Identification of an unbounded bi-periodic interface

for the inverse fluid-solid interaction problem
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Abstract

This paper is concerned with the inverse scattering of acoustic waves by an unbounded
periodic elastic medium in the three-dimensional case. A novel uniqueness theorem is proved
for the inverse problem of recovering a bi-periodic interface between acoustic and elastic waves
using the near-field data measured only from the acoustic side of the interface, corresponding
to a countably infinite number of quasi-periodic incident acoustic waves. The proposed
method depends only on a fundamental a priori estimate established for the acoustic and
elastic wave fields and a new mixed-reciprocity relation established in this paper for the
solutions of the fluid-solid interaction scattering problem.

Keywords: Inverse scattering, bi-periodic interface, uniqueness, fluid-solid interaction.

1 Introduction

This paper is concerned with the scattering of time-harmonic acoustic waves by an unbounded
bi-periodic interface in three dimensions. The medium above the interface is assumed to be filled
with homogeneous compressible inviscid fluid, and the medium below the interface is occupied
by an isotropic linearly elastic solid. Recently, this class of problems have attracted much
attention due to practical applications in diverse fields such as modern diffractive optics and
nondestructive testing; see e.g., [5, 6] and references therein.

For convenience, we write a point z in R? for (Z,23) with & := (21, 22) € R?. Let I' denote
a bi-periodic interface described by a C2-smooth function f. We assume that f is periodic with
respect to the variable Z, that is, f(Z,z3) = f(Z + 2nm, x3) for n := (n1,n2) € Z%. As shown
in Figure 1, let QT denote the unbounded region above I, filled with fluid with the real valued
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Figure 1: Geometric configuration of the scattering problem

constant mass density py > 0. And let {2~ denote the unbounded region below I', occupied by
elastic solid with the real valued constant mass density ps; > 0 and the lamé constants A\, p € R
satisfying the condition that g > 0, 3A + 2u > 0.

Consider the incident wave taking the form
p'(z) = explia; - T — injx3), j €7 (1.1)

where a; = o+ j with a = (o, o) = k(sin 6y cos o, sin 0, sin ) for 6, € [0,7/2),62 € [0, 2)
and k£ € Ry is the wavenumber, and 7; € C is given by

=Rl iyl <k ny =iyl =R, if oyl > k.

Under the hypothesis of small amplitude oscillations in both the solid and the fluid, the
scattering problem can be formulated as finding the wave field (p, u) such that

Ap+Ek*p=0 in QF,
A*u+ pwu=0 inQ~,

(1.2)
t(u) = —pv onT,
n-v = % onT,

where A* := u/A + (A + p)Vdiv denotes the Navier operator, and p is the total field consisting

of the incident wave p’ and its scattered wave p*. In (1.2), the wave field p and u are coupled

on the bi-periodic interface I' with the transmission coefficient n := pfw2 and the stress vector
ou

t(u) := 2u$ + A(divu)v 4+ pv x curlu on I,



where v stands for the normal vector directing into 7.
By (1.1), it is noticed that the incident wave p’(-) satisfies such an a-quasi-periodic condition
P (T + 2nm, x3) = ™ pi(z, 23) for all n € Z2. So, the same condition is also required for the

wave field (p,u) in order to obtain the well-posedness of the scattering problem. That is,

2a-nm

p(T +2nm,z3) =€ p(T, x3), u(Z + 2nm, x3) = 2¥VU(T, x3). (1.3)

Moreover, the upward and downward Rayleigh expansions are imposed on the scattered field

p° and transmitted field u, respectively, in the periodical case:

p° = Z prexp(iay, - T+ inpxs), 3 > Aj,
nez?

T
(07 . ~ . . ~ .
u= E {Ap’n ( " ) exp(ioy, - T —ifBnx3) + Agpexplioy, - T — Z’)’nxg)} , T3 < Ao,

nez? TFn

(1.4)

where Ay := max(f), Az := min(f), the Rayleigh coefficients p, € C, A,, € C and A,,, € C3
satisfies the property that Ag, - (a, —~,)T = 0 for all n € Z2. Similar to the definition of n,, 3,
and v, are defined by the wavenumber k,, := w\/ps/(ZT)\) and ks := w+/ps/p, respectively.

