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1 Introduction

Let N € N be a constant of spatial dimension, and Q@ C R" be a bounded domain
such that I' := 92 is smooth when N > 1. Besides, let us denote by @ := (0, 00) x € the
product space of the time-interval (0, 00) and the spatial domain €2, and similarly, let us
set ¥ := (0,00) x I.

In this paper, we fix a constant v > 0, and consider the following system of initial-
boundary value problems of parabolic types, denoted by (S),.

(S),:

— Aw + 0y(w) + guw(w,n) + cu
+a, (w,n)|DO| + 12 By(w,n)|DO|? 5 0 in Q,

Dw-nr=0 on 2, (1.1)
w(0,z) = wo(z), x € Q;

— A+ gy (w,m) + ay(w, n)| DY) + 1B, (w, | DI =0 in Q,
§Dn-mp=0 onk, (1.2)
(7(0,z) = mo(x), =€;

(

ag(w,n)f; — div (a( )% + 2V2ﬁ(w,n)D0> =0 in @,

(ev(w, 77)|D9| +202B(w,n)DY) -mr =0 on X,
L0(0,2) = Oy(z), =€

The system (S), is a generalized version of the “¢-n-6@ model” of grain boundary
motion, which was proposed by Kobayashi [16]. The first initial-boundary value problem
(1.1) is a type of Allen—Cahn equation, i.e. (1.1) is a mathematical model of solid-liquid
phase transition in a polycrystal. Meanwhile, the system of second-third problems { (1.2),
(1.3) } forms a type of Kobayashi-Warren—Carter model of grain boundary motion, which
is proposed in [18, 19], and studied by a lot of mathematicians from various viewpoints
(e.g., [10, 11, 12, 13, 15, 17, 18, 19, 20, 21, 24, 25, 26, 27, 28, 29, 31, 32, 33)).

The system (S), is derived as a gradient system of the following governing energy,
called “free-energy’:

El(w,n,0) : /|Dw|2dx—|—/ (w)dx—i—c/guwdx
i / Do de+ [ gtwnde+ [ atwayapel+ [ swaDeo s,
for [w,n, 0] € H'(Q) x HY(Q) x BV (Q) with v6 € H'(Q).

(1.3)

In this context, u = wu(t,x) is a given temperature source (relative temperature), and
the unknown w = w(t, ) is an order parameter to indicate the solidification order of the
polycrystal. The unknowns n = (¢, x) and 6 = 0(t, x) are components of the vector field

(t,z) € Q — n(t,z) [cosb(t,z),sinb(t,z)] € R?,
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which was adopted in [18, 19] as a vectorial phase-field to reproduce the crystalline ori-
entation in (). Besides, the components 1 and 6 are order parameters to indicate, re-
spectively, the orientation order and orientation angle of the grain. In particular, w and
n are taken to satisfy the constraints 0 < w,n < 1 in @, and the cases [w,n] ~ [1,1]
and [w,n] ~ [0,0] are respectively assigned to “the solidified-oriented phase” and “the
liquefied-disoriented phase” which correspond to two stable phases in physics. Mean-
while, wy = wo(x), no = no(x) and 6y = by(z) are given initial data on Q. 0Oy is the
subdifferential of a proper lower semi-continuous (l.s.c.) and convex function v = y(w)
on R. u = u(z,t), g = g(w,n), ag = ap(w,n), a = a(w,n), and f = f(w,n) are given
real-valued functions, and the scripts “,” and “,” denote differentials with respect to the
corresponding variables. mr is the unit outer normal on I'.

With regard to the Kobayashi-Warren—Carter type models, the most of mathematical
results, obtained in the previous works [20, 21, 24, 25, 26, 27, 28, 29, 32, 33|, are classified

in the following four issues.
(T1) Variational solvability, i.e. the existence of solution in the variational sense.

(T2) Existence of “weak solution”, which is to realize the “smoothing effect” as a solution
to a parabolic system.

(T3) Existence of “energy-dissipative solution”, which is to realize the “energy-dissipation”,
i.e. the nonincreasing property associated with the time-variation of free-energy.

(T4) Large time behavior of the energy-dissipative solution.

For the original Kobayashi-Warren—Carter model, the mathematical results concerned
with (T1)—(T4) were studied in [20, 21, 24, 27, 32, 33] under suitable assumptions. Mean-
while, in the mathematical analysis for the system (S),, we still have some incomplete
parts. More precisely, for a simplified version of (S),, the issues (T1), (T3) and (T4) were
studied in [25], and the result is extended to the mathematical analysis under unknown
setting of the temperature u (cf. [26]). However, for general case of (S),, there is only
one result for (T1) (cf. [28]), and there is no result to give mathematical answers for the
remaining issues (T2)—(T4), yet.

In view of such background, we set the goal of this paper to establish a general math-
ematical theory that enable a uniform treatment for the issues (T1)—(T4), under various
settings of the system (S),. On this basis, the principal discussion will be devoted to the
proofs of the following two main theorems.

Main Theorem 1: the existence theorem of energy-dissipative solutions [w, n, 0] to the
systems (S),, for any v > 0, which behaves in the range of C/([0, 00); L*(Q)?).

Main Theorem 2: the large-time behavior of energy-dissipative solutions.

The contents of this paper are as follows. The Main Theorems are stated in Section
3, after the preliminaries in Section 2. The Main Theorems are proved in the following
Sections 5 and 6, and in particular, the proof of Main Theorem 1 is based on some Lemmas
for approximation problem, obtained in Section 4.



2 Preliminaries
First we elaborate the notation used throughout.

Notation 1 (Abstract notations) Let d € N take any fixed value. The d-dimensional
Lebesgue measure is denoted by Z?.  Also, unless otherwise specified, the measure-
theoretic phrases such as “a.e.,” “dt,” “dx”, and so on, are with respect to the Lebesgue
measure in each corresponding dimension.

Notation 2 (Abstract functional analysis) For an abstract Banach space X, we de-
note by | - |x the norm of X, and when X is a Hilbert space, we denote by (-, - )x its
inner product. For a subset A of a Banach space X, we denote by int(A) and A the
interior and the closure of A, respectively.

Fix 1 < d € N. Then, for a Banach space X the topology of the product Banach space

d times

—N—
X=X x---xX
has the norm

d
|2 xa := Z |zelx, for z = [z1,...,24 € X%

However, if X is a Hilbert space, then the topology of the product Hilbert space X¢ has
the inner product

(2, Zr)x, for 2 =[z1,...,24) € X% and Z = 2, ..., 24 € X9,

M&

k=1

and hence, the norm in this case is provided by

12|x == (2, 2) xa = (Z|Zk|x) , for 2z =[z1,..., 24 € X2

For any proper lower semi-continuous (L.s.c. hereafter) and convex function ¥ defined
on a Hilbert space X, we denote by D(V) its effective domain, and by OV its subdifferen-
tial. The subdifferential OV is a set-valued map corresponding to a weak differential of U,
and it has a maximal monotone graph in the product Hilbert space X?2. More precisely,
for each zp € X, the value 0W(2) is defined as the set of all elements 2§ € X that satisfy
the variational inequality

(25,2 — 20)x < ¥(2) — U(z) for any z € D(V),

and the set D(OV) := {z € X | 90¥(z) # (0} is called the domain of 9. We often use
the notation “[zg, 23] € 0¥ in X?” to mean “zf € OW(z) in X with 2y € D(0V),” by
identifying the operator 0¥ with its graph in X 2.

Remark 2.1 It is often useful to consider the subdifferentials under time-dependent set-
tings. In this regard, several general theories have been established by previous researchers
(e.g., Kenmochi [14], and Otani [23]). From these (e.g., [14, Chapter 2]), one can see the
following fact:



(Factl) Let Ep be a convex subset in a Hilbert space X, let I C [0,00) be a time
interval, and for any ¢ € I, let U' : X — (—o00,00] be a proper l.s.c. and convex
function such that D(¥') = Fj for all ¢ € I. Based on this, define a convex function
Wl L3(I1; X) — (=00, 00], by setting

o WAL I

oo, otherwise.

Here, if Fy C D(¥!), and the function ¢ € I — W!(2) is integrable for any z € Ej,
then the following holds:

[¢,¢*] € 0¥ in L*(I; X)? if and only if
¢ € D(¥) and [¢(t),¢*(t)] € 0P in X? ae. t €.

Notation 3 (Basic elliptic operators) Let Ay be the Laplacian operator subject to
the zero Neumann boundary condition, i.e.,

Ay:z€D(Ay):={ 2€ H¥Q) | Vz-vpa =01in L2(09) } C L*(Q) — Az € L*(Q).
Let d € N be a fixed constant of dimension. Then, we let:
Aynz = [Anzi, ..., Ayzg] € LP(Q)?, for all 2 = [21,..., 24 € D(Ay)%.

As is well-known (see, e.g. [4] or [6]), the operator — Ay coincides with the subdifferential
of a proper ls.c. and convex function V3 : L?(Q)? — [0, 0c], defined as:

1
— [ |V2|2usn dzx, if z € H(Q)Y,
2 € LX) VE(2) = 2/Q| o ()

oo, otherwise.
More precisely,

{—ANZ}, if z € DJdV,

(), otherwise.

z € LX) — oVi(2) = {

In this light, V3 and —Ay are identified as the maximal monotone graphs in [L?(£2)4]%.

Notation 4 (BV theory; cf. [2, 3, 8, 9]) Let d € N be a fixed number, and let U C
R? be an open set. We denote by M(U) (resp. M..(U)) the space of all finite Radon
measures (resp. the space of all Radon measures) on U. In general, the space M(U)
(resp. Moc(U)) is known as the dual of the Banach space Cy(U) (resp. dual of the
locally convex space C.(U)), for any open set U C R<.

