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Abstract
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1. Introduction

In [1], Ibragimov presents the following equation

Yz = _yilyg - Bxilym (1>

with its respective solution

/ C
y(x) = +£4/Cy — —22, where C1, Cy are constants. (2)
x

This solution is obtained using the integrating factor method. In [2], Muriel
and Romero, calculate the A—Symmetries associated to integrating factors
of (1. In [3], Polyanin and Zaitsev present a solution of ([I)) of the form

y(z) = Cyexp (C1]z|*), where Cy,C5 are constants. (3)

The purpose of this work is: i) to calculate the Lie symmetry group, ii) to
present the optimal algebra (optimal system) for (1)), 77) making use of all el-
ements of the optimal algebra, to propose invariant solutions for , then iv)
to construct the Lagrangian with which we could determine the variational
symmetries using Noether’s theorem, and thus to present conservation laws
associated, and iv) also using Ibragimov’s method build some non-trivial
conservation laws, and finally v) to classify the Lie algebra associated to
, corresponding to the symmetry group. we note that equation (|l)) can
be considered as a modification of the generalization of the Emden—Fowler
Equation.

2. Continuous group of Lie symmetries

In this section we study the Lie symmetry group for (|1)). The main result of
this section can be presented as follows:

Proposition 1. The Lie symmetry group for the equation s generated
by the following vector fields:
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Proof. A general form of the one-parameter Lie group admitted by is
given by

v r+ef(r,y)+0 (), and y—y+en(z,y)+0/(),

where € is the group parameter. The vector field associated with the group
of transformations shown above can be written as I' = £(z,y) & + n(, y)a%,

where &,  are differentiable functions in R?. Applying its second prolongation

0 0
r® — r4 mx]@ + U[xm]wa (5)

to eq., we must find the infinitesimals &, n satisfying the symmetry condi-
tion

€(=3272y,) + 0 (~y2y™%) + 0 (29 e +327") + ey = 0, (6)

associated with . Here 1y,], Njz2) are the coefficients in I'® given by:

Moy = Dol = (Dal€))ye = 10 + (ny — &)Y — &0
Nea) = D[] — (Del]) Yoo,
= Now + 2Nay — Eaa) Y + My — 26002 — E¥e
+(1y = 262) sz — 3EyYaYaa- (7)

Being D, is the total derivative operator: D, = 0, + Y0y + Y20y, + - - .
Replacing into @ and using we obtain:

(5y71§y - fyy)yg + (yilny - 773/72 — 28y + 6$71€y + nyy)yfc
+ (_333_25 + 2y_177x + 337_15:0 + 20y — gx:cl‘)yx + (771796 + 355_1771‘) = 0.

From , canceling the coefficients of the monomials variables in derivatives
1,42, y% and y, we obtain the determining equations for the symmetry group
of (1)), with z,y # 0. That is:

58y — y&yy =0, (8a)

zyny — xn — 22y°Euy + 6y°E, + TY*nyy =0, (8b)
—3y& + 22°n, + 3xyé, + 20y, — 22 YErs =0. (8c)
)



Solving the system of equations - for £ and n we get
£ = 1@ + cor® + cszy® + ey,
n=—csy’ + csy.

Thus, the infinitesimal generators of the group of symmetries of are the
operators II;- IT; described in the statement of the Proposition[I} thus having
the proposed result. O

3. Optimal Algebra

Taking into account [4], Bl [6l [7], we present in this section the optimal alge-
bra associated to the symmetry group of , that shows a systematic way
to classify the invariant solutions.

To obtain the optimal algebra, we should first calculate the corresponding
commutator table, which can be obtained from the operator

- i iy 0
e o] = T T =TT, = 37 (I(6)) ~ Ta€) 5 (9)
i=1
where i = 1,2, with o, 8 = 1,---,5 and &, 52 are the corresponding coeffi-

cients of the infinitesimal operators II,, IIg. After applying the operator @
to the symmetry group of , we obtain the operators that are shown in the
following table

L [ W o] 0 [0 I |
M 0 [2l,] 0 |2,] O
I, || -2, | 0 | -2l O 0
M| 0 |2[L,] O 0 | —2II,
M, || -2, | O 0 0 | —2I,
M| o 0 | 2I; |2M,| O

Table 1: Commutators table associated to the symmetry group of .

