different wave structures such as
periodic soliton, kinky periodic solitary, and periodic soliton solutions by using the extended
homoclinic test approach. By employing the improved (G’/G)-expansion method with the

aid of symbolic computation, Liu and Zeng [32]| obtain new soliton solutions of the Eq. (1).

The organization of this paper will be arranged as: Section 2 gives the new mixed-
type periodic solutions for the (3+1)-dimensional generalized BKP equation based on the
dependent variable transformation and Hirota’s bilinear form. Section 3 presents the lump-
type solutions and illustrates the dynamical behaviors of the obtained solutions through 3D-

and contour plots. Section 4 makes the conclusions.



2 New mixed-type periodic solutions

In Substituting the transformation v = 2 [In&(z, vy, 2,t)|, into Eq.(1), we have the follow-
ing Hirota’s bilinear form [33-37]

(DyD, — D2D, +3D,D,)f- f=0 (2)

Equivalently, we have
— &y + Caway — 3880 — 3CaySun + 3Eubaay + € (&t + 3&az — Euaay) = 0. (3)
In order to obtain the new mixed-type periodic solutions, a direct test function is written as
€=k e +e S + ky tan () + ks tanh (G) (4)
where (; = n; x + iy + v 2 +vit,i = 1,2,3 and n;, p;, v, v; are unknown constants. Sub-

stituting Eq.(4) into Eq.(3), we have

Case(1)

_ mips — 3mys 5)
3 ’

ky=p=m=n=v3=01
where 71, 73, ps, k1 and ks are arbitrary constants. Then
t(”?“3*3771“r3> t(”%“s*%ﬂs)

£ =¢"Mmt "3 ky+e "M "3 + ks tanh (yus + 273) . (6)

Substituting Eq.(6) into u = 2 [In&],, the first mixed-type periodic solution is read as

t(n?u373n173) t(’??%*r’"l"@)
B Q[anﬁT Fim — GiwmiTnl] (7)
U = t(n‘i’u3—3n1v3> t(”%“3_3’7173) .
M ke T w4 kgtanh (yus + 23)

The physical structure of Eq.(7) is exhibited in Fig. 1.



Fig. 1. Solution (7) at kl = ]{33 = —05, m = —1, M3 = 1 Y3 = 1, z = —2,
(a) z = —10, (b) x =0, (c¢) x = 10.

Case(2)
39 — 3
k3=H1=’71=772=V2=0,V1:w; (8)
K2
where 1y, 79, p2, k1 and ko are free real constants. Then
t(ni’ur?’nnz) t(n?uzfsnﬂz)
é' = 61771+ Ho kl + efx’ﬂl* ) + k;2 tan (y,u2 + Z’YQ) i (9)

Substituting Eq.(9) into u = 2 [In¢],, the second mixed-type periodic solution is read as

t(n3no—3n170 t(n3uo—3n172
2[6:”71_'_ ( : H2 )klnl - e_‘ml_ ( : 1) )771
Ug = (10)
t(nfna—3m72) B _t(ni”u2—3n1'rz)
et "2 ky+e ™" > + ko tan (yus + 272)
Case(3)
Spg — 3
kl=M1=71=772=V2=773=V3=0;V1=w;ﬁ’?):w, (11)
L2 2
where 1y, Yo, 2, i3, ko and k3 are free real constants. Then
t(n{’uz—%mz) z
£ =kotan (ypuo + 272) +e¢ " 2 +ksytanh (yug + 7:“ 3) . (12)
2

Substituting Eq.(12) into u = 2 [In¢],, the third mixed-type periodic solution is read as
t(nfna—3n172
g tn)

t(n? Ho—37m1 v2)

kytan (ypz + 272) +e " = +kgtanh (yug + e )

(13)

Uus =



The physical structure of Eq.(13) is revealed in Figs. 2-4.

Fig. 2. Solution (13) at ks = ko = =05, ) =pe=p3 =1, %2 =—1, 2 =0,
(a) Yy = _207 (b) Yy = 07 (C) Y= 20.

Fig. 3. Solution (13) at ks = ko = =05, ) =pe=p3 =1, %9 =—1, 2 =0,
(a)t=—1,(b)t=0, (¢c) t =1.

Fig. 4. Solution (13) at ks = ko = =05, ) =pe=pu3 =1, o = —1, 2 =0,
(a) t=-2,(b)t=0, (c) t =2.



Case(4)

3 — 3
Uiyt 7717’1772 _ #271,73 _ M:ﬂl) (14)
1 M1 H1

ki=n=1vy=n3=v3=0,1n =

where 11, p1, Y1, fo, p3, ko and ks are free real constants. Then

z z
& = ko tan (y,ug + PZ'MZ) + kg tanh (y,ug + PZMS)
1 1

—TM—YH1—ZY1— M
+ e 7 . (15)

Substituting Eq.(15) into u = 2 [In¢],, the fourth mixed-type periodic solution is read as

t(”l?tﬂ*?’ﬁl"/l)

= 2 tan (g + S22
1

t(n%m *3nm1)

+ e TMTYMI A S + kg tanh (y,u3 + Zﬁyl'ug)]. (16)
H1

The physical structure for the solution in Eq.(16) is similar to that one given by Eq.(13).