For any fixed j € Z2, it has been shown in [9] that the scattering problem (1.1)-(1.4) has a
unique solution in the classical H'-space for all frequencies excluding a discrete set with the only
accumulation point at infinity, using the variational method. For convenience, throughout this
paper, we always assume that the problem (1.1)-(1.4) is uniquely solvable. The inverse problem
we are concerned in this paper with is to determine the shape and location of the bi-periodic
interface I' by the knowledge of the acoustic wave fields p in QF. Lots of uniqueness theorems
and numerical methods for periodic interfaces can be found in e.g., [2, 7, 11, 12, 15, 16, 19]
and references therein for the full Helmholtz equation or Maxwell’s equation case. However, to
the best of authors’ knowledge, there exists almost no results available on the inverse problem
considered in the current paper in the literature. Recently, a factorization method was just
studied in [18] for numerically reconstructing the bi-periodic interface, generating the idea of A.
Kirsch et al. [10] for the bounded case. Notice that a related uniqueness result [13] was shown
in determining a bounded elastic body from the far-field data. The method used in [13] follows
from the work [8, 3] with the full Helmholtz equation, based on a technical analysis of both
an interior transmission problem in the whole domain and the H?-regularity of the scattered
solution. It seems very hard to extend this idea to the inverse fluid-solid interaction problem in
the periodical case, since the interface under consideration is unbounded. It is important for the
current topic to mention that a uniqueness result [14] was established for identifying a bounded
penetrable solid body with buried objects inside, which depends only on a fundamental a priori
estimate of the scattered solution.

In this paper, we shall study the unique determination of a bi-periodic interface by the

knowledge of the near-field data only from one side of the interface. A motivation comes from



the work of Yang et al. [17] for the full Helmholtz equation in the bounded case. We expect
to address a novel version of uniqueness for the inverse problem in the periodical case. To this
end, a related scattering problem is first considered with a series of incident point sources in
Section 2. Then, a uniform a priori estimate of solutions is proved as the location of the point
sources approximate the interface. This, combined with a new mixed-relation established in
Section 3, leads to a novel uniqueness result on the inverse problem. That is, the bi-periodic
interface can be uniquely recovered by means of acoustic near-field data in the top domain
above the interface, generated by a countably infinite number of quasi-periodic incident waves.
Particularly, the same result can be also obtained if the elastic near-field data are taken only in
the bottom domain below the interface. The method proposed depends only on the H'-estimate
of the elastic wave field and the L2-estimate of the acoustic wave field, and is thus very simple.

We conclude this section with some notations that will be used in the rest of this paper.
For simplicity, we use QF and I't again to denote the same sets restricted to one period 0 <
r1,29 < 27. We also introduce four subsets of QF for each h > 0, denoted by Q*(h) := {z €
Qf tx3 < Ay +h}, Q(h) :i={z € Q 123> Ay—h}, T (h) :={z € Q" : 23 = A1 + h}
and T~ (h) := {x € Q™ : w3 = Ay — h}, respectively. Then, let H}(Q*(h)) and L5(QE(h))(p >
1) denote the Sobolev spaces of scalar functions on Q¥ (h) which are assumed to be a-quasi-
periodic with respect to the variable z. They are equipped with the norms in the usual Sobolev
spaces H'(Q%(h)) and LP(2*(h)), respectively, whereas Hol/2(I‘i(h)) denote the trace space of
HY(Q*(h)) and H, /*(T¢(h)) is the dual space of HY?(TF(h)).

2 A priori estimate for the wave fields

In this section, we shall study the scattering problem (1.2)-(1.4) with the incident field p’ induced

by a point source
i 1 , ~ .
Gloy) =55 D o explion - (F = 3) +imalas —wal), @ #y. (2.1)
nezz "

located at y € QT, namely, the a-quasi-periodic Green’s function of the Helmholtz equation in
the free space satisfying AG(-,y) + k*G(-,y) = —d,() in R?. Eliminating the incident field p’,

the scattered field p® and u solve the transmission problem

AE+EK’E =0 in QF,
NF +pw?F =0  inQ, (2.2)
t(F)+ Ev =1 onT,
nF-V—%—f:fg on [,

with the a-quasi-periodic condition (1.3) and the Rayleigh expansions (1.4), where fi(-) =
—G(-,y)v and fa(-) := 0,G(-,y). The well-posedness of (2.2) can be similarly proved as in [9] by

the variational method or the boundary integral equation method. Then, a precise singularity



analysis will be explored for the scattered fields p® and u, as the location of the incident point
source approximates the bi-periodic interface.