Now, the next thing is to calculate the adjoint action representation of the
symmetries of and to do that, we use Table |1| and the operator

Ad(exp(N\II))H = A—(ad(H))”G for the symmetries II and G.

n!
n=0



Making use of this operator, we can construct the Table [2| which shows the
adjoint representation for each II;.

ladiL] [t [ M [ O | T [ U5 ]
I1; I, e 1, 113 e 2T, II5
11, IT; + 2AI1, 11, 113 + 211y 11y II5
I, I, T, — 2MII, I, M, | I + 2\,
L, || 1L + 2\, Il I M, | 15 + 2AIL,
H5 H1 H2 672)\H3 672/\1_[4 H5

Table 2: Adjoint representation of the symmetry group of ().

Proposition 2. The optimal algebra associated to the equation s given
by the vector fields

11y, ally, aslls, a1y + aslls, aolly + 113, I3 + bsIly, ag 11y + belly, T1y + D711y,
b3H3 —+ H5, CLQHQ + H5, CL1H1 -+ H5, —21_[1 —+ b1H4 —+ H5, CLQHQ + (131_[3 -+ b4H4,

a
11y + bglly + bolly, aslly + a_4H3 + bolly + II5.
2

Proof. To calculate the optimal algebra system, we start with the generators
of symmetries and a generic nonzero vector. Let

G = CL1H1 + a2H2 + CL3H3 + CI,4H4 + CL5H5. (10)

The objective is to simplify as many coefficients a; as possible, through maps
adjoint to G, using Table (2).

1) Assuming as = 1 in we have that G = a;11; +asIls +asglls +asIl, +
IIs. Applying the adjoint operator to (II;,G) and (Il;,G) we don‘t
have any reduccion, on the other hand applying the adjoint operator
to (Ily, G) we get

G| = Ad (exp ()\11_[2)) G = alﬂl—|—(a2+2a1)\1)H2+a3H3—|—(a4+2a3)\1)H4+H5.
(11)

1.1) Case a; # 0. Using Ay = Saly, with a1 # 0, in , I, is

eliminated, therefore G = ally + azlls + b11l; + 1I5, where b; =

as + 2. Now, applying the adjoint operator to (I3, G1), we get Gy =

Ad (QXp (/\2H3)) G1 = CL1H1 + (a3—|—2)\2)H3—|—b1H4+H5. USng )\2 = %%,

is eliminated Il3, then Gy = a1y + b1114 + II5. Applying the adjoint

operator to (Ily, Gs), we get

Gs = Ad (GXp (/\31_[4)) Gy = aqll; + (bl -+ 2/\3(&1 + 2))1_[4 + 115. (12)

— e



1.1.A) Case a; + 2 # 0. Using \3 = +2),W1tha1+27é0 in ,
I1; is eliminated, therefore G3 = alﬂl —|— I15. Then, we have the
element of the optimal system.

G3 = CL1H1 + H5, with aq 7é 0 and a, + 2 7é 0. (13)
This is how the first reduction of the generic element ends.

1.1.B) Case a; +2 = 0. We get G3 = —2II; + b1114 + II5. Then, we
have other element of the optimal system.

Gy = =211, + b1, + I5. (14)
This is how other reduction of the generic element ends.

12) Case a; = 0. We get G1 = a2]._.[2 + (13H3 + (CL4 + 2@3/\1)[[4 + H5.

1.2.A) Case az # 0. Using A\, = Sat, With ag # 0, is eliminated Il4,
then G = aslls+a3ll3+115. Applying the adjoint operator to (I3, G1),

we get
G4 = Ad (eXp ()\41_[3)) G1 = GQHQ + ((1,3 -+ 2)\)1_[3 — 2)\41_[4 + H5. (15)
Using Ay = =52, is eliminated II3, then G4 = aplly + aslly + II5. Now
applying the adjoint operator to (Ily, G4), we have
G5 = Ad (eXp ()\5H4)) G4 = a2H2 + (a3 + 2)\5)114 + H5. (16)
Using A5 = =52,
optimal system.

is eliminated II,, then we have other element of the

G5 = a,2]._.[2 + H5. (17)
This is how other reduction of the generic element ends.
1.2.B) Case a3 = 0. We get G1 = aslly + a4lly + II5. Now applying
the adjoint operator to (I3, G1), we have
GG = Ad (exp ()\61_[3)) Gl = QQHQ + 2>\6H3 + (a4 — 20'2)\6)1_[4 + H5. (18)

1.2.B.1) Case as # 0. Using \g = 2a , with ay # 0, is eliminated Iy,
then Gg = aslly + Z—‘;Hg + II5;. Now applymg the adjoint operator to
(ILy, G4), we get

G, = Ad (eXp ()\71_[4)) GG = aolly + %Hg + 2,114 + 115. (19)
2



It’s clear that we don’t have any reduction, then using A\; = %2, then
we have other element of the optimal system.