Case(5)

Aty — 3mm an
M1 ’

]{3221{?3:071/1:

where 71, v, 1 and ky are free real constants. Substituting these results into (4), we have

t(4ni)’u1—3n1'n) t(4n§u1—3n1v1)

fz e:cn1+yu1+z'y1+ o kl _i_e—:vm—ym—zw—T. (18)

Substituting Eq.(18) into u = 2 [In¢],, the fifth mixed-type periodic solution is read as

t(4nf’u1—3n1w1) i<4n‘;’#1—3’7ﬂ1)
t(4n£1)’u1—3n1’v1) t(4n:1)’u1—3n1’v1)
/ [exn1+yu1+z71+Tkl + e—l‘m —ym—zm—T]_ (19)

The physical structure of Eq.(19) is demonstrated in Fig. 5.



Fig. 5. Solution (19) at vy = -1,y =1 =1, k1 = =2, 2 =20, (a) t = =2,
(b) t=0, (c) t =2.

Case(6)

Spp — 3 3
k= ks =1 = g = 0,1y = LT MM, 92 (20)

H1 H1

where 11, 71, 72, 41 and ko are free real constants. Then

3 —
3tn172) + e—xnl—ym—z’h—M

& = ko tan (25"}/2 — £l ) (21)
121

Substituting Eq.(21) into u = 2 [In¢],, the sixth mixed-type periodic solution is read as

t(n%m —3n171 )

1 i
t(n?u1—3n1'r1) ) (22)

ey — 2 —
than(Z’}/Q—?)tle’m)‘i‘e M —YH1—271 o

—rn — — 2y —
2¢ Mm—YyH1—2z71

Ug = —

The physical structure of Eq.(22) is shown in Fig. 6.



Fig. 6. Solution (22) at yy =1 =1, 11 = =1, 1o =ky = =2,y = 2,
(a) x = =20, (b) x =0, (c) x = 20.

Case(T7)

_ mip — 3mm

3
ky=Fky=m3=p3=0,v1 = __M, (23)

H1 H1

where 1y, 71, 73, 1 and ks are free real constants. Then

t(n3pu—3
3t77173> . e_m_ym_m_iwl

" . (24)

¢ = kytanh (273 —
H1

Substituting Eq.(24) into u = 2[In¢],, the seventh mixed-type periodic solution is read as

2e M _ylll—zyl_M
- : - n
N (o tmn) (25)

k3 tanh (273 — %) + e—wm—ym—z»yl_ i

The physical structure of Eq.(25) is listed in Fig. 7.

Fig. 7. Solution (25) at myy = pu; =1, 1 = —1, 13 = k3 = =2, = = 20,
(a) Y= _207 (b) Y= 0; (C) Y= 20.



3 Lump-type solutions
To derive the lump-type solutions of the Eq.(1), we have

¢ = (thy + xhy +yhy + 2hs + hs) 2 + (thy + xhe + yhy + 2hs + hyg) ?

_|_ hll + Hlet:4+:5+:1x+:2y+:3z + /€2€_t:4_:5_:1x_:2y_:327 (26)

where ;(i = 1,---,11), k;(i = 1,2) and =;(1,--- ,5) are unknown constants. Substituting

Eq.(26) into Eq.(3), the values of the unknown parameters in Eq.(26) are obtained as follows

thG h3h6 — EQE? + 25234 (h% + h%) 2
I):h; = —— hs = 23 = T o= o Re = ————1
( ) ’ hl 8 hl 3 3:1 2 ,{1:411
=3 3%h 3h.h 3hsh, =1h
— 1 173 1743 316 — 1762
fn = - — = — = — o = — 2
4 9 hg 7h4 hg 7h9 hg 5 —2 hl ) ( 7)
Wlthhl%o, hg#o, 517&0, /€17é0.
hih hohy _ 3hsh
(I‘[):h7:_%7718:%7:‘1:*—'4:07]39:_ hgﬁv
6 6 2
- Eohs 3Ny hs
=3 = hy = — 28
3 hg PRA2 hg ) ( )
([[I) . h _ 3h1h2h3 + 3h6h7h3 + h4 (h% + h%) E _ 5161\/ h% + h%
o 3hah — 3hihyr /=y
b Bhahd + hohuly + o (Bhshs + hahr) _ _ Eo=i 4 25,5,
9 hihr — hohg e 32,
h _ 3/{1/{QEQE? + 3 (h% + h%) (hlhg + h6h7)
H 3h1hs + haha ’
321 (Eiha(M3+53)+ 52 (M (M3 —h3) —2hahehn))  ogn o
—  E3(13+h2) 23281 (nha+hohn) +E3 (hE+13) 251 hy — 3Z1hs
—4 — 5
R
=325 (halig—h1hi7)?
3 (E%(ﬁg—‘rﬁ%)—2é231(h1ﬁ2+h6ﬁ7)+55(ﬁ%—l—fzg) o hlhg)
h4 = h ) (29>
2



with hg 7é 0, El ?é 0, 3h1h3 + h2h4 ?é 0, €1 = :|:1, hgh(; - h1h7 7é 0, h% + h% 7é 0.