A function v € LY(U) (resp. v € Li. (U)) is called a function of bounded variation,
or a BV-function, (resp. a function of locally bounded variation or a BVj,.-function) on
U, if and only if its distributional differential Duv is a finite Radon measure on U (resp. a
Radon measure on U), namely Dv € M(U) (resp. Dv € M,.(U)). We denote by BV (U)

(resp. BViee(U)) the space of all BV-functions (resp. all BV),.-functions) on U. For any
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v € BV(U), the Radon measure Dv is called the variation measure of v, and its total
variation |Dv| is called the total variation measure of v. Additionally, the value | Dv|(U),
for any v € BV (U), can be calculated as follows:

\Dv\(U):sup{ /vdivgpdwaCCl(U)d and |p| <1onU }
U

The space BV (U) is a Banach space, endowed with the following norm:
lv|Bvwy == vy + |Do|(U), for any v € BV(U).

We say that a sequence {v,}2, € BV(U) strictly converges in BV (U) to v € BV (U)
if v, — v in LYU) and |Dv,|(U) — |Dv|(U) as n — oo. Also, we say that a sequence
{vn}o2, € BV(U) (resp. {vn}o2y C BV(U)) converges to v € BV(U) (resp. v €
BVioe(U)) weakly- in BV (U) (resp. weakly-* in BVjo.(U)) if v, — vin L*(U) (in Li. . (U))
and Dv, — Dv weakly-* in M(U)¢ (weakly-* in Mio.(U)9) as n — oo. In particular,
if the boundary QU is Lipschitz, then the space BV (U) is continuously embedded into
LY@=D(U) and compactly embedded into LY(U) for any 1 < ¢ < d/(d — 1) (cf. [2,
Corollary 3.49] or [3, Theorem 10.1.3-10.1.4]). Besides, any bounded subset in BV (U)
(resp. BVioe(U)) is sequentially compact in BV (U) (resp. BVio.(U)) with respect to the
weak-* topology of BV (U) (resp. BViec(U)) (cf. [2, Theorem 3.23]). Additionally, if 1 <
r < 00, then the space C*®(U) is dense in BV (U)NL"(U) for the intermediate convergence
(cf. [3, Definition 10.1.3. and Theorem 10.1.2]), i.e. for any v € BV(U) N L"(U), there
exists a sequence {v, }52, € C*°(U) such that v, — vin L"(U) and [, [Vu,|dz — |Dv|(U)
as n — 0o.

Notation 5 (Weighted total variation; cf. [1, 2]) In this paper, we define
X (Q) :={w e L®(Q)"| divew € L*(Q) and suppw is compact in Q},
Wo(Q):={ o€ H(Q)NL®(Q) | 0>0aec inQ },

W.(Q) = { o€ HY(Q) N L(Q) there exists ¢, > 0 such that }, (2.1)

0> ¢, a.e. in ()

and for any ¢ € W,(2) and any z € L*(2), we call the value Var,(z) € [0, oc], defined as,

w € X, and 0
|| < p a.e.in € [0,0q],

¢

Var,(v) := sup{ /Udivwdx
Q

“the total variation of v weighted by p,” or the “weighted total variation” for short.

Remark 2.2 Referring to the general theories (e.g., [1, 2, 5]), we can confirm the following
facts associated with the weighted total variations:

(Fact2) (cf. [5, Theorem 5]) For any o € Wy(2), the functional z € L?(2) — Var,(z) €
[0,00] is a proper l.s.c. and convex function that coincides with the lower semi-
continuous envelope of

z € WH(Q) N L*(Q) — / 0|Vz|dx € [0, 00).
Q
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(Fact3) (cf. [1, Theorem 4.3] and [2, Proposition 5.48]) If o € W,(2) and z € BV () N
L*(Q2), then there exists a Radon measure |Dz|, € M() such that

D21,(0) = / d|Dz], = Vary(z),

and
|Dz|o(A) < o) Dz|(A), for any open set A C €. (2.2)

(Fact4) If o € W.(Q2) and z € BV(Q2) N L?(2), then for any open set A C €, it follows
that
|Dvl,(A) > ¢,|Dz|(A) for any open set A C (2,
D(Var,) = BV(Q) N L*(Q), and (2.3)

V() =sup{ [ zdiv (o) o | £, T L
Q

lo| < 1a.e. in Q
where ¢, is a constant as in (2.1).

Moreover, the following properties can be inferred from (2.2)—(2.3):
e |Dz|.=c|Dz| in M(R) for any constant ¢ > 0 and z € BV (Q) N L*(Q);
o |Dz|, = 0|Vz| LY in M(Q), if o € Wp(Q) and 2 € WH1(Q) N L*(Q).

Notation 6 (Generalized weighted total variation; cf. [20, Section 2]) For any
o€ HY Q)N L®(Q) and any z € BV (Q) N L*(Q), we define a real-valued Radon measure
[0|Dz|] € M(Q2), as follows:

[0|Dz||(B) := |Dz|ig+ (B) — |Dz|g-(B) for any Borel set B C (2.

Note that [0|Vz|](€2) can be thought of as a generalized version of the total variation of
2z € BV(Q) N L*(Q) weighted by the possibly sign-changing weight o € H*(2) N L>=(Q).
So, hereafter, we simply refer to [o|Dz|](2) as the generalized weighted total variation.

Remark 2.3 With regard to the generalized weighted total variations, the following facts
are verified in [20, Section 2]:

(Fact5) (Strict approximation) Let ¢ € H'(Q) N L>(Q) and 2z € BV(Q) N L*(Q) be

arbitrary fixed functions, and let {z, |n € N} C C*°(Q2) be any sequence such that

z, — 2z in L*(Q), and strictly in BV (9

— =

, as n — 0Q.

Then
/Q|Vzn]d:r — / dlo|Dz|] as n — co.
Q Q

(Fact6) For any 2 € BV (Q) N L*(2), the mapping
o€ H'(Q) N IL®(Q) / dlo|D|] € R
Q

is a linear functional, and moreover, if ¢ € H'(Q2) N C(Q) and o € H'(Q) N L®(Q),

then
/Q dlpo|D=)) = / o d[o| D).
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Notation 7 (specific classes of functions) Let X, be a Banach space, defined as
Xo:= HY(Q) x H'(Q) x BV(Q).

For arbitrary 1 < p,q < oo and any open interval I C R, we set

LP(I;BV(Q)) := { 0

0:1— BV(Q)is measurable for the strict
topology of BV (Q2), and |0( - )|pv ) € LP(1)

As well as, we let:

L0 (I, V(%) = { 7

0 e LP(J; BV(€2)) for an open interval
Jccl,ie JCI '

For any 1 < p < oo and any open interval I C R, we note that LP(I; BV (2)) and
LP(I; Xy) are normed spaces, with

Olzormve) = [100-) By o, for 0 € LP(T; BV (),

and ~ ~
|[@, 7, 0] Lo (1;5x0) = 0| o)) + 1l o @i ) + 0] e (1;8v ()

for [,7,0] € LP(I; X,),
respectively.

Finally, we mention the notion of functional convergence.

Definition 2.4 (I'-convergence; cf. [7]) Let X be an abstract Hilbert space, ¥ : X —
(—o00, 00| be a proper functional, and {U,, |n € N} be a sequence of proper functionals
U, : X — (—o0,0], n € N. We say that ¥,, — ¥ on X, in the sense of I'-convergence
[7], as n — oo if and only if the following two conditions are fulfilled:

(y1) (lower bound) liminf W, (z]) > W(z") if 2t € X, {zf |n € N} € X, and 2 — 2f
n—oo
(strongly) in X as n — oc;

(v2) (optimality) for any z* € D(W), there exists a sequence {z} |n € N} C X such that
22— 2hin X, and U, (2}) — U(2}), as n — oo.

3 Assumptions and Main Theorems

Throughout this paper, we impose the following assumptions.

(A0) Q C RY is a bounded domain of the dimension N € N, and I' := 99 is a smooth
boundary of €. Besides, ¢ € R is a given constant.

(A1) u e L2 .([0,00); L*(2)) is a given function.

(A2) ag € WL (R?) and «a, f € C*(R?) are given functions such that:

e o and A are convex on R?;



e o, (w,0) <0, B,(w,0) <0, ay(w,1) >0, and B,(w,1) >0, for all w € [0, 1];
e inf[ap(R*) Ua(R*) U B(R?)] > 4., for some 4, € (0, 1).
(A3) v:R — [0,00) is a proper Ls.c. and convex function such that D(vy) = [0, 1]

(A4) g € C*(R?) is a function such that
g(w,n) >0, for all [w,n] € R?,
gn(w,0) <0 and g,(w,1) >0, for all w € [0, 1].

(A5) The triplet of initial data [vg, o] = [wo, 1o, 6] belongs to a class Dy which is defined
by

Dy = { [ﬁ),ﬁ,é] e L*(Q)3 ‘ 6 e L>*(Q),and 0 < w,77 <1 a.e. in () }

For simplicities of descriptions, we prepare the following notations,

G(u;v) = G(u;w,n) == g(w,n) + cuw = g(v) + cuw,
[Vgl(v) = [Vgl(w,n) := [gu(w,n), g;(w, n)] = [gu(v), g5 ()],
[VG(u;v) = [VG](u; w, ) = [gu(w,n) + cu, gy(w,n)] = [gu(v) + cu, g, (v)],
. a(v). B()] = [alw, ). uw,n)]

[Va](v) = [Val(w, n) := [aw(w,n), an(w, n)] = 0w (v), oy (v)],
[VB](v) = [VB|(w,n) = [Bu(w,n), By(w,n)] = [Bu(v), By(v)],

for all u € R and v = [w, n] € R*.
Next, for any v > 0 and any v = [w,n] € [H*(Q) N L>®(Q)]?, we define a convex
function @, (v;-) on L*(Q) by

)
)

/Q dlo(w) [ DO]] + / B(w) | D(w6)|dr.
if # € BV(Q) and vf € H'(Q),

oo, otherwise.