Qa
G7 = a2H2 + a—4H3 + b2H4 + H5. (20)
2

This is how other reduction of the generic element ends.

1.2.B.2) Case ay = 0. We get Gg = 26115 + aqlly + II5. It is clear

that we don’t have any reduction, then using \¢ = 1’2 , we have Gg =
b3lls + a4Ily + T15. Now applying the adjoint operator to (Il4, Gg), we

have

Gg = Ad (exp (/\81_-[4)) GG = b3H3 + (a4 + 2/\8)1_[4 + H5. (21)

—a4

USiIlg /\8 = 55
optimal system.

is eliminated II,, then we have other element of the

GS == b3H3 + H5. (22)
This is how other reduction of the generic element ends.

Assuming a5 = 0 and a4 = 1 in ([10]), we have that G = a;I1; + asIl +
asllz + I1;. Applying the adjoint operator to (Il;, G) and (II5, G) we
don’t have any reduction, on the other hand applying the adjoint ope-
rator to (Ily, G) we get

Gg = Ad (exp ()\9]._.[2)) G = a1H1+(a2+2a1)\9)1_[2+a3H3+(1+2a3)\9)H4.

(23)
2.1) Case a; # 0. Using A9 = 52, with a; # 0, in , I, is
eliminated, therefore Gy = a;Il; + aslls + bslly, where b3 = 1 — %
Now, applying the adjoint operator to (Il3,Gg), we don’t have any
reduction, after applying the adjoint operator to (Il4, Gy), we get G1g =
Ad (exp ()\101_[4)) Gg = CL1H1 —+ G3H3 + (bg -+ 2&1)\10)1_[4. How aq 7& O, we
can use \jg = %, is eliminated Il4, thus we have other element of the

optimal system.
G10 = CL1H1 + a3H3. (24)

This is how other reduction of the generic element ends.

22) Case ay = 0.We get Gg = CLQHQ + CL3H3 + (1 + 2@3)\9)]14.



2
therefore Gg = aslly + asllz. Now, applying the adjoint operator to

(Hg, Gg), we get G11 = Ad (eXp (/\111_[3)) Gg = a2H2 -+ CL3H3 — 2&2)\111_14.

2.2.A) Case a3z # 0. Using \g = _Ti,’ with ag # 0, Il is eliminated,

2.2.A.1) Case ay # 0. It’s clear that we don’t have any reduction,
using \j; = ;Tb;*, with as # 0, we get G117 = aslls + aslls + bylly. Now,
applying the adjoint operator to (I14, G11), we don’t have any reduction,
thus we have other element of the optimal system.

GH == (IQHQ + CL3H3 + b4H4. (25)
This is how other reduction of the generic element ends.

2.2.A.2) Case as = 0. We get G = asll3. Now, applying the adjoint
operator to (Ily, G11), we don’t have any reduction, thus we have other
element of the optimal system.

G = asll;. (26)
This is how other reduction of the generic element ends.

2.2.B) Case a3 = 0. We get Gy = aolly + II;. Now, applying the
adjoint operator to (Il3, Gg), we have G2 = Ad (exp (A2ll3)) Gy =
(IQHQ + (1 — 2&2)\12)1_[4.

2.2.B.1) Case ay # 0. Using A\ = ﬁ, with ay # 0, is eliminated Ily,
then G5 = aslly. Now, applying the adjoint operator to (Ily, G12), we
don’t have any reduction, thus we have other element of the optimal

system.
G12 = CL2H2- (27>

This is how other reduction of the generic element ends.
2.2.B.2) Case ay = 0. We get G5 = II4. Now, applying the adjoint

operator to (Ily, G12), we don’t have any reduction, thus we have other
element of the optimal system.

G12 = H4. (28)
This is how other reduction of the generic element ends.