For a fixed yo € I', define a sequence of points by
) .
Y; = Yo — Ey(y0)7 ] = ]_’273’ ......

with a sufficiently small 6 > 0 such that y; € QF for all j € Ny. We will show that u is
uniformly bounded in the H'-space and p® has the at most same singularity with the Green’s
function G(-,y;) near the point yo, as j — co. To this end, let E;(-) := p*(-;y;) — G(-, zj) in QF
and F;(-) := u(-;y;) with z; defined by z; := yo + (6/4)v(v0), j € N4. It is easily checked that
E; and F; satisfy the transmission problem (2.2), (1.3) and (1.4) with the boundary conditions

fi,(): = —=G(,y;)v—G(-, z)v, onT (2.3)
fo;(0): = 0.G(-,y;) + 0.G(-, 25), onT (2.4)

for each j € Ny.
Notice that the difference between G and ® defines an analytic function in R3, where
®(z,y) = e*l*=Yl /(47|x —y|) denotes the fundamental solution of the Helmholtz equation in the
free space. One thus has f; ; € L251(T")? and fo; € L3°(T') uniformly for all j € N; and any

fixed 0 < e; < 1. This allows us to have the following a priori estimates of the solutions.

Theorem 2.1. Let p; and u; be the solution to the scattering problem (1.2)-(1.4) with the
incident point source p*(-) = G(-,y;). Then,

P51l z @ ) + 1VPs 72— 1 1y + W51l 32 (yys = € (2.5)
where € > 0 s chosen with 0 < € < % and C > 0 is independent of j € N4.

Proof. Based on the above analysis, it is known that the functions E; and F; satisfy the boundary
value problem (2.2) with (1.3), (1.4) and (2.3)-(2.4).

For any fixed j € N4, by the Green and Betti’s formulas, we deduce that F; and F; solve
the variational problem: find (E;,F;) € X := HL(QT(h)) x HL(Q27(h))? such that

A((E;, Fy); (6, %)) = (£, fo): (6, %)) for all (6, %) € X, (2.6)

where the sesquilinear form A : X x X — C is defined as

A(E; F)): (6, 0)) = /

Q+(h)

+n{/ (E(F;,®) — pw’F; -\Il)d:):—/Ejy-\Ilds—/ TF, -\Ilds}
Q= (h) r r—(h)

and the right functional F': X — C is defined as

(VE; -Vé — k*E;¢)dx — 77/ F, - vods — / TTE;j¢ds
r T+ (h)

F((f1, f25); (6, ®)) == — /r fa,;fds — n/rfl’j - Wds.
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In (2.6), £(-,-) is described by

3
E(Hy, Hy) :=2p Y 0;H1 ;0 Hyj + A(div Hy)(div Hy) — peurl Hy - curl Hy
ij=1

1 _1
with H1 = (H1,17H1,27H1,3) and H2 = (HQJ,HQ}Q,HQQ,), T+ . HC% (F+(h)) — Ha2(F+(h))
1 _1
and T~ : HZ(I'T(h))> — H,?(I't(h))® are two Dirichlet-to-Neumann operators defined by
Ttg = 0yv|p+ny and T~g = t(v)|p-(n), respectively, which are related to the following two

Dirichlet problems

Av+ k>0 =0 inxz3 > A1+ h,
v=g on 't (h), (2.7)
v satisfies the upward Rayleigh expansion in (1.4)

1
for g € HZ(I'(h)) and

ANV + psw?v =0 in z3 < Ay — h,
v=g onI'"(h), (2.8)

v satisfies the downward Rayleigh expansion in (1.4)

for g € HZ (I (h)).