0 c Lz(Q) = O, (v;0) = O, (w,n;0) =

Note that the above convex function enable us to prescribe the rigorous definition of the

free energy %, given on (3.1), as follows,

[v. 0] = [w,n,0] € L*(Q)° = F,(v,0) = F(w,n,9)

%/Q|Dw|2d1'—l—/97(w)dx+%/Q|Dn|2dzx+/Qg(w,n)dx—l—CIJV(w,n;H)
= if v=1[w,n] € [HY(Q)NL®Q))? and 6 € D(®,(v;-)),

0o, otherwise.

(3.1)

Now, the solution to the system (S),, for v > 0, is defined as follows.
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Definition 3.1 A triplet [v,0] = [w,n,0] € L2 ([0, 00); L*(Q)?) with v = [w,n] is called
)

an enerqy-dissipative solution to (S), or solution to (S), in short, if and only if [v,0]

fulfills the following conditions.
(1) [v,6] = [w,n,0] € C([0,00); L*(Q)*) N W, (0, 00); LA(Q)*) ;

%( (0
([0,00); H'(2)?) N L5.((0, 00); H(Q)?);
0 € L, ([0,00); BV()) N L{x5,.((0,00); BV(Q));
0<w<1,0<n<1, and 0] < |0o|r=(q) a.e. inQ;
[v(0),0(0)] = [w(0),7(0),0(0)] = [vo, 0] = [wo, M0, 0] in L*(2)*.

(52) v = [w, n] satisfies the following variational forms:
(w(£) + gu(0(®)) + cult), wlt) - 9) gy + (Vw(), Vw(t) = 9) ey
+ [ dltw®) = auo)IDOON + [ (wlt) = P)Bulo(t)IDEO0) o
+ [Hte®)dr < [ (o),
for any ¢ € HY(Q) N L¥(Q) and a.c. t € (0,00), and

(nt(t) + gn(v(t)) w>L2 ( VQ/J)Lz
/ (1o (v(t))DO(2) /wﬁn ND () [dz = 0,

velL?

loc

for any ¢ € H'(Q) N L®(Q) and a.e. t € (0,00).
(S3) 0 satisfies the following variational inequality:
(ao(v(£)0:(t), 0(t) — w)r2(0) + o (v(1); 0(2)) < Py (v(t);w),
for any w € 2(®,(v(t);-)) and a.e. t € (0,00).

(S4) (Energy-dissipation) For any u' € L*(2), a function:

€ (0, 00) s Z, (w(t), 0(t)) — e(u /|u ) — 20

coincides with a nonincreasing function belonging to L _([0,00)) N BVie((0,00)).

Remark 3.2 Two variational forms in (S2) can be reduced to:
(v:(t) + [VG](u; ) (1), v(t) — ) 202

_|_(va(t), V(’U(t) — w))L2(Q)Nx2 + / d[(’l)(t) - w) ) [va](v(t))|D9(t)H (32)

Q

n / (0(t) — @) - [VB)(w (1)) [ D0) (1) de + / A(v(t)) dz < / () dr,
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for any o = [p, 9] € [HY(2) N L>(Q)]? and a.e. t € (0,00), by using the abbreviation:

/ (& - &) D] = /Qd[@mDéH +/Qd[z5ﬁ|D9~|],

for © = [, 7], @ = [@, ] € [HY(Q) N L=(Q)]? and § € BV (Q) N L(Q), and by using the
identification

7(0) = (@),
for all © = [w,7] € R?. Furthermore, the variational form in (S3) is equivalent to the

following evolution equation:
ap(v(t))0:(t) + 0@, (v(t); 0(t)) > 0 in L*(Q), (3.3)

for a.e. ¢t € (0,00), governed by the subdifferential 9, (v(t);-) C L*(Q)? of the time-
dependent convex function &, (v(t);-), for ¢t € (0, c0).

Now, our Main Theorems are stated as follows.

Main Theorem 1 Let us assume (A0)-(A5). Then, for any v > 0, the system (S),
admits at least one energy-dissipative solution [v, 0] = [w,n,0] € L2 _([0,00); L*(2)3) with
v = [w,n).

Main Theorem 2 In addition to (A0)-(A5), let us assume the following condition.
(A6) There exists a function us € L*(Q) such that u — us € L*([0,00); L*(2)).

Besides, for any v > 0, any solution [v,0] = [w,n, 0] to the system (S), with v = [w,n),
let us denote by w,(v,0) the w-limit set of [v, 0] in large time, i.e.:

Voo = [Woo, Noo] € [HH(Q)NL®(Q)]?, 0. €
BV () N L>®(Q), and [v(t,),0(t,)] —

wy(0,0) := ¢ [Weo, Moo, Ooc] € L(Q)? | [0, 0] in L2(Q)3 as n — o0, for some
{t,}5°, C (0,00) satisfying t, T oo as
n — 0o

Then, the following two items hold.
(0) w,(v,0) # 0, and w,(v,0) is compact in L*(Q)3.
(1) Any w-limit point, Ve, Oso] = [Woo, Noos Uoo] € wi (v, 0), fulfills that:

(i-a) 0 < woo < 1,0 <o <1, and 0| < |6o|1o() a-e. in €
(i-b) —ANVoo + 07(Vso) + [VG](tUoo; Vo) D 0 in L2(Q)?;

(i-¢) O is a constant over ), i.e. O is a global minimizer of the convex function
D, (Voo; - ) on L2(R2).
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4 Approximate problems

In this section, we introduce approximate problems for the proofs of Main Theorems. The
approximation is based on the time discretization method for (3.2)-(3.3) with positive
constant v. Therefore, when we consider the approximate problems, we suppose v > 0,
and fix the constant of time-step-size h € (0, 1].

For any v > 0, o € (0,1), and v = [w, n] € [H(Q) N L>(Q)]?, we define a proper Ls.c.
and convex function ®J(v;-) on L*(Q) by

/ da(v)|DOl,] + v / B(w)|DY|? da,
QO Q
0 € L*(Q) = 7 (v; 0) = 7 (w,n; 0) := if € BV(Q) and v0 € HY(Q),

oo, otherwise,

and @Y (v;0) := @, (v;0). Here, we take a suitable approximation {|- |, }se(0,1) C C*(R) of
the Euclidean norm. The precise definition of a suitable approximation is given as follows.

Definition 4.1 We say that a collection of functions {| - |5 },¢(0,1) is a suitable approxi-
mation to the Euclidean norm if the following properties hold.

(AP1) ||y : RN [0, +00) is a convex C! function such that |0|, = 0 (and especially, it
is differentiable at the origin), for all o € (0, 1).

(AP2) There exist bounded functions ¢ : (0,1) — (0,1], ¢z : (0,1) — [1,00),
rr @ (0,1) — [0,00), k = 0, 1, such that:

@w(o) =1, ¢i(0) = 1, ro(0) = 0, and r(0) — 0,
as o |} 0, and
€ls = qo(0)[€] = ro(o) and [[V]- |,)(€)] < q(0)lg[*,
for any £ € RY and o € (0,1).
Remark 4.2 Note that (AP1)-(AP2) lead to the following fact:

[€lo < [V]-[](€) - € < qu(o)]g] ),
for all ¢ € RN and o € (0,1).

Also, we note that the class of possible regularizations verifying (AP1)-(AP2) covers
a number of standard type regularizations. For instance:

e hyperbola type, i.e. £ € RN — \/[£]2 + 02 — o, for o € (0, 1);

e Yosida’s regularization, i.e. £ € RN — [¢], := inf {|§| + %|§ - §|2}, for o € (0,1);
cER

[3
e hyperbolic-tangent type, i.e. £ € RN — [¢], = / tanh = dr, for o € (0,1);
B o
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9 rll
e arctangent type, i.e. £ € RN — [¢], := —/ Tan~1Z dr, for o € (0,1);
T Jo o

e p-growth type, i.e. £ € RY — [¢|, := [P, for o € (0,1), with a function

1
p(o)
p:(0,1) — (1, 00) satisfying p(c) L 1 as o | 0.

Observe that the convex function ®9(wv; - ) corresponds to a relaxed version of the
weighted-total variation ®,(v; - ) = ®%(v; - ). Additionally, for every v, € (0,1), we
define a functional .%,, on L?(Q2)? by letting:

[v,0] = [w,n.0] € LH(Q)’ = F6(v.0) = Foo(w,n,0)

4.1
Doy + / (w) da + / g(w, ) da + &3 (v; 0). (1)
Q 9]

1
2

The above functional .%, , is a modified version of the free-energy as in (1.4), and the
assumptions (A2)-(A4) guarantee the non-negativity of this functional, i.e. .#,, > 0 on
L*(Q2)3. Moreover, we note that .%, = %, for any v € [0, 1).

On this basis, the approximate problem for our system (S), is denoted by (AP);”,
and stated as follows.

(AP);?: to find a sequence

{[’Ul.l’a,eg’a] -1 C D1 90 = { G DQ ‘ 9 € Hl(Q) and |é| S |90|Loo(Q) }

7

with {v;7}5°, = {[w)?,n;°]}22,, which fulfills that

7 (07 =0, 0 — @) o + (V)7 V(07 = @) 20w

(VG (53 077), 02 — @) e + / Y(0"7) da

(4.2)
T / (077 — @) - (V027 |, (Vo] (v)) + 12|96 2V A)(0))) da
< /QW(W) da,
for any w € [H*(Q2) N L>=(Q)]?,
1 1/0' l/U
h<a0( )(9 6 ) )LQ(Q) (43)

Ha( )V [o](VO7) + 20 B(0]7) VO, Vw) 20y = 0,

)

for any w € HY(Q) N L>®(Q), and any i = 1,2,3, ..., starting from the initial data:

v,o 0110'

(057, 05°] € D1(6p) with vy = [wy?, g ].