3) Assuming a5 = a4 = 0 and a3 = 1 in ([10)), we have that G = a;11; +
aslly + II3. Applying the adjoint operator to (II;, G) and (Il;, G) we
don’t have any reduction, on the other hand applying the adjoint ope-
rator to (Il, G) we get

G13 = Ad (exp ()\131_.[2)) G = CL1H1+(CL2+2CL1)\13)H2+H3+2)\13H4. (29)

3.1) Case a; # 0. Using A\i3 = 522, with a; # 0, in (29), Tl is
eliminated, therefore G13 = a;1l; + II3 + b3ll,, where b3 = —. Now,
applying the adjoint operator to (Il, Gi3), we don’t have any reduc-
tion, after applying the adjoint operator to (Il4, Gy), we get Gy =
Ad (exp (A411,)) Gi3 = aiIT; 4 g + (b + 2a1M3),. As ay # 0, we
can use A3 = ;be, is eliminated II4, then we have other element of the
optimal system.

G14 == CL1H1 + Hg. (30)
This is how other reduction of the generic element ends.

3.2) Case a; = 0. We get G13 = aolly + I3 + 2A1311y, using A3 = %’,
then Gi3 = aqlly + I3 + b5114. Now, applying the adjoint operator
to (Hg, Glg), we get G14 = Ad (exp ()\141—.[3)) G13 = a2H2 —|— Hg —f- (b5 —
2&2)\14)1_[4.

3.2.A) Case as # 0. Using Ay = 2%’2, with as # 0, is eliminated Iy,
then G4 = asIls +I13. Now applying the adjoint operator to (Ily, G14)
we don’t have any reduction, then we have other element of the optimal
system.

G14 = CZQHQ + Hg. (31)
This is how other reduction of the generic element ends.

3.2.B) Case ay = 0. We get G4 = II3 + bsIl;. Now applying the
adjoint operator to (Il4, G14) we don’t have any reduction, then we
have other element of the optimal system.

G14 = H3 + b5H4. (32)

This is how other reduction of the generic element ends.



)

Assuming a5 = a4 = a3 = 0 and ay = 1 in (10)), we have that G =
a,11; + II;. Applying the adjoint operator to (II;, G) and (Il;, G) we
don’t have any reduction, on the other hand applying the adjoint ope-
rator to (Il, G) we get

G15 = Ad (exp ()\15]._[2)) G = a1H1 + (1 + 2&1/\15)H2. (33)

4.1) Case a; # 0. Using A5 = %, with a; # 0, is eliminated II,, then
G15 = a111;. Now applying the adjoint operator to (Il3, G15) we don’t
have any reduction, on the other hand applying the adjoint operator
to (Ily, Gh5) we get Gig = Ad (exp (Mi6lly)) Gis = a1lly + 2a3A6114. Tt
is clear that we don’t have any reduction, then using A\ig = 25, with

2a1’
ay # 0, we have other element of the optimal system.
G16 = a1H1 + b6H4. (34)

This is how other reduction of the generic element ends.

4.2) Case a; = 0. We get G5 = II,. Now applying the adjoint operator
to (Il3,Gs5), we get G = Ad (exp (Ai7113)) G5 = Ty — 2X\7104. Tt is
clear that we don’t have any reduction, then using A\;; = _71’7, then
G17 = I + b7114. Now applying the adjoint operator to (Ily, G17), we
don’t have any reduction, after we have other element of the optimal
system.

G17 = H2 + b7H4. (35)
This is how other reduction of the generic element ends.

Assuming a5 = a4 = a3 = a; = 0 and a; = 1 in (10]), we have that
G = II;. Applying the adjoint operator to (Il;, G), (II3, G) and (II5, G)
we don’t have any reduction, on the other hand applying the adjoint
operator to (Ily, G) we get

Glg = Ad (eXp <)\18H2)) G = H1 + 2)\18H2. (36)

It’s clear that we don’t have any reduction, then using A\ig = %8, we get
G1s = I + bglly. Now applying the adjoint operator to (Ily, Gig), we
have

Gig = II; + bglIy + 2 9115. (37)
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It’s clear that we don’t have any reduction, then using A9 = %9, we
have other element of the optimal system.

G19 - H1 —|— b8H2 + b9H4. (38)

This is how other reduction of the generic element ends.