It is noticed from [9, 18] that the operator —Re(7'~) can be decomposed into two parts:
—Re(T™) = T1+1T5 with a positive definite operator 77 and a finite rank operator T5. Combining
with the positivity of —Re(T") implies that the sesquilinear form A can be divided into A =
A1 + Ay with

A1 ((Ej,Fj); (0, ®)): = A+<h)(VEj'V¢+Ej¢)d$— /r+(h) T*E;¢ds

+n {/ (S(FJ,W) +F;- @)dm + / ThF; -\Ilds}
Q= (h) r=(h)

and
A(E B0 9) = — [ (L B)E@ds—y [ B, vads
Q+(h) r
+n {/ (mF; - O)dx — / Ejv-®ds —I—/ ToF; -\Ilds} .
Q- (h) r r'—(h)
Here, p; := —(1 + psw?). It is easily seen that Aji(-;-) is coercive on X x X, and As(-;-) is a

compact operator on X due to the compact embedding of H'! into L2. Thus, A(-;-) generates
a Fredholm operator denoted by A on X with index 0 by the Riesz representation theorem.
Combining the uniqueness of the scattering problem (1.2)-(1.4) yields that A has a bounded

invertible operator A" on X.



On the other hand, recalling that f; ; € L27°1(T)? and f2; € L3°(T') uniformly for all j € N
and any fixed 0 < &1 < 1, then choosing e; = 1/2, we immediately deduce that f; ; € Lg/Q(F)?’
and fo; € L3?(T") uniformly for all j € N;. Furthermore, it follows from [1, Theorem 5.36] that,
for any ¢ € HL(QF(h)),

[¥llLa @y < ClYl a1 Q% n))»
where C' > 0 is independent of 1 € H!(Q%F(h)). So we observe from the definition of the

function F' that it defines a family of bounded linear functionals F; on X, that is, there exists
some C' > 0, independent of j € Ny, such that

[ Fj (0, )| = [F((f14, f2.4); (&, ®))| < CUDN mrr+ ny) + 1 ¥ a1 - (ny)2)-

Now, we arrive from this equality and the boundedness of A~ at

1Eil 1@+ )y + 1l 1 - nyyp < C (2.9)
uniformly for all j € Ni. Recalling that E;(-) = p(-;y;) — G(+;y5) — G(-,zj) in QT and F; = u;

in Q~ yields the required estimate (2.5), due to the weak singularity of the Green’s function
G(+,-). This completes the proof. O

3 Uniqueness of the inverse problem

In this section, we shall study the inverse fluid-solid interaction problem in the bi-periodical
case. The uniqueness result is proved for recovering the bi-periodic interface by making use
of the acoustic near-field data. The proposed method depends on the H'-estimate and a new
mixed-reciprocity relation of solutions of the scattering problem.

The next lemma is related to the mixed-reciprocity relation between the incident plane wave
in (1.1) and the incident point source in (2.1). To see this, we define & := —a and consider the
a-quasi-periodic scattering problem

Np+k*Hp=0 in QF,
NG+ pw?a =0 inQ~,

N . (3.1)
t(a) = —pv onT,
na-v= % onl,
with p := p' + p° in QT and @ in Q~ satisfying the G-quasi-periodic condition
(T + 20w, 23) = 2YH(T, 23), W(T + 20w, x3) = 2OQ(T, 23) (3.2)
and the upward and downward Rayleigh expansions
P = Pnexp(ity, - T+ ifnws), 3> Ay,
nez?
x al . . (3.3)
u= Z Apn " exp(iéi, - T — iBnx3) + Ag pexp(iGy, - T — i9nx3) ¢, x3 < Aa.
nez? S
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Here, &, 37“ Nn, Y are defined by o, Bn, Mn, Yn With a replaced by &, respectively.