13



In the context, for any 7 € N, u; € L*(Q) consists of the components:

1 it
w; = —/ [u]g*(T) dr in L*(Q),
h Ji-n
where [u]$* € L*(R; L?(Q2)) is the zero-extensions of u.

Now, before the proof of Main Theorem 1, it will be needed to verify the following
lemmas.

Lemma 4.3 (Solvability of the approximate problem) There exists a small con-
stant bl € (0,1] such that if v,o > 0 and h € (0,hl], then the approzimate problem
(AP)? admits a unique solution {[v;"?,0;7]}°, C Dy(6y), and moreover,

1 v,0 1 v,o v,o |2 v,o Av,o
_h|vi - Uz 1|L2(Q)2 + E’ O[()( )(9 ei—l)}lﬁ(g) + <%:/(7(’0' 9 )

(4.4)
+C(UT7 wz'V’U)Lz(Q) < yMU( ;101’ 9;/01) + C(UT7infl)L2(Q) + C2h|ui - UTE?(Q)»
fori=1,2,3,... and any u' € L*(Q), and
1 - - v,o l/O' v,o VO'
QZ”’%’ — v 1L2 2+Z }\/0‘0 (0;" Qzl‘p
i=1
+mh.Z, . (v2,027) + emh(u', w° )r2(Q) (4.5)
Z ;/0'1’9;/0'1 —|—Chz w,_ 1 L2 )+C2hZZZ‘UZ—UT‘%2(Q)

i=1

for any m € N and any u' € L*(Q).

Proof. By way of a slight modification of the proof of [28, Theorem 1], the existence and
uniqueness of approximate solutions are verified.

To show the inequality (4.4), we set o = v;”] in (4.2). By using (A2) and Young’s
inequality, we have

1 vV,o v,o ]' v,o v,o
E|'Uz" _'Ui’—1|%2(9)2+§|vvz" 72 Q)QN"‘/QV('U{ )dzx
—l—/ a(v] )|V | dx + v /5 YNV |Pd
Q
+ [waern) - (0 = oo e [ wlw! - wi)de
Q Q
(Q )2N+/7("7:f1)d$
Q
+ / (0" VO + 12 / B(6") V0”7 |2 da.
Q Q

According to (A4), we note that

1 v,o
< §|V’Uz 1

v,0 v,0 v,0 1 v,o v,0
g(v; U;_ 1) > 9( 7) + [Vg]('vf ) (07 —v%) — §|g|02([0,1]2)|vi71 - 2»
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and hence
/Q Vgl(0") - (0" — v )da

v,o v,o 1 v,o v,o
> /9("’/ )dx — / g(v%))dx — §‘g|02([0,1}2)|’vi7 — v %2(9)2‘
Q Q

Also, using Young’s inequality again, for any u' € L?(Q), it holds that:

c/ul(ww— )dx—c/u*(w” )dx+c/( =) (w7 — wl %) dx
Q

zc/uT(wi”’U— dr —c h/\uz—uT\ dr — /]w”—w |dz.
o m

Hence, we can get the following inequality

3 lgle2qoap o o o
(57~ ZO Y o — 01 +§|w -

Q Q o
1 v,o V.o vo
= _|VviL1|2L2(Q)2N + / Y0 dr + / g(v%))dx (4.7)
Q Q

+ PV (v ”i,@fﬂ)—i—c/uwa’_”ldx—i—th/ lu; — u'|?da.
Q Q

\)

On the other hand, we set w = 6,7 — 0% in (4.3). Then, Remark 4.2 and Young’s
inequality yield

1 U,0 v,o v,o |2 V,0 (V0. Vs0 V,0 (V0. nV,0
E’ Vao(v7) (0,77 — 0i—1)|L2(Q) + @Y7 (07 07) < D7 (075 617%). (4.8)
Here, we set
1
Wl = (4.9)

2(1V |glez(o,p2)
Since
3 lgleqoan 1
4h 2 2h
for 0 < h < hJ{, the desired inequality (4.4) is obtained by taking the sum of (4.7) and
(4.8).
To prove (4.5), we multiply both sides of (4.4) by ih, and take a summation of the
inequality from 1 to m € N. O

Lemma 4.4 Letv,o € (0,1), let h! be the constant in (4.9), let h € (0, 1) be an arbitrary
time-step, and let {v)?,0,7} be the solution to (AP);° with initial data [vy?,0,°] €
D1(6y). Under assumptions (A0)-(A5), there exist v, € (0,1) and positive constants A,
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B, C., depending only on Q, oy, «, B3, g, v, and by, such that if h € (0, hJ{) andv € (0,v.),
then the approzimate solution {v)? 0.} satisfies the following energy inequality:

1 v,0 v,0 B*h — VCT v,o
§(|'Um - w0|L2 2t A6y, WO’%%Q)) + 5 v (027, 0;75)
1 v,0 2 h ar v v
< §(|'Uo wO|L2(Q)2 + A0y W0|L2(Q)) + —Fu0(v5,65) (4.10)

AAh &
+mhC.(1 + |w0|§{1(9)2 + |W0|%{1(Q)) + = Z |Ui’%2(ﬂ)7

for any m € N and any [wo,wo] € D1(0o).

Proof. Let us fix a pair (triplet) of functions:
[wo, wo] € D1 (6) with wo = [0, 7o) € H'(2)?,
and fix a time-step ¢ € N. Also, we define a large constant R, > 0 by
R, = [(1+ |aolwreeoy2)) (1 + lalerqoz) (1 + [Blogoa)
(14 [l 0.0) (1 + |glwee(o.2) (1 + [Bol () (1 + 2N ()] /62,

First let us set @ = wy = [Wy,No] in (4.2). Then, using (4.6), (A2), and Young’s
inequality, we have

- 1
(|U wO’LQ(QP v, wO‘%2(9)2)+§|VU¢’ |Z2(q)2v

/7””M+/g "V — 3lglwaeqon LN ()
Q

+ [ 19825 o(a(of") — atwn))da + o [ (98775 (3(077) - Bluwn))da

Q

vo |~ 1 .
+ c(us, w7 — wo)r2(q) < §|Vwo|%2(mw +/v(wo)dx-
Q

e}

By (A2) and Holder’s inequality, it is deduced that

1 v,o 1 v,o
2h(|’0 - ’w0|%2(9)2 — v — 'w0|%2(9)2) + §|VU¢’ |2L2(Q)2N
+/ ~(w! )da:+/9( YVda
Q Q
5* v, v,o v,o
+m a(v;) |V |odz — |l oo o V0% |odx (4.11)

/ﬁ oo mwwamm/WﬂWM
|5|C (0,1]2) &

<A4R.(1+ |w0|H1(Q ) + |Uz|L2
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Next, we take w := (0, — wp)/ap(v;"7) as the test function in (4.3). Then, from (A2)
and Definition 4.1, we see that

1 v,o 2 v,0 2 Q(U;/’U) v,o v,o
%(‘91 - WO|L2 Q) — [ w0|L2(Q)) + /Q m[v| [l (VO7) - V(6,7 — wo) dz
+ 207 blo”) Vo7 N (077 — wy)dx
a ao(v;"7)
< / alv W )_ ) 191 1,](V8) - V(v )da (4.12)

+ 207 / B -~ —wo) VO - Vay(v,7)dz,

and by using Remark 4.2 and Young’s inequality, we also have

/Q e [VI-16)(V6;) - V(6" — wo)d

ap(v]?)

a(v{/,0> v,o / O[(’UI'/’U) 14+r1(0)
> ==V, |, dx — = q1(0)|Vwo| T dx 4.13a
N /Q ag(vy” )‘ | o ao(v;” >Q1< Vel ( )

O Vo «
> /|Vl91’ |de_‘ |C([071]2)/q1<0.>|vw0‘1+7'1(0)dx’
ol e o2y Ja Oy Q

G

o ao(v;"7)

1
So2. 1 / B(6"7) V0 2da
’ao\C([OJ]?) Q

1
a2 / (VEEIvel) (5B Vol ) da
/ veua ,
2]@0\0 ([0,1]2 )| plod }L
2V |Oéo|c 2V7 {0 c((0,1)2) ‘WVWO‘LQ (4.13b)

Vo7 N (077 — wy)dx

and

2,2 /5 9 _WO)VW Voo (v!7)dz

|9;/J wo| 2o (0| Bleo,112)
54 : } |[ | |Loo (0 1 |

T | / VO' vel/ale(Q)N

2!%\0 ([0,1]2)

§2V2|060|0([071]2) . V'UVU|L2(Q)2N

|60 |L°°(Q) g |W1»00((0,1)2) |5|C([0,1]2)
54

T | / 1/0' V6V0|L2(Q)N

2|040\c ([0,1]2)

§16V2|040’C([071}2) ' Vo7 |72 2n (4.13c)
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Here, let us set:

2|040|C([o,1} )max{|a|c 0,1]2 |/B|C ([0,1]2 )}
0,

Then, by Remark 4.2 and Young’s inequality, we compute that

A, = (< 20,RY?). (4.14)

[ S )(907) - V(v

O{O (UV 0)2

S8A*R*/q1(0)2|V9;7’”|2”(")
0

1 v,0 |2
8A* vl |L2(Q)2 (415)

Moreover, multiplying the both sides of (4.12) by A,, it is inferred from (4.13)—(4.15)
that:

A* v,0 v,0 v,0
%(wi’ - W0|%2(Q) — 165 — W0|2L2(Q)) + 2maX{|Of|C([0,1]2)7 |5|C([0,1]2)}“V9i’ |U}L1(Q;]RN)

2v® max{|alcqo2), |Bleoar) } T s | 2
N wapy Plewan} | raemyegr?, .