hlhg h2h4 :?:th (h2 + h2) 3h1h3
IV):hy = — 22 pe= 20 p =
(V) b he ~° 3hg ' E2h%+Z2h2 hy
= _ :2:1 + 2\_2;_44 Fo — _3h3h6 _ 251%25%
—3 3_11 5 109 hg y IU11 h%‘i‘h%’
E4 _ _253 3Eilh2 (Eth -+ Eth) . 3Elh3 52 _ EQEth
! =2h3 + E3h2 hy he
with hg?éo, 7’167&0, h%—l-h%?éo, 62::|:1.
hihs hohy _ 3hshg
V)ihi = ——— hg = ——,E0 =23 =0,hg = —
( ) 7 hﬁ ) 148 3h6 ) —2 3 s 199 h2 )
= _ =3 _ 351h3 B, — _3h1h3
—4 —1 hQ s 104 hz )
hlhg h2h4 —_ 3h3h6
VI):h; = — hs = ——,23 =0,hg = —
( ) 7 hﬁ 5 108 3h6 )y —3 y 149 hg ’
- _ =3 351h3 3h3h6 (hl + h6)
—4 — =1 = y 104 - )
! by hy (he — ha)
= _ Elhghg
= E2hy (hy — Rg) — h3h6’

63\/_\/ hi + h2 (hl 2 (7 +h

hahghe (h3+h2)2
hi—he

(30)

(31)

(32)

with hy # 0, hg # 0, hy # hg, €3 = £1. Substituting Eq.(27)-Eq.(32) into the variable

substitution u = 2 [In &],, six lump-type solutions can be derived.

As an example, substituting Eq.(26) and Eq.(27) into the variable substitution v =

10



2 [In¢],, the lump-type solution of Eq.(1) can be written as follows

(3 + 1) 2 exp[Z (2 — g 4 wiztsta ) 4 Sllpizhe) _ =

ho h1 2h1
u = [2|— —
[ [ /‘il:‘zl’)
_ _ 3th, ho + zh, =3 (thy + zh _
+ K1Z1 exp[=; <_h_23 +T— y2h—13) - %12) + =5
3th 3th
=+ 2hl[hl (.’17 - h_3> + yhg + Zhg -+ h5] + 2h6[h10 + hﬁ(—h—g +x
2 2
hy + zh _ 3th, hy + zh
+ %)m/[hn + Ky exp|T; (—h—3 ta— %)
1 2 1
=3 (thy + zhy) _ [ 3ths yho + zhs
- 12—7:“ +Zs] + [(h] + 1) ? exp[=, (h_z — T+ h—1)
=3 (thy + zh _ 3th
L Silth t2hy) Es)l/(mED) + [l (2 — =2 ) + ylip + 23 + B
2h, ho
3th ho + zh
+ [hg (—h—?’ o+ %) + Rio)?, (33)
2 1

with the constraint h; # 0, hy # 0, =1 # 0 and k1 # 0.

To analyze the dynamical behaviors for solution (33), the values of parameters are selected

as follows
By = lis = 2, Ty = hig = —1,lig = 3,
th == hll == 55 == O,El == —2, R1 = 1. (34)

Substituting Eq.(34) into Eq.(33), the dynamical behaviors for solution (33) are shown in
Fig. 8 and Fig. 9.

Fig. 8. Dynamical behaviors for solution (33) with y = 0 when ¢ = —2 in
(a) (d), t=01n (b) (e) and t =2 in (c) (f).

11



Fig. 9. Dynamical behaviors for solution (33) with y =0 when z = —10 in
(a) (d), z=01n (b) (e) and x = 10 in (c) (f).

In Fig. 8, the interaction behavior between two solitary waves and a lump wave can be
found with ¢ = —2;0; 2 on the x — z plane. The interaction solutions reveal the characteristic
of “elastic collision", that is, two solitary waves and lump wave keep their shape and velocity
invariant in the process of transmission. Fig. 9 demonstrates the interaction behavior

between two solitary waves and a lump wave with z = —10;0; 10 on the ¢ — 2z plane.

4 Conclusion

Based on the dependent variable transformation and Hirota’s bilinear form, new mixed-
type and lump-type solutions of the (3+1)-dimensional generalized BKP equation are pre-
sented. Moreover, Figs. 1-7 show the dynamical behaviors for the mixed-type periodic
solution. Fig. 8 demonstrates the interaction behavior between two solitary waves and a
lump wave on the = — z plane, which describes the characteristic of “elastic collision". Fig.
9 reveals the interaction behavior between two solitary waves and a lump wave on the t — 2
plane. As can be seen from the above solution process, the direct test function is very

effective for solving the mixed-type periodic solutions of NPDEs.
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