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Abstract

In this paper, we consider two singular planar differential systems which can
describe the evolution of the optical pulse width and chirp for the so-called
dispersion-managed solitons. Based on the method of third order approximation
in combination with some quantitative information obtained by the upper-lower
solutions method and the averaging method, some results on the existence and
Lyapunov stability of the periodic solutions are obtained. Moreover, the formula
of the first twist coefficient and a stability criterion of a nonlinear differential
equation are also established.
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1. Introduction and main results

In data communication systems, due to the widespread use of internet, there
is increasing demand to achieve high data transmitting rate in a fiber cable. For
this purpose, an approach is to make use of nonlinear light wave communica-
tions with suitable periodic to compensate for dispersive and loss effects. The

transmission of the optical pulse in a fiber cable is described by the following
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equation (see [16, 28, 29])

>
i®, — @ +0(1)|®2® = iW (2)®,

where ® is the complex valued function of the electric field, n(z) models the
dispersion, 0(t) models the nonlinear refractive response, W (z) accounts for the
effective loss or gain along the fiber, z is the longitudinal coordinate of the fiber
line and t is the time. In this paper, it is assumed that the optical fiber has a

periodic structure such that the coefficients are periodic. Choose

’ s)ds
D(z,t) :w(z,t)e/o wie) ,

which can remove the right hand side term of the above equation to obtain the

following Schrodinger equation
iw, 4+ 1(2)wie +m(2)|w]?w =0, (1.1)

where [, m are T-periodic functions. It is universally accepted that the central
part of the desired pulse shaped solution to the above equation is described to

leading order by

w(z,t) = ——=-¢ ulz) ,

where v and v describe the optical pulse width and the chirp of the breathing

central part of the optical soliton, P is an input pulse with

I2

P(z) = poe 2.

Then, substituting the above ansatz into the following action functional of the

equation (1.1)

il
(w0, @) = / [’ (22) (w2 — Gw.)|we 2 — @W dtdz,
we can get the following singular planar differential system (see [1] for the de-

tailed derivation)

u' = 4l(2)v,
,_ml(z)  pam(z) (1.2)
VTS T e



here 141 and po are constants with
J P’ (@)]*da J1P(z)|*dz
LT T 2Pz’ T 4 [2?[P(a)Pd

In physical applications, one of the main objectives is to study the dynamical
behaviors of the system (1.2), including the dynamics properties of periodic
solutions. During the past few years, the existence of periodic solutions of the
system (1.2) has been studied by a combined variational-topological approach
[14], direct calculation and estimates [17], the averaging method and the implicit
function theorem [18]. Here, we refer the reader to the classical monograph [33]
for a more detailed description of the existence results in [14, 17, 18]. But as far
as we know, there are no analytic results available about the Lyapunov stability
of periodic solutions of the system (1.2) up to now. Motivated by this, in this
paper, we study the Lyapunov stability of periodic solutions of the following

more general singular planar differential system

u' = g(t)v,
o @ - w (1.3)
ul u®

u = g(t)’l},
o = @ . ep(?) (1.4)
ul u® ’

where [, > 0, g, h and p are T-periodic functions, ¢ is a small parameter.
Obviously, the system (1.2) is a particular case of the above two systems. More-
over, the similar systems like (1.3) and (1.4) also have applications in some
other physical contexts, such as molecular dynamics [24] and the Bose-Einstein
condensates with a periodic control of the scattering length [2, 22].

Since the case | < a may lead to unstable periodic solutions (see [11, 18]).
Therefore, throughout this paper, we always assume that 0 < o < [ and denote

Kk by



Moreover, for a given T-periodic function g, we denote

1 T
g = sup g(t), g, = inf gt,g‘]:—/gsds.
+€[0,7] Q t€[0,7] ®) T Jo (s)

Now, we state the stability result for the system (1.3).

Theorem 1.1. Assume that g,h,p € C(R/TZ,RT),

g(t) > 4go, VteR (1.5)
and
h*g* 5(+a+1)? ? (16)
ha g 32 +la+a?2+3l4+3a+2)) '
where

_ (Tg\* ()<Y 0
gO - T (h*):‘ﬁ(a'i‘l) ’Y

Then there exists a constant vo € (0,1) such that the system (1.3) has a stable

(l+1)] N = I.» '
? h*p*

T-periodic solution (u,v) if v > 7o.

The proof of Theorem 1.1 will be presented in Section 3 by a stability cri-
terion which will be obtained in Section 2 combined with some quantitative
information obtained by the upper-lower solutions method on the reversed or-
der. This is a kind of global result, because the upper-lower solutions method
provides us the explicit bounds of the periodic solutions.

We are now ready to state the stability result for the system (1.4).

Theorem 1.2. Assume that g,h € C(R/TZ,R"), p > 0,

l hp*
2> 1.7
a — phy (1.7)
and
202 + 202 + Tla+ 1+ a > 1. (1.8)

Then the system (1.4) has a stable T-periodic solution (u, v) if € is small enough.