1 v,o
— (g + 161/2|O[0|0([0’1}2)A*R*> |V'Ui7 |%2(Q)2N

<A, [ °|C“” ]\/7”%0]9

A,
+ |Oé|50([0,1]2) / ql(O')‘Vwo|1+”(g)dCL‘+8A§R*/q1(0)2|vef’g|2rl(g)dl‘. (4.16)
* Q Q
Now, we set a constant v, € (0,1) so small to satisfy that:
1 1
O<1/f<min{ ) —}7 4.17a
128|a0|c([0’1}2)A*R* 2 ( )
and
3 5
1 <qo) <1< qi(o) < 7
1  forallo € (0,v,). (4.17b)
0<ro(o) < T 0<ro) < 1

Here, we use the following type Young’s inequality: for arbitrary a,b > 0, £ € (0, 1), and
1<g<2<p<oowith + =1,

1 o1 - 1, .« - 1
ab = ((ps)zlﬁa) ((p2) zljb) < &aP + —(pg) »b? < EdP + b7 (4.18)
q 5
to estimate the third term on the right-hand side of (4.16). Indeed, by letting:
1
= Vo7 b =1, and p = > 2
a= Ve 7| , , and p () 2 2

to apply (4.18), the third term on the right-hand side of (4.16) is estimated as follows:

2 1
BA.R. / 0 (0)?| VO dx < 75A3R* / (aveﬁ‘w + ?) dz
Q

50R252’\
QO(

- (4.19)
+79(0) LN () + 5* = 2N (Q),

(Hvezxa

| |L1 (Q;RN)
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by (4.17b), (AP2), and (4.14). Then, for any 0 < € < 1, it follows that

A* v,o v,o v
ﬂ(wi’ - W0|%2(Q) — 6% — w0|%2(9)) - Z|V’Ui |%2(Q)2N

+ 2max{ |a|c(po,172), |5|C[01]2)}“V9‘V7U| }Ll(QRN)
2v? maX{|Oé|c< 2), |Bleqa ) AR P
+ VBV

< 41°R, |VU)0’%2(Q)N

5A*’Oé|c 0,1]2 1—|—T1(O’) 1—7“1(0')
s (T Vel + 2 N(9)
50R%6%E

CIo(

Vo 50 R262
(1962 1o] 1, + 70(0) 27 (@) + 22 2% ()

200R26%E
=73

vio 07
0y |U\L1(Q;RN) + 50R? (535 Tt 1) (14 [Vwol72qyv)
2 P2 v,o 2p3 [ o~ 53 2
<10*RZE||VE; \a\um;w) HIR (84 = +1 (1 + [Vwol7z0yv),
by (A2), (4.14)-(4.17b), (4.19), and Young’s inequality. If we choose

R 1
= e @leoam),

we can see that
A* v,o v,o 1 v,o
(1077 — ol — 1675 — wol3ae) — 1VRL B
+ max{|e|co,2): |Bleqoz VO | |L19RN

27/ maX{|Oé|C 0,1]2 7|B|C’ ([o,1 } .0 v,o|2
. wirPlewar} | Brmyog,

loleqoar)

< 2-10*R2(1 + |wol7p (o) (4.20)
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by (A2). Taking the sum of (4.11) and (4.20), we can see that

1 v,o v,o 1 v,0
%("Uz - wOﬁ'ﬂ(Q)Q — v — w0|%2(9)2) + Zyvvi |%2(Q)2N

+/Q’Y(wiy’01)dx+ (/Q 7(1”;‘/70)‘155—/97(10?’01)0[:10)
+/Qg(vi”’”1)da:+ (/Qg(vf"’)d:v B /Qg(v;’"’l)dx)

A

—(|9;‘/’U - W0|%2(Q) —162% — W0|%2(Q)) (4.21)
+leleqoa (IV0 ol @ryy — [1V07 o] 1))
+21Bl o) IV [12yn — VO 72 )

6* v,0
+—/oz(vi’1)|v9 1o de + 17— /5 NIVer |2da:
‘04|C([071}2) Q W|C(o1

2
C
< 4-10"RI(1 + [wolh g + |wolng)) + 5 lwilzz)

Here, we take

1 s 0
B, = mln{ } and C,:=4-10'R
laleqoz)” 18leon?)
and the sum of (4.21) from i = 1 to i = m € N, then we get the desired result. O

5 Proof of Main Theorem 1

Let [no, wo, 0] € Dy, the constant v, obtained in Lemma 4.4, and a fixed constant vy €

0, ). In this section, we prove Main Theorem 1 through a limiting process for (AP);”

as h,o — 0 and v — 1. At first, we recall the auxiliary results for the weighted total
variations.

Lemma 5.1 (cf. [21, Lemma 4.6]) Let 6, € (0,1) be a fized constant, and let I C
(0,00) be an open interval. Let {v,}>2, C (v, V), {on}5>, C (0,1) with v, | vy, 0, L 0
as n — 0o, respectively. Also, let us assume that

(o€ O(T; TA(Q) 1 L(1; HY@) 0 L2(1 x Q) 0.}, © L1 TA(9),
0>0and p, >0, a.e. in I xQ, foralln € N,
¢ e O(T; TA(Q)), {G)2, © LA HY(9)),
0n(t) — o(t) in L*(Q) and weakly in H'(Q), for a.e. t € I, asn — oo,

| Ca(t) = C(2) in L*(Y), for a.e. t € I, as n — oo.
In addition, let us assume that

0> 0. a.e. in I xQ, or Ly :=sup |V (rr2wmrry < 0o.
neN
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Then,
.. T . .. T . I .
hyrlgg.}f D, . (0n;Cn) > hﬂg}f D, (0n; Cn) = Py, (05 C).

Lemma 5.2 (cf. [21, Lemma 4.9] and [28, Lemma 6.1]) Let 6, € (0,1) be a fized
constant, and let I C (0,00) be an open interval. Assume that

0 € C(T, 12(9)) N (1 HYQ)) N F=(T x 9), {oa|n € N} € 12(1; 1),
0> 0, and 0, > 0y, a.e. in I X, for alln € N,
on(t) = o(t) in L*(Q) and weakly in H'(Q), as n — oo, a.e. t € I,

and

¢ € C(I; L*(Q)) N LNI; BV(Q)), {¢a|n € N} € LA(1; HY(Q),
Calt) = C(t) in L2(2) asn — oo, a.e t €.

Then the functions
teln [ oD, andte I [ 0,OVG O] dz, ne,
Q

are integrable. Moreover, if

//Qn VG (t ]andxdt%// t)|DC(t)

w € C(I; L*(Q))NL>(I; HY(Q))NL®(I x Q) and {w, |n € N} C L*(I; L*(9)),
{wn |n € N} is a bounded sequence in L>(I x Q),
wn(t) = w(t) in L*(Q) and weakly in H'(Q) asn — oo, a.e. t € I,

//wn )V (1 |O.ndxdt—>// (t)|DC(t)

as n — 00, and

then

as n — Q.

Let v,, h, := hl € (0, 1) be the constants as in (4.17a) and (4.9). We take {[, ég]}oe(oyl) =

{[wga 77(077 ég] }06(0,1) such that

{ [95,03] € Di(6,) for all o € (0,1), 51)
0.1

[99,05] — [vo,00] in L*(Q)® as o — 0.

Then, for any v € (v, v4), 0 € (0, 1), and h € (0, h.), Lemma 4.3 guarantees the existence

of a unique solution {[&.7,8:°1}22, to (AP) in the case of [vy?,057] = [9F,65]. Also,
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we take three kinds of time interpolations [©7,0,°] € L2,
L2 ([0, 00); HY(Q2))3, and [027,627] € W.2>([0, 00); HY(Q2))3, by letting

loc loc

(B2 (1), 0.7 ()] = [87°,87), it t € ((i — 1)h,ih] N[0, 00) with some i € Z,

(2

(77 (), 077 (1)] == [0, 0], ift € [(i — 1)h,ih) with some i € N,

~V,0 o th —t ~V,0 U0 t—(—1)h ~V,0 OU,O
[0,°(t),0,° ()] == h ['Uz 1, 0;” 1]_’_%[’0/’0/]7

if t € [(i — 1)h,ih) with some i € N,

\

for all ¢ > 0. Moreover, we define u;, € L2 ([0, 00); L*(Q2)) by
Uy, :=u; if t € ((¢ — 1)h,ih) N[0, 00) with some 0 < i € Z.
Then, due to Lemma 4.3, (5.1) implies that

B7(), v (1), 87(0) € [0, 11
maxc {[8,7 (0], 165" (®)], 187 ()]} < 165 |uo=(0) < 0oleion,

([0,00); H'(Q))*, [,

v,o

0,°] €

(5.3)

a.e. in Q, forallt > 0, v € (v,v), 0 € (0,1), and h € (0,h,). By using these

interpolations, the inequality (4.4) of energy dissipation leads to

1 ! ~U,0 ¢ —U.0o o 2

5 [ 1 gt + [ |V gy

+F,.(0,7 (1), 6’h ()) /u*wzg t)dx — c* / /\uh —uT| dxdr

< Fuolws(9).0°6)) e [ (e = & [ [ () - o Pdadr,
Q 0 Jo

for any 0 < s <t < 4o00. Similarly, (4.5) and (4.10) derive

1

t t
3 | GO s + [ Va0
T o (B (8), 827 (8)) + ctlud, T (1)) oy < / o (077 (1), 027 (7)) dr
0

t t+h
te / (a0 (7)) o dr + (¢ + h) / () — 2oy + 2¢h|ul|.£™/(Q),
0 0
and

1 —U,0 Yo B* ! v,0 v,o
§(|Uh’ (t) — w0|%2(9)2 + A0, (1) — W0|%2(Q)) + 7/0 Fo(vy, (1), 0,7 (7))dT

~0 no h ~0 o
(Jog — woﬁﬁ(m? + A0 — WOE?(Q)) + —Fu0 (07, 07)