4. Invariant solutions by the generators of the optimal algebra

In this section, we characterize the invariant solutions taking into account all
operators that generate the optimal algebra presented in Proposition [2 For
this purpose, we use the method of invariant curve condition [5] (presented
in section 4.3), which is given by the following equation

Q(x,y, ym) =n—y.£=0. (39>

Using the element I1, from Proposition [, under the condition ([39)), we obtain
that Q = n4 — y.& = 0, which implies (0) — y.(23y?) = 0. After, we
get y(x) = ¢, where ¢ is a constant, which is an invariant solution for (1)),
using an analogous procedure with all of the elements of the optimal algebra
(Proposition , we obtain both implicit and explicit invariant solutions that
are shown in the Table [3| with ¢ being a constant.

Elements Q(z,y,y JL) 0 Solutions Type Solution

1 11, (0) — y.(2%y?) = y(z) =0,y(z) =c Trivial
2 11, (0) — JJ( ) O ylz)=c Trivial
3 113 (=) — v (2y?) = 0 y(z) = ¢ Explicit
4 I, + 115 (=) —yu(z + 29?) = y(z) = iiﬁ with W (z) the product log function. Explicit
- ; 3 e he (et tat) .

5 11, + 113 (—=9%) = yo(a® + 2y?) = Y Explicit
6 I3 + 10 (—y®) — yu(2®y? + 11/2) = Explicit
7 1T, + 11y (0) — yu(z + 2%y%) = =c Explicit
8 1l + 11y (0) — y.(a® +2°y%) =0 =c Explicit
9 1l + II;5 (—* +y) —ye(zy?) =0 Explicit
10 I, + 1T (y) —y.(2%) =0 ) Explicit
11 0, + II; (y) —ya(x) =0 Explicit

4e24a? o

12 | =200 4+ 11y + 115 (y) — yu(23y? —22) =0 Explicit
13 Tl + g + I14 (=) — g2y +2° +2%%) =0 y(: >+ M —1 Explicit
14 10, + 11, + 11y (0) = yo(2® + 2%y +2) = 0 : 2l y(z)=c Explicit
15 | o+ s+ Ty + 15 | (y — 9°) — 9u(a®y® +2° +2y?) =0 | 1 (1 e +log(y(x)) — Llog(1— y(x)z)) ~ e = ¢ Implicit

Table 3: Solutions for using invariant curve condition.
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5. Variational symmetries and conserved quantities

In this section, we present the variational symmetries of (1)) and we are going
to use them to define conservation laws via Noether’s theorem [§]. First of all,
we are going to determine the Lagrangian using the Jacobi Last Multiplier
method, presented by Nucci in [9], and for this reason, we are urged to
calculate the inverse of the determinant A,

A= le Hl,y Hgl) =z 0 Yz |,
M, M, I [2* 0 —32%,

where II; ;, IT; ,, II5 ,, and Ily, are the components of the symmetries II;, I,
shown in the Proposition 4| and Hgl), Hg) as its first prolongations. Then we

T

get A = 2z%y, which implies that M = % = f Now, from [9], we know
that M can also be written as M = L, , which means that L, , = zyi,
then integrating twice with respect to y, we obtain the Lagrangian

=3 3

L(xaymyz) = Tyz ln(yax) - %y£ + yzfl(x7y) + fg(l’,y), (40)

where fi, fo are arbitrary functions. From the preceding expression we can
consider f; = fo = 0. It is possible to find more Lagrangians for by
considering other vector fields given in the Proposition 4} We then calculate

using and (7). Thus we get

— 34 R 73 73

-3

+ (7790 + (ny - fx)yz - éyy?:) (% hl(yx)) - fx - yzfy = O

From the preceding expression, rearranging and associating terms with re-
spect to 1, Y., ¥y In(y,), ¥2 In(y,) and In(y,), we obtain the following determi-
nant equations

gy =Mz = fm :07 (41&)
—3§ + ny, =0, (41b)
3¢ — ¢, — 22* f, =0. (41c)
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Solving the preceding system for £, and f we obtain the infinitesimal gen-
erators of Noether’s symmetries

N = as, £=0, and fy) = as. (42)

with as and a4 arbitrary constants. Then, the Noether symmetry group or
variational symmetries is

0
Vi=—, 43
-5 (13)
According to [I0], in order to obtain the conserved quantities or conservation

laws, we should solve
I =Xy, —Y)L,, — XL+ [,

S0, using , and . Therefore, the conserved quantities are given
by

= TR, (44)

6. Nonlinear Self-Adjointness

In this section we present the main definitions in the N. Ibragimov’s approach
to nonlinear self-adjointness of differential equations adopted to our specific
case. For further details the interested reader is directed to [11], 12} [13].
Consider second order differential equation

S (l’, YY), Y@, 73/(8)) = 07 (45>

with independent variables = and a dependent variable y, where y(1), y2), - - Y(s)
denote the collection of 1,2, -, s—th order derivatives of y.