If pi(-) = G(-,zo) with zg € QF, we indicate the dependence of the wave fields on the
location of the point source by writing p°(-; 20) and u(-; z9). Moreover, let p(-;m) and u(-;m)
be the solution of (1.2)-(1.4) corresponding to the incident wave p'(z;m) = e/¥m T3 for

m € Z2. Then, one can conclude the following result.
Lemma 3.1. For zg € QF, let p,(20) be the Rayleigh coefficients of p°(; 20). Then
p*(20;m) = —87%if_pmp_m(20) for all m € Z2. (3.4)

Proof. Due to zg € QF, we can first define a small ball denoted by Bs(2o), which is centered at
2o with radius § € R, such that Bs(z9) C Q7 for sufficiently small § > 0. It then follows from
the definition of the domain Q7 (h) that we can choose some hg > 0 such that Bs(z9) C Q1 (ho).

Now, an application of the Green’s theorem yields that

"= /Q+(h0 )\Bs(z0) [AP(SU m)p(e;20) - p(w;m)Aﬁ(x’ZO)]d"E

= Opla;m) x,20) — pla;m UGE) s(x
_ {/ /MO) /636(20)}[ oz P ) ~plaim) =5 e | ds(a)
— I II—IIT (3.5)

In the above equality, the integrals vanish on two vertical lines due to the quasi-periodicity of
the functions p(z;m) and p(z, 20).
Using the transmission conditions on I' and applying the Betti’s formula for the elastic fields

u(z;m) and a(z;29) in Q (hg), we have
I = /F [t(u(; m))(x; 20) — (s m)L((z; 20))] ds(x)
= / [t(u(r; m)) (i 20) — (e m)t(a(; 20))] ds(x)
'~ (ho)
= 0. (3.6)

Here, the downward Rayleigh expansions for u(x; m) and a(z; z9) as well as the fact that 8, («) =
Bn(@&), (@) = 4_n(@) for all n € Z2 have been used in deriving the last equality of (3.6).

To estimate the terms /1 and II1, it is found by the upward Rayleigh expansions for both
p*(z;m) and p(z; 29), and also 9, («) = 7_p, (&) that

MA:UZ —Sgg-mM s(z) —
/rﬂho)[ uia) PR P @m0 }d() 0. (3.7)

On the other hand, since both p(z;m) and p*(z;z9) are smooth and satisfy the Helmholtz

equations in Bj(zg), it is deduced from the Green’s theorem that

oplaim) o O wz)]
/835(20){ v (x) P’(@,20) = plaim) ov(x) ]d( )=0. (3.8)



Combining (3.7)-(3.8) and (3.5), we then have

Lo [ 20) i) 2520 s

61’3 81‘3
B o G (x, 20) T Op(x;m) (2
= /336(20) [p( ) ) aV(.T) G( ) 0) al/(ﬂf) ] d ( )
= p(zo;m), as 6 — 0. (3.9)

Recalling that p(x, z9) = G(ac, 20) + p*(x; 20) leads from the representation formula of p* and the
Rayleigh expansion of p° to that

: op'(z;m) A , aé(x,zo)
' ; = G 9 —p' ; d )
peom= [ [ S G, z0) ) 2520 ds(a)

and

/F+(ho) [Wﬁs(%%) —pi(m;m)aﬁs(x’zo)] ds()

2 p2mw _
= —t Z (T + nm)ﬁn(Zo)/ / ! Gntam) T o day - exp(i(fin — 1m)ho)
o Jo

nezZ?

= _87T2iﬁ—mﬁ—m (ZO) )

where the fact that &, + ., = n+ m and n(a) = 7—_¢(&) has been made use of in order to
derive the above equalities. Together with these two equalities, we finally arrive by (3.9) at the

required equality (3.4). The proof is thus complete. O

Lemma 3.1 provides a connection of the solutions of the scattering problems with different
incident wave fields. More precisely, the a-quasi-periodic scattered solution with the incident
wave (1.1) can be transferred into the Rayleigh coefficient of the -a-quasi-periodic solution with
the incident point source. This corresponds to the mixed-reciprocity relation in the bounded
and periodical cases (cf. [4, 15]), and can thus simplify the proof of uniqueness on the inverse
fluid-solid interaction problem for the bi-periodic structure.