<
= B,

DO | —

C2 t+h B
+2tCL (1 + ’wOﬁgl(Q)z + ’woﬁql(g)) + 5/ |uh(7>’%2(§2)d77
0
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for all 0 <t < 400, v € (1, v4), 0 € (0,1), and h € (0, h,), respectively.
Using (5.1) and a diagonal argument, we can obtain sequences {v,}>°, C (v, vs),
{on}22, € (0,1), and {h,}32, C (0, h,), such that

(1) if vy > 0, then

Up =1, 0<o,1<0,<2" 0<hy <h, <h2™",
{ 0 < hnTy, o (BT, 057) < 27, 67
for all n € N;
(2) if vy = 0, then
0=1v) < Vp11 < Uy <U2", 0p:=Vn, 0<hy <h,<h2™",
{ 0 < hoZy, o (B, 007) < 277, 8)
for all n € N.
According to (5.3)-(5.8), the sequences
([ {[0a(), OOy = {057 (1), 0,7 (D)}o2s € Lina([0. 00); HY(Q)?),
) {lwa (1), 0, (O]} = {27 (1), 0" (]}a2y © Line([0, 00); HY(Q)°), 59)
{0 (0), On (1720 = {0577 (0,057 (D110 © W (10, 00)3 H (),
[ {[von: Goal}ozs = {[86" 7, 0 [} € Di(6o),
[ o= Y, © L2(00, 00); L2(9), (5.10)
and sequences {7, }n 19 {9“T}n L C L ([0,00)), defined as:
[ Z (1) = Fo 0 (Ba(1),8
—l—c/Q dx —c //|uh ) — ul|?dxdr,
FU(t) = Frprn (0, (£),8,.( (5.11)
+c/ ulw, (t)dx —02/ /|ﬂhn(7) — o' dxdr,
( Q 0 Jo

forallt>0,and n=1,2,3,...,
satisfy the following properties:
() {[©2(1),6u(0)], [0,(1),0,(8)], [Ba(t), Bu(0)] 3321 C D1(Bo), for all ¢ > 0;

(tb) {[on. 0a]}3; and {[v,,, 0,]}32, are bounded in Lis,((0, 00); LA(Q)*)NL=(Q)?, {[0n, 0] }72,
is bounded in C((0,00); L2(2)%) N W2((0, 00); L*(Q)%) N Lﬁfc((O,oo);Hl(Q) X

HY(Q)x BV(Q)NL=(Q)>. Also, {v,0,}5%,, {vn0,,}>2,, and {Vnﬁn}nzl are bounded
in L5, ((0, 00); H'(€));

loc

n=1»
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(tc) {Z£ Zf}z"zl and {Z ZT }>° , are sequences of nonincreasing functions on (0, 00), which
are bounded in L ([0, 00)) and BV,.((0,0));

loc
(¢d) hnP, 0, (Von, 0on) — 0 as n — oo;
([0,00); L*(€2)) as n — oo.

Taking into account the compactness results as in [2, Chapter 3] and [30, Corollary 4],
there exists [v,0] € Cioc((0, 00); L?(2)?) and subsequences (not relabeled) of {[v,, 6,]}5°,
such that

(te) u, — u in L}

loc

(v € Wi ((0,00); LA()°) N Lis (0, 00); H'(Q)%),

0 € W2((0,00); L2(9)), [D6()|(€) € L%((0,50)).

loc

vof) € Lix.((0, 00); H'()),

loc

(5.12)

[ 0<w<1,0<n<1, and 0] < 6o]r) a.e. in @,
and

(D, — v in Cloe((0,00); L2(Q)?), weakly in W,22((0, 00); L*(2)?),

loc
weakly- * in L. ((0,00); H'()?), and weakly- * in L®(Q)?
D, (t) — v(t) in L*(Q)?, weakly in H'(2)? for any ¢ > 0,
_ (5.13)
0, — 0 in Cioo((0,00); LA(Q)), weakly in W,22((0, 00); L3()),

loc
and weakly- * in L=(Q),

L 0,(t) — 6(t) in L2(Q), and weakly- = in BV(€), for any ¢ > 0,

as n — co. Moreover, by the energy inequality (5.4), we obtain
ih
max{[U,(t) = On(t)|r2(@)2, [2,() = On(t)|L2(2} < / |(©n)e(£)] L2 ()2,
o (5.14)

nmmaw—@mm@m@@—@wmm»s/ 10,)¢(t)] 2250yt

(i—1)h
forn=1,2,3,.... Therefore, the following convergences

v, — v, v, = v in L ((0,00); L*(Q)?),

loc
weakly- * in L2, ((0,00); H'(2)?),
and weakly- * in L>(Q)?, (5.15)
() — v(t), v,(t) = v(t) in L*(Q)?
\ weakly in H'(Q)?, for any ¢ > 0,

;

and _
0, — 0, 0, — 0in L<.((0,00); L*(Q)),

loc

and weakly- * in L>(Q),
0 (t) — 0(t), 0,(t) = 0(t) in L*(Q),
and weakly- * in BV (Q2), for any ¢t > 0,

(VB(,) V(b)) () = (v/B(0)V(100))(t)

weakly in L?(Q)Y, for any ¢ > 0,

(5.16)

24



hold as n — oo. If vy > 0, then additional convergences follow that

(0, 0,,, 0, — 0 weakly- = in L ((0,00); H'(R)),
0,(t), O,(t), 6. (t) — 6(t) weakly in H'(Q) for any ¢ > 0, (517
((v,)VE,)(t) = (a(v)VO)(t) and (/5(v,)VE,)(t) = (v/B(v)VE)()
weakly in L*(Q)Y, for any ¢ > 0,
as n — oo. Moreover, there exists a function _#* € BVioe((0,00)) such that
Zu — 7 weakly- * in BVioe((0, 00)),
weakly- % in LS ((0,00)), and a.e. in (0, 00), (5.18)

as n — 0o, by taking a suitable subsequence if necessary. Thus, we get the convergence
results for the approximate sequences.

Next, we prove that the limit function [v, 6] satisfies the variational inequalities in (S2)
and (S3). To see this, we define the time-dependent weighted total variation (cf. [20]),
and refer the corresponding convergence results (cf. [21, Theorem 4.8], [28, Lemma 5.1,
Lemma 6.3], and [25, Main Theorem 1]).

Lemma 5.3 Let I C (0,00) be a fired bounded open interval, and let ®) : L*(I; L*(Q)) —
[0,00] and ®] , : L*(I; L*()) — [0,00] be functionals defined as

¢ € LI LX(Q) = @y, (vi¢) = /I(I)Vo(v(t);C(t))dt € [0, 00],

and

C e LI L2(Q)) - @, (T,:C) = / &2 (T, (1): C(1)dt € [0, ],

forv =[w,n] € L=(I; H(Q)*)NL>(I xQ)?* and v,, = [w,,7,] € L>(I; H'(Q)*)NL>(I x
V)2, neN, asin (512)-(5.16). Then, the following two statements hold:

(G-1) ®. (v;-), and @] , (U,;-), n € N, are proper Ls.c. and convex functions on

VUn,On

L*(I: L2(Q)) such that

o if 1y =0, then 2(®] (v;-)) = L*(I; BV(Q)) N L*(I; L*()),
o if vy >0, then D(®] (v;-)) = D(P, , (Un;-)) = L*(I; H(2)), for all n € N.

Un,0n

(G-2) the sequence {®], , (Tn;-)}o, converges to @] (v;-) on L*(I; L*(Q)), in the sense
of T-convergence, as n — 0o.

Remark 5.4 If 1, > 0, then the sequence {®] _ (U,; )}, converges to @] (v;-) on
L3(I; L*(9)), in the sense of Mosco-convergence, as n — oo (cf. [28, Lemma 5.1]).
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Let I be any bounded open interval such that I CC (0,00). By (4.2) and (4.3), the
sequences, as in (5.13)-(5.16), satisfy the following two variational inequalities:

[ (@050 ~ Ot + (V0,009 (@, — @) Oz
+ (96 @590, .(0) - =it + [ [ (@, 0)dod
- / = @) (8, (0o, [Val(@a(0) + 12198, (O V5] 5,(6)) dact

< [ [t tenizar

for any w € L*(I; H'(2)?) N L>(I x Q)% and any n € N, and

/I(ao(ﬁn(t))(gn)t(t)aén(t) - g(t))Lz(Q)dt (5.20)

), (Ua(t); (1) < @), (Ta(t); C(1))
for any ¢ € L*(I; H'(Q)) and any n € N.

Let us take any ¢ € D((I)io(v; -)). On account of Lemma 5.3, we can find a sequence
{¢u ¥, € LA(I; H(2)) such that

(o= Cin LA L%(Q) and @) (T,;C) = ) (v;0),

(5.19)

Un,On

as n — oo. Then, by (5.12)-(5.16), (5.20), Lemmas 5.2, 5.3, and Remark 4.2, we see that
[ (@alw)6u®).60) = ) it + @ (o(e):0(0)
T

< dim [ (ao(@a () @u)i(0).Bu(1) — () oyt + limint ®,  (5,:7,)

n—oo I

< lim D, (Un;G) = DL, (05 Q). (5.21)

VUn,On

Since the choices of the bounded open interval I CC (0,00) and the function ( €

I . . . . . . . . . .
D(®;, (v;-)) is arbitrary, we derive the variational inequality in (S3), as a straightfor-
ward consequence of (5.21).

Next, we put ¢ =6 in (5.21). Then, it can be seen that
d] (v;0) < hm mf @], (Vn;0,) <limsup®, . (0,:0,) < @/ (v;0),
n—o0

that is 3
lim ®)  (U,;0,) =@} (v;0).