Definition 1. Let § be a differential function and v = v(z)-the new depen-
dent variable, known as the adjoint variable or nonlocal variable [13]. The
formal Lagrangian for § = 0 is the differential function defined by

£:=5. (46)
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Definition 2. Let § be a differential function and for the differential equation
, denoted by Fly] = 0, we define the adjoint differential function to § by

0L
= — 47
i (47)
and the adjoint differential equation by
§ [y, v] =0, (48)
where the Euler operator
4] 0 = 0
—=—+ —1)"Dy, -+ Dy 49
5y~ oy T 2D — (49)

m=1
and D,, is the total derivative operator with respect to x; defined by
D,, = 0y, + Y2,0y + yxixjﬁymj o Yo iy, 8%“5‘%‘2"%” e

Definition 3. The differential equation 15 said to be nonlinearly selfad-
joint if there exists a substitution

such that

Sk

=\ 51
v=¢(z,y) § ( )

for some undetermined coefficient X = XNz, y,---). If v = ¢(y) in (50) and
, the equation 15 called quasi self-adjoint. If v =y, we say that the
equation 18 strictly self-adjoint.

Now we shall obtain the adjoint equation to the eq. . For this purpose we
write in the form , where

§ = Yow Ty 'Y + 307y, = 0. (52)
Then the corresponding formal Lagrangian is given by
€=V (Yoo +y Y + 327 'y,) =0 (53)
and the Euler operator assumes the following form:

6L 0L oL 0L
—~—==_D D? .
Sy Oy tOy T Oym

(54)
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We calculate explicitly the Euler operator applied to £ determined by
. In this way we obtain the adjoint equation to :

5 =v (y:%y_2 +3:72 — 2ymy_1) + vy (—Qny_l — 3.7:_1) + Ve = 0. (55)
The main result in this section can be stated as follows.

Proposition 3. The equation 15 nonlinearly self-adjoint, with the sub-
stitution given by
o(z,y) =y (kiz + ka2?) (56)

where ky, ko are arbitrary constants.
Proof. Substituting in (55, and then in (52)), v = ¢(z,y) and its respective

derivatives, and comparing the corresponding coefficients we get five equa-
tions:

—¢y =A, (57a)

—y '+ ¢, =0, (57b)

—y by + Py =0, (57¢)

32720 — 32 hu + Puw =0, (57d)
Y20 —y by + ydyy =0. (57e)

We observe that (57¢) and (57¢|) are obtaned from (57b)) by differentiation
with respect to z and y. Therefore we have to study only Eqgs. (57b) and

(57dl). Solving for ¢ in (57b|) we obtain
o(z,y) = a(r)y, (58)

where ¢;(z) is arbitrary function. Using into (57d)) we get 3z 2¢1(c) —
3x7 e1, + c1ze = 0, thus solving for ¢y (z) we have ¢;(x) = kyz + koa®, then,
substituting in the statement in the theorem is obtained. O

7. Conservation laws

In this section we shall establish some conservation laws for the equation (|1
using the conservation theorem of N. Ibragimov in [I3]. Since the Eq. is
of second order, the formal Lagrangian contains derivatives up to order two.
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Thus, the general formula in [I3] for the component of the conserved vector
is reduced to

[08 0g [ 0L
T _ 7|\ 2= _ _ J] | —=
C* =W {Gym D, (8%1)} + D, [W/] {%J , (59)
where . A ‘
Wo = — &y,

j=1,---,5 the formal Lagrangian ({53])
Li=v (ym + y71y§ + Bx’lym)
and 77, &7 are the infinitesimals of a Lie point symmetry admitted by Eq.

(1), given in . Using , and into we obtain the following

conservation vectors for each symmetry stated in .
CY=v (xy_lyfc — y$) + v (2y,),
Cy =v (—xSy_lyi — 3x2yx) + ve(23y,),

C§ = v(=6y*y. — 3ryy; — 3a7'y’) — va(y® + 2°y.), (60)
T =v(=32"yy; — 32°5.y”)) + v (Y ya),
C¥ = v(3y, + 307 'y) — vu(y),
where v = y (k1 + koz?®) and v, = y (ky + 3ko2?) .