Let T and T denote the two different bi-periodic interfaces described by the functions f and
J?, respectively. We choose h > 0 such that h > max{A;, E} and define the measurement sets

Cr(h) = {p*(@im)lrgy : me 2%, Ci(h) = {Fm)logy : me 2’} (3.10)

with T'(h) := {x € R3 : x3 = h}, where p*(-;m) and p°(-;m) are the scattered solutions to
(1.2)-(1.4) with respect to I and T for the same incident wave p'(z;m) = elomT—ims 72,
We are now in a position to state the main uniqueness result for determining the shape and

location of the bi-periodic interface in this paper.

Theorem 3.2. Assume that Cr(h) = Cx(h). Then I' = r.

9



Proof. We will prove the assertion by contradiction. Suppose that I' # I'. Without loss of
generality, we can choose some point z* € I'\ T such that f(z*) > f(z*). Define the sequence

zj i =2" — 8—91/(,2*) forj=1,2,------ (3.11)
J

with sufficiently small g > 0 such that z; € B, (2*) C Q* for all j € N, and some 1 > 0.

Consider the a-quasi-periodic scattering problem (3.1)-(3.3) with the two different bi-periodic
interfaces I' and I, induced by the same incident point source p* = G’(, z;j). Let (p(-; z5), a(+; 25))
and (p(-; 25), u(-; z;j)) denote the corresponding solutions to (3.1)-(3.3). One has from Lemma
3.1 that

p*(zj;m) = —87%if_mp-m(z;) and p*(z;;m) = —8772i17,m]25_m(zj) (3.12)

for all m € Z?, where p_,,(z;) and ﬁ_m(zj) are the Rayleigh coefficients of p°(-; z;) and ffs(, 2;),
respectively. Due to the assumption that Cr(h) = Cg(h), it is concluded that p_,(z;) = ﬁ_m(zj),

m € Z?, which means by the Rayleigh expansions and the unique continuation principle that
p(; 25) zﬁ(-;zj) for each j € N, (3.13)

in the common domain QF N Q7.

By 7z T _a o
'l g L z ' T
P4 N DO ) X /—@J
= 0
r -
= r

Figure 2: Geometric configuration for the choice of the domain Dy

Let Dy := B, (2*)NQ~ (See Figure 2) with sufficiently small £; > 0 so that Dy is of Lipschitz
class due to the C? regularity of I. Define v; := P zj) and w; := (- 2;) in Dy. It is found

that v; and w; satisfy the following boundary value problem

AU]' — a1V = g1,j in DO;
N*'wj — =82 in Dy,
W a2 W 82,5 m g (314)
t(wj) +vjv=hy; on 0Dy,
NWj -V — % = ho; on 0D

with the right terms and boundary data:

g1y = —(ar + k)p(5 7)), g2 = —(a2 + pw?)a(s z5),
hy o= t(a(52) + (5 25)v,  hay = ni(sz) v —0p(; 2) /.

10



Next, we shall show that g1 ;, g2,;, h1; and hs ; are bounded uniformly for all j € Ny in the
corresponding function spaces. It first follows from the equality (3.13) and the transmission

conditions on I' that
h17j =0, hgd‘ =0 onI'N Bal (Z*) (315)

for all j € Ni. Using Theorem 2.1, it is then known that G(-; z;) in Dg is bounded in the sense
of H'-norm uniformly for all j € N,. That is, there exists C; > 0, independent of j € N, such
that [|G(-; 2j)|| g1(pyys < C1. Furthermore, by Theorem 2.1, it is also known that o z;) in Dy
is bounded in the sense of L?-norm uniformly for all j € N, e.g, Hﬁ(, zi)l2(py) < C2 for some
fixed Cy > 0. Moreover, the positive distance between z* and T leads to that Hf}ﬁ(, 2i)l s (Do) <
C5 with one fixed C3 > 0 and s > 1 uniformly for j € N4, due to the well-posedness of (3.1)-
(3.3) associated with the bi-periodic interface I'. Then, ||p(:; 2j)||is(Do\Bey (=+)) < Ca (s > 1) for
another constant Cy > 0, independent of j € N,. Therefore, we have from the trace theorem
and (3.15) that

191,511 22(Do) + 1825l L2(Do)2 + 15l r-1720D0)s + P25l 5-1/2(9Dy) < C5 (3.16)

uniformly for all j € N;.
Recalling v; = ﬁ(-;zj) and using the well-posedness of (3.14) in the variational sense (cf.