Un,On
n—oo

Also, from (5.13)—(5.17), (AP2), and Lemma 5.1, one can see that:

liminf// (T, (1)) |V,|s, drdt
n—oo

Zliminf//a(ﬁn(t)) (90(02)|V0, (1) — 70(0,)) dadt

n—oo

> [ [ alatwonipa)) i
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and

n—oo
>{ \/ |V VOH ||L2(] LQ(Q // 6 |V V()@ ( )|2dxdt

The above observations mean that

// (B, ()| VB, (¢ |Unda:dt—>// )| Do) Jdt, (5.22)

//5% IV (vaB) 2dmdt—>//ﬁ DIVd)(O)2dedt  (5.23)

as n — oo. By (5.12), (5.15), (5.16), (5.22), (A2), and (§b), we apply Lemma 5.2 with
p=a), {patpls = {a(©n) 132, ¢ =0, {Gahaty = {0a )2y, w = 1, and {w, j72, = {1}

Then, we have
//|V§n(t)|gndxdt—>// | DO(t)]|dt (5.24)
1Jo 1Jo

as n — o0.

Besides, we take I = (to,t;) C R with 0 < 5 < t; < oo. Using (A2), (5.2), (5.4),
(5.8), and (fb), it is deduced that

. . 2
hmmf//ﬁ 0,(1)|V (v, n)( )| dxdt—hmlnf‘\/ v,)|V (v n)‘|L2(I;L2(Q)N)

and

’an - Qn’LOO(I;LQ(Q)) < th|(9n)t’L2([;L2(Q)) — 0, (5.25&)

/ V0, ()|, dxdt — / / \VQn(t)]andxdt‘
1JQ 1JQ
< hn

| (IVBa(t)lo = [VEa(to)la, ) d

2hy,

<
=S

(/Vn(’UOTH 00 n) + C| T’Ll +c |un UT|%2(I;L2(Q))> — 0, (525b)

as n — 00. As is seen from the above convergences, (5.12), (5.15), (5.16), (A2), and (tb),
we take any w € [H'(2) N LOO(Q)]2, and apply Lemma 5.2 with p = 1, {p,}>>, = {1},
C= 6, {Gkey = {0,150, w = w - [Va](v), and {w, )32, = {w - [Va](@,)}. Then, we
see that

TLILIEO//W [Val(Ba(t) |V, (1], drdt = // ()| DI At (5.26)

for any w € [H'(Q) N L>=(Q)]%
On the other hand, (5.17), (5.23), and the uniform convexity of L-based topology

imply that B
VB©:)V (i) = /BO)V(1o8) in L2(1; L2(Q)Y),

V(vp0,) = V() in L*(I; L2(Q)N), (5.27)

and hence
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as n — oo. In addition, by (A2), (5.4), (5.7), (5.8), and (£b), we can show that

‘//!vyn \dxdt—//yvun \dxdt'

(9Vn<v0n,90n>+c|uT|L1 Pt = ey ) = 0, (5.28)

5*

as n — o0o. As a consequence of (5.12), (5.13), (5.17), (5.27), (5.28), and (gb), it is
observed that

{ UnOp — 100, vp0, — vof  in L*(1; HY(Q)),
Vo [VB(©,)V(v.b,) = Vo - [VB](v)V(1ld) in L*(I; L*(Q)NY)

for any ©o € [H'(Q) N L>®(Q)]* as n — oo.
From (5.12)—(5.16), (5.26), and (5.29), letting n — oo in (5.19) implies

(5.29)

/(’Ut(t), ’U(t) — W)L2(Q)2dt + /(V’U(t), V(’U(t) — w))LQ(Q)szt

/([VG](u D000 ~ et + [ [ o)

+ [ [ i) - =) [Valw) Do
+ [ [0 -=) DoV eo 0P < [ [ @

for any o € [H'(Q) N L>®(Q)]?, and any 14 € [0,1). Since the open interval I C (0, 00) is
arbitrary, v = [w, 77] satisfies the variational inequalities in (S2).

We next check the initial condition. To see this, we fix t € (0,00), ¢,n € N. We take
[h,v, 0] = [hn, Vn, 0,) and [wg, wo] = [Vo e, 0] in (5.6). By (A2), (A3), (A4), (4.1), (5.1),
(5.7)-(5.17), and Lemma 5.3, letting n — oo gives that

1

5 ([0(0) = vorlL e + Aul0(8) = Ooli2(a)

B. [*_ B. B,
T [Voliaqpevdt + 75*HD9<')’(Q)’L1(0¢) + 75*’V(V09)|L2(0,t;L2(Q)N)
0
1
2

c t
2
+§/ ’U‘Lz(Q)dT

Hence, it holds that v € L2 _([0,00); H'(2)?), |DO()|() € LL_([0,00)) and vf €
L} ([0,00),H1(Q)) hold.

loc
Furthermore, it follows that

1
5(’”@) — Vo|7202 + AulO(t) — Ool72())

(Jvo — vo f’LQ(Q 2+ Al — 901&2(9)) +2tCu(1 + ‘00,6‘1%11(9)2 + |00,5|%{1(Q))

< [w(t) = vl T2y + AlO(t) = Oo.el720) + V0.0 — voli20) + Axlbos — b0l 720
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for any t € (0,00) and ¢ € N. Combining the above two inequalities, we can deduce that

thlJf)uva( ) - Uo‘Lz )2 + A |9< ) 90|%2(Q))

< 4(Jvoe — vol T2 ()2 + Aslbor — Ool72(q))-
By (5.1), (5.9), and (5.15)—(5.16), the above inequality implies [v,6] € C([0, 00); L*(2)?3)
and [v(0),0(0)] = [vg, 6p] in L?(Q)?. Therefore, (S1) is verified.
Finally, we prove the energy dissipation (S4). The verification of (S4) is reduced to

the following key lemma.

Lemma 5.5 (Energy inequality) Let v, be the positive constant, obtained in Lemma
4.4, and let vy € [0,v,) be a fived constant. Let [v(t),0(t)] = [w(t),n(t),0(t)] be the triplet
of functions, as in (5.12)~(5.17). Let " € BVioe((0,00)) be the function, as in (5.18).
Then,

JE() = FE(t) == oy (0(1), 0(1))

¢
+c/uTw(t)dx—c2/ /|u(7‘) — ul|?dxdr, (5.30)
Q 0o Jo

for a.e. t € (0,00). Moreover, the following energy inequality holds:

3 | WO et + [ VeI + 2 (0 < 226 (6531

for a.e. 0 < s <t < oo. Therefore, /*“T is non-increasing on (0, 00).

Proof. We take any bounded open interval I CC (0,00) and a sequence {v,}32, C

C>(I x Q)% such that v, — v in L*(I; H(2)?) as n — co. Moreover, we choose @ = v,

n (5.19). By (5.24)-(5.26), Lemma 5.2 with p = 1, {p,}>2, = {1}, ¢ = 0, {(.}2, =

{9 }n 1w =0, and {w,}2, = {(v, — v,) - [Va|(V, >}n:17 and (5.29) with o = 0,(t) —
) follow that

n—oo n—oo

/|V'U |L2 jendt <11m1nf/|V5n(t)|%2(Q)2th < limsup/|V6n(t)|%g(Q)2th
I

< Jin { 190,02 vt =2 [(Bl0) + (961003 9)0). 0~ 0,) Oz

n—o0

- / / Bult) — 0a(1)) - (V)@ (E)| VG, o + V2V 8] (B(1)) V8, (1) [2)dardt

// v, (t da:dt—// v, (t dxdt}—/IWv(t)\%Q(Q)mdt.
(5.32)

Using (5.15)-(5.17), (5.22), (5.29), (5.32), (fe), and the uniform convexities of the L?-type
topologies, we see that
v, — v in L*(I; H(Q)?),

/ Dt / MT (5.33)



as n — oco. Here, putting:

Co = cJul|pi) + lu —u']7, (I,L2(Q))?
Cy, = clul| 1) + A[w, — u |L2(I;L2(Q)) forn=1,2,3,...,

we easily see from (5.12), (5.11), (5.30), and (fa) that:

L@T*‘COZO, aﬂdeﬂLCnZOforn:1,2,3,...,
(5.34)
C,, — Cyas n— oo.

(5.7)—(5.8), (5.15)—(5.17), (5.34), and (fe) enable us to compute:

’/ dt—/}(m*()JrCO)dt'
/[ F (1)t — /I ?:‘f(t)dt’
N

/I(ﬁf (t) + Cy)dt — [(@T (t) + Co)dt’

< 2h, (gzz/n an(UO ns to n) + C‘UT‘Ll +c ‘un uT’%Q(I;LQ(Q)))

+ /?Zf(t)dt—/mﬁ( )dt
— 0, (5.35)

<

+1C, — Co| LM (1)

as n — oo, for any bounded open interval I CC (0, c0).
For any given bounded open set A C (0,00), we denote by Z, the at most countable
class of pointwise disjoint open intervals such that Uj.; I = A. Here (5.35) yields that

/ ) + Cp)dt < lim 1nf/( (t) + C,)dt,
A

n—00
Ie

for any finite subclass Z C Z4. Here, it follows that

/ (A (t) + Co)dt < lim 1nf/ (& (t) + C,)dt, (5.36)
A A

n—oo

for all A CC (0,00). Applying [2, Proposition 1.80] to (5.33)-(5.36), we can see that

T = (ZY +C) = Cp— (FY 4+ Cy) - Cy = F

P (5.37)
weakly-* in Me.((0,00)),
as n — oo. Consequently, it follows from (5.18) and (5.37) that
—ut ul
F o (1) = (1) (5.38)

a.e. t € (0,00).
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In addition, employing (5.18) and (5.38), and passing to the limit as n — oo in (5.4)
with [h, v, 0] = [hn, Vs, 0], the energy inequality (5.31) holds. Also, (5.12), (5.30), and
(5.38) show that

uf Zuf o0
f* = rg.yo S Llloc([()? OO)) N L10C<<07 OO)) (539)
Combining (5.31), (5.38), and (5.39), the desired assertion holds. O

Remark 5.6 In the following, we assign the left-continuous expression of ¢ € (0, 00)
F4 (v(t),0(t)) to the function £ (¢) in (5.30). Then, (5.31) can be satisfied for all

0]

0 < s <t < oo by the nonincreasing property of /*“T.