8. Classification of Lie algebra

Generically a Finite dimensional Lie algebra in a field of characteristic 0 is
classify by the Levi’s theorem, which claims that any finite dimensional Lie
algebra can be write as a semidirect product of a semisimple Lie algebra and
a Solvable Lie algebra, the solvable Lie algebra is the Radical of that Algebra.
In other words, there exist two important classes of Lie algebras, The solvable
and the semisimple. In each classes mention above there are some particular
classes that have other classification, for example in the solvable one, we have
the nilpotent Lie algebra.

According the Lie group symmetry of generators given in the table 1. We have
a five dimensional Lie algebra. First of all, we remember some basic criteria
to classify a Lie algebra, In the case of Solvable and semisimple Lie algebra.
We will denote K(.,.) the Cartan-Killing form. The next propositions can
be found in [14].
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Proposition 4. (Cartan’s theorem) A Lie algebra is semisimple if and only
if its Killing form is nondegenerate.

Proposition 5. A Lie subalgebra g is solvable if and only if K(X,Y) =0
for all X € [g,g] and Y € g. Other way to write that is K(g,[g,g]) = 0.

We also need the next statements to make the classification.

Definition 4. Let g be a finite-dimensional Lie algebra over an arbitrary field
k. Choose a basis e;, 1 <i <n, ing wheren = dim g and set [e;, e;] = C’fjek.
Then the coefficients ij are called structure constants.

Proposition 6. Let g; and go be two Lie algebras of dimension n. Suppose
each has a basis with respect to which the structure constant are the same.
Then g1 and go are isomorphic.

Let g the Lie algebra related to the symmetry group of infinitesimal gener-
ators of the equation (1) as stated by the table of the commutators, it is
enough to consider the next relations:

[0, Ily] = 20y,  [II,T14] = 200, [Ip, 3] = =210, [l [I5] = —2I13,
[I14,II5] = —2I1,. Using that we calculate Cartan-Killing form K as follows.

=

I
B O O o w
coocoo
coocoo
coooo
0w oo O K

which the determinant vanishes, and thus by Cartan criterion it is not semisim-
ple, (see Proposition . Since a nilpotent Lie algera has a Cartan-Killing
form that is identically zero, we conclude, using the counter-reciprocal of the
last claim, that the Lie algebra g is not nilpotent. We verify that the Lie
algebra is solvable using the Cartan criteria to solvability, (Proposition ,
and then we have a solvable nonnilpotent Lie algebra. The Nilradical of the
Lie algebra g is generated by Iy, I13, Il4, that is, we have a Solvable Lie alge-
bra with three dimensional Nilradical. Let m the dimension of the Nilradical
M of a Solvable Lie agebra, In this case, in fith dimensional Lie algebra we
have that 3 < m < 5. Mubarakzyanov in [15] classified the 5-dimensional
solvable nonlilpotent Lie algebras, in particular the solvable nonnilpotent Lie
algebra with three dimensional Nilradical, this Nilradical is isomorphic to hs
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the Heisenberg Lie algebra. Tnen, by the Proposition [0 and consequently
we establish a isomorphism of Lie algebras with g and the Lie algebra gs 34.
In summery we have the next proposition.

Proposition 7. The 5-dimensional Lie algebra g related to the symmetry
group of the equation (1) is a solvable nonnilpotent Lie algebra with three
dimensional Nilridical. Besides that Lie algebra is isomorphich with gs 34 in
the Mubarakzyanov’s classification.

9. Conclusion

Using the Lie symmetry group (see Proposition , we calculated the optimal
algebra (see Proposition . Making use of these operators, it was possible
to characterize all invariant solutions as it was shown in Table Bl

It has been shown the variational symmetries for , as it was shown in
(43) with its corresponding conservation laws and all this was using
Noether’s theorem, but non-trivial conservation laws were also calculated
using the Ibragimov’s method as it was shown in using the nonlinearly
self-adjoint of the equation as announced in the Proposition .

The Lie algebra associated to the equation (1) is a solvable nonnilpotent
Lie algebra with three dimensional Nilridical. Besides that Lie algebra is
isomorphich with g5 34 in the Mubarakzyanov’s classification (see Proposition
7). Therefore, the goal initially proposed was achieved.

For future works, An line of work would be to use the Lie symmetry group to
calculate the \-symmetries of , and, thus, explore more conservation laws
for (1)) and the equivalence group theory could be also considered to obtain
preliminary classifications associated to a complete classification of .
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