[13]), we thus arrive at

2 A 25
C = wjllarpoy = 1pCs 2) 2 (Do) Z NG 2) 12 (Do) — 1P (5 23) |12 (D)

uniformly for a fixed constant C' > 0. Obviously, this is a contradiction due to the fact that

||Z:7§('§Zj)“H1(DO) is uniformly bounded for all j € N and |]C§'(-,zj)||H1(DO) — 00 as j — oo.

Therefore, I' = f, which completes the proof of the theorem. O

Acknowledgments

This paper is supported by the National Natural Science Foundation of China (Nos. 11871416,
11771349) by the projects ZR2019MA027 and ZR2017MA044 supported by Shandong Provincial
Natural Science Foundation. C Wei is also supported by the National Research Foundation of
Korea (NRF-2020R111A1A01073356).

References

[1] A. Adams and J. F. Fournier, Sobolev Spaces (2nd Edition), Elsevier, Singapore, 2003.

[2] G. Bruckner and J. Elschner, The numerical solution of an inverse periodic transmission
problem, Math. Meth. Appl. Sci. 28 (2005) 757-778.

11



[3]

[11]

[12]

[13]

F. Cakoni and D. Colton, Qualitative Approach in Inverse Scattering Theory, Springer,
Berlin, 2006.

D. Colton and R. Kress, Inverse Acoustic and Electromagnetic Scattering Theory, 2nd ed.,

Springer, Berlin, 1998.

J. M. Claeys, O. Leroy, A. Jungman and L. Adler, Diffraction of ultrasonic waves from
periodically rough liquid-solid surface, J. Appl. Phys. 54 (1983), 56-57.

N. F. Declercq, J. Degrieck, R. Briers and O. Leroy, Diffraction of homogeneous and in-
homogeneous plane waves on a doubly corrugated liquid/solid interface, Ultrasonics 43

(2005), 605-618.

J. Elschner, G. Schmidt and M. Yamamoto, An inverse problem in periodic diffractive

optics: global uniqueness with a single wavenumber, Inverse Problems 19 (2003), 779-787.

P. Hahner, On the uniqueness of the shape of a penetrable, anisotropic obstacle, J. Comp.
Appl. Math. 116 (2000), 167-180.

G. Hu, A. Rathsfeld and T. Yin, Finite element method to fluid-solid interaction problems
with unbounded periodic interfaces, Numer. Meth. Part Differ. Equ. 32 (2016), 5-35.

A. Kirsch and A. Ruiz, The factorization method for an inverse fluid-solid interaction
scattering problem, Inverse Probl. Imaging 6 (2012), 681-695.

A. Lechleiter, Imaging of periodic dielectrics, BIT Numer. Math. 50 (2010), 59-83.

A. Lechleiter and D. L. Nguyen, Factorization method for electromagnetic inverse scattering
from biperiodic structures, SIAM J. Imag. Sci. 6 (2013), 1111-1139.

P. Monk and V. Selgas, An inverse fluid-solid interaction problem, Inverse Probl. Imaging
3 (2009), 173-198.

F. Qu, J. Yang and B. Zhang, Recovering an elastic obstacle containing embedded objects
by the acoustic far-field measurements, Inverse Problems 34 (2018), 015002.

J. Yang and B. Zhang, An inverse transmission scattering problem for periodic media,
Inverse Problems 27 (2011), 125010.

J. Yang, B. Zhang and H. Zhang, Near-field imaging of periodic interfaces in multilayered
media, Inverse Problems 32 (2016), 035010.

J. Yang, B. Zhang and H. Zhang, Uniqueness in inverse acoustic and electromagnetic scat-
tering by penetrable obstacles, J. Differential Equations 12 (2018), 6352-6383.

12



[18] T. Yin, A. Kirsch and G. Hu, Factorization method in inverse interaction problems with

bi-periodic interfaces between acoustic and elastic waves, Inverse Probl. Imaging 10 (2016),
103-129.

[19] R. Zhang and J. Sun, Efficient finite element method for grating profile reconstruction, .J.
Comput. Phys. 302 (2015), 405-419.

13