6 Proof of Main Theorem 2

Let vy > 0 be a fixed constant. In this section, we prove the large-time behavior for the
solutions to (S),, which are constructed in Section 5. To prove this, we recall the results
for weighted total variations.

Lemma 6.1 (cf. [21, Lemma 4.4]) Let I C (0,00) be a bounded open interval. Let
p € C(I; L2(Q)NL>(I; HY(Q))NL®(I x Q) and {p,}>2, C C(I; L2(Q))NL>(I; H(Q)),
¢ € LA(I; L*(0Q)), and {(,}52, C LA(I; L*(Q)) be such that |DC()|(Q) € LY(T), and
(p(t), pu(t) € W(Q) ace. t €1,
tel |—>/ H|DC(t)]] andt € I — / [Pn(t)| D ()], for n € N, are measurable,
pn(t) = p(t) in L*(Q) and weakly in H*(Q) a.e. t € I, as n — oo,

Gu(t) = C(t) ace. t €T, asn — o0,

p > 0p and inlg Pn > 09 a.e. in I X ), for some constant 6y > 0
\ ne

are_satisfied. Also, let w € C(I; L*(Q)) N L=(I; HY(Q)) N L=(I x Q) and {p,}2, C
C(I; L*(2)) N L=(I; HY(Q)) N L*>(I x Q) be such that

wn(t) = w(t) in L*(Q) and weakly in H'(Q), a.e. t € I, asmn — oo,

lw| < My and sup |w,| < My a.e. in I X, for some constant My > 0
neN

hold. In addition, let us assume

f v | [anoso
J oo | fawoos
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Lemma 6.2 (cf. [25, Theorem 4.1]) Let I C (0,00) be any open interval. If a func-
tionv € C(I; L*(Q)*)NL>®(I; HY(Q)*)NL>®(IxQ)? and a sequence {9, 2, C C(I; L*(2)*)N
L>(I; HY(Q)?) N Lo (I x Q)% satisfy that {v,}°2, is bounded in L>=(I x Q)?, and v, (t) —
o(t) in L*(Q)? and weakly in H'(Q)? as n — oo, for a.e. t € I, then the sequence
{@] (D,; -)}o2, converges to @], (0; ) on L*(I; L*(2)), in the sense of I'-convergence, as
n — oo.

Remark 6.3 (cf. [21, Remark 4.1] ) If p € Wu(Q), {pn}2, C Wo(Q), ¢ € L*(Q),
and {G,)22, C L2(Q) fulfill that

n=1
pn — pin L*(Q) and weakly in H'(Q), ¢, — ¢ in L*(Q)

as n — 0o, and
p € We(Q) or sup |D(,[(R2) < oo,

neN
then,

iimint [ dlpa| DG > [ dlolD)
We fix the function u,, which is defined in (A6), and set u' = ., in Lemma 5.5.

Then, the functional _#"~ is nonincreasing on (0, c0), and satisfies (5.30) and (5.31) with
u' = Us. In view of (S1), Remarks 5.6 and 6.3, we see that

%/ ”Ut(T)‘%Q(Q)sz—i—/ |\/ao(U(T))Qt(T)|%2(Q)dT+@)w(t)Sj*uoo(s), (61)

foralll <s<t< 0.
Let [v,0] € C([0,00); L*(Q)*) N W,22((0, 00); L*(22)?) be an energy dissipative solution

loc

to (S),,. Then, from (6.1), (A2), and Remark 2.2 (Fact4), we estimate that:

1 /[t 1
—/1 (lve(7) 220y + 04]00(7) 720y ) d + §!Vv<t>!iz<mw + 6. DO(t)|(€2)

2
Sﬁ}o(v(l — 0), 9(1 — O)) + C|uoo|L1(Q) + 02|U — u00|%2(1,oo;L2(Q)) = K*,
for all ¢ > 1. This implies that [vy, 6;] € L?(1, 00; L*(©2)?), and hence
[wi(- +5),6:(- + 5)] = 0 (= [0,0,0]) in L*((0,1); L*(2)*) (6.2)

as s — 00, and

([w(),00)] | t>1} C F = { [%,0] € Dy

0] < |6o|p(0) ae. in Q, and (6.3)
|V13|%2(Q)N + 6. D0|(2) < 2K,

Due to (3.1), (A1)—(A6), and Remark 6.3, Fy is closed in L?(Q2)3, and bounded in [H'(2)N
L>(Q)]* x [BV(Q) N L*>*(Q)]. Consequently, F} is compact in L*(£2)3.

From the above, there exist a triplet [va, 0] € L*(2)? and a sequence {¢,} with
1<t <ty <o <t,, = 00 as n — oo such that

W(t), 0(t)] = [V, O] in L) (6.4)
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as n — oo. This means that w(v, ) # (). Moreover, the compactness of w(v, ) is given
by the compactness of F}, and

= T, 0] [ ¢ = s} € {[o(8),000)] [ £ = 1} C .

s>0

Next, we take any [vu, 0] € w(v,0), with the divergent sequence {t,}>2, C (0, 00)
as in (6.4).Then, (i-a) is verified as a direct consequence of (S1), (6.3), and (6.4). Also,
(6.2)-(6.3) ensure that

(o {v,}2, = {v(- +1,)}>2, is bounded in W'2(0,1; L*(2)?) N
L>(0, 15 H'(Q)?),

o {0,122, :={0(-+1,)}>, is bounded in W'%(0, 1; L*(Q2)), and (6.5)
{ID6,()|(2)}22, is bounded in L>(0,1),

L@ {[va(1),0.(1)] | t €[0,1], n € N} C Dy (6o).

From (6.2), (6.5), and the compactness results as in [2, Chapter 3] and [30, Corollary 4],
we can obtain that

[ (vn); — 0in L*(0,1; L*()?), and (6,,); — 0 in L*(0,1; L*(Q)),
v, — v in W2(0,1; L*(92)?), weakly- * in L>(0,1; H'(Q2)?),
and weakly- * in L>((0,1) x Q) (6.6)
0, — 05 in WH2(0,1; L*(R)), and weakly- * in L>((0,1) x ),

0,(t) = O weakly- % in BV (), for any t € (0,1),

\

as n — o0, by taking subsequences (not relabeled) if necessary. In particular, when
vg > 0, we get the following further regularity for 6,,:

( {gn}zozl is bounded in LOO(07 1, H1<Q))7
bn — 80 weakly-+ in L7(0, 1; H'(Q2)),

a(v,)V0, = a(Voo) Voo, /B(0,) VO, — /B(Vso) Vs

weakly in L*(0,1; L*(Q)V),

(6.7)

as n — oo. Here, we set {u,}°%; := {u(- +t,)}>2;. By (S2) and (S3), the sequence
{[vn, 0,) }5°, satisfies
1

/0 ((Un)t<t)7 Un(t> - w)LQ(Q)th + /0 (V'Un<t), V(vn(t) - w))L2(Q)2dt
+ [ (G s0,) 0. 00) = )t + [ [ (0,0 dza

/ / (wa(t ) - [Va](va(t))| DO, (t)[]dt

iy / / wa(t) — ) - [VB](vn ()| Vs () Pt < /0 1 /Q (e dadt
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for any € H*(Q)? N L>*(2)? and n € N, and

/0(Oéo(vn(t))(%)t(t%9n(t))L2(Q)dt+/0 Dy (vn(t); O (t) )t

) (6.9)
D, (v,(1);0)dt =0
< [ ooy
for any n € N. Owing to (6.2), (6.6), (6.7), (6.9), and Lemma 6.2, we can see that
0< / / )| DO(t)|]dt + uo/ / B(v(t))|VO(t)|*dxdt
< lim inf / ( / dla(vn ()| D6, (O)]] + 2 / ﬂ(’un(t))|V9n(t)|2dx) dt
e Ve @ (6.10)

1
< lim sup / By, (va(1): 0 (1)) dt
0

n—oo

1

< —Tim [ (ao(vn(t)(B)e(t), 6u(t)) 2yt = 0.

n—o0 0

By (A2), the above inequality means (i-c).
Finally, using (6.6) and (6.10), we apply Lemma 6.1 with I = (0,1), p = a(vs),

{pntnzs = {a(vn) 1521, € = b, {Gulnty = {00721, w = @ - [Va](veo), and {wn )72, =
{w - [Va](v,)}22,. Then, we see that

/ / [V (va (£))| DO, (1) dt—>/ [V (veo)| Db |] = (6.11)

as n — oo, for any w € H*()?2 N L>(Q)% In particular, when vy > 0, (6.7) and (6.9)
lead to

By (6.6), (6.11), and (6.12), letting n — oo in (6.8) yields that

(V’UOO, V(’Uoo — w))L2(Q)2 + ([VG](UOO, ’Uoo), Voo — W)LQ(QP

+ [ 2o < [ s

for any o € H*(Q)?N L>(2)2. Hence, the proof of Main Theorem 2 is completed. O

Remark 6.4 Up to the setting of the system (S),, we can observe the convergence of
the orbit {[v(t),n(t)]} = {[w(t),n(t),0(t)]}, as t — oo, without taking the time sequence
{t,}. For instance, under the setting:

1 c

_<w - 77>2 - —’LUZ, CY(’LU,?]) = 04(77)7 5(“)777) = ﬂ(IU) and U ¢ [07 1]7

() = 1p1(+), 9(v) = 5 9

it was shown in [25] that the w-limit set is a singleton {v.} of a constant vector v,, =

[Weo, Moo] € [0, 1]%, and moreover, [Woo, Noo] = [1,1] (resp. [Weo; Noo] = [0,0]) if us < 0
(resp. us > 1).
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