The proof of Theorem 1.2 will be given in Section 4 by the method of third

order approximation in combination with some asymptotic information obtained



by the averaging method. This is a kind of perturbative result, because the aver-
aging method provides us the asymptotic information of the periodic solutions.
Theorem 1.1 and 1.2 can directly apply to the system (1.2), as the following

corollary shows.
Corollary 1.3. For the system (1.2), we have the following two results:

(1) Assume that l,m € C(R/TZ,R"),

I* 5,1
. < (g)
and L .
T\ (pom*)4 Lemn
> - — .
l(t)16<7r> o P2 ) | e

Then there exists a constant vo € (0,1) such that the system (1.2) has a

stable T -periodic solution if

Ly

T > Y0-

(2) Assume that | € C(R/TZ,RT), m >0, and

*

Im

3

< —.

ml, — 2
Then the system (1.2) has a stable T-periodic solution if o is small e-

nough.

The method of third order approximation was established by Ortega [23]
and Zhang [36] for the second order conservative systems. During the past
few years, some progress has been made on this topic, we just refer the reader
to [4, 5, 9, 34, 37] for regular differential equations, [7, 8, 19, 20, 31, 32, 35]
for singular differential equations and [21] for a piecewise smooth dynamical
system. Obviously, the method of third order approximation cannot be directly
applied to the system (1.3) and (1.4). To do this, we will establish the formula of
the first twist coefficient for their equivalent equations in Section 2. Moreover,

a stability criterion is also obtained. It is worth noting that the first twist



coefficient of such nonlinear differential equation presented in this paper is the
first one available in the literature.

Finally, we note that the study on the existence and dynamical behaviors of
periodic solutions of the first order singular planar differential systems is more
recent and there are still few works in the literature up to now. See [3, 13, 26]
and the references therein. To give more detail, Cheng and Cui [3] used Leray-
Schauder alternative principle, Manésevich-Mawhin continuation theorem and
fixed point theorem in cones to study the existence of positive periodic solutions
of the Basener-Ross system. In [13], a generalized version of the Poincaré-
Birkhoff theorem has been applied to study the existence of periodic solutions
for a singular Hamiltonian system by Fonda and Sfecci. The existence of periodic
solutions of the Steen’s planar system has been studied in [26] by the Poincaré-
Bohl theorem. To the best of our knowledge, the corresponding analytic results
about the Lyapunov stability of periodic solutions of the first order singular
planar differential systems has not been established in the literature up to now.

Therefore, the results of this paper will fill, at least partially, this gap.

2. The first twist coefficient and a stability criterion

From the first equation of systems (1.3) and (1.4), we have

Then elimination of v in the second equation of systems (1.3) and (1.4) lead to

the following two singular differential equations

o\ h@) | p(t) _
<g<t>> T e 70 @1)

and

( u )’ ht) | ep(®) _ (2.2)

gt)) u
It is easy to see that the periodic solutions of equations (2.1) and (2.2)

correspond to the periodic solutions of systems (1.3) and (1.4), respectively.



Therefore, we need to study the Lyapunov stability of the above two equations
firstly.

In order to apply the method of third order approximation to the equations
(2.1) and (2.2), we will establish the formula of the first twist coefficient for the

following more general equation

(;;))’ +f(tu) =0, (2.3)

where g € C(R/TZ,R*) and f € C%*(R/TZ x R,R). The third order approxi-

mation of the above equation is

RN
( Q(Lt)> +a(t)u + b(t)u? + c(t)u® + o(u®) = 0, (2.4)
g
where
of 10%f 103f
a(t) = 5= s b)) =553 »oet)=—-53
L 20u? | =) 6 0u? |\ —pr)

and ¢ is a T-periodic solution of (2.3). Obviously, a,b,c € C(R/TZ,R). By [5,
(3.10)] or [6, Theorem 2.2], we know that if

T T
/ g(t)dt-/ ay (t)dt < 4, (2.5)
0 0

then the following linearized equation of (2.4)

(;(‘;))/ +a(t)yu=0 (2.6)

is elliptic, here
a+(t) = max{0,a(t)}.
Under the change of time

s=ri)= | g(s)ds,

equation (2.4) becomes



which are T—periodic with

T=7(T)= /0 g(t)dt = Tg.

Then, by [23, 36], the first twist coefficient of the equation (2.7) is

T2

= b(s)b(v)r3(s)r3 (v 5(s) — o(v)])dsdy
8 //[ ~<><> ()7 (1) x0(18(5) — 3@))) .
3T, '

- §/0 é(s)r*(s)ds,

where 7 is a T-periodic solution of the following equation

1 ~

r +a(s)r=—,

6 and yg are defined by

0= [ g

B 3cos(€ — g) cos3(& — g)
)

xo() = g sin(Z 16sin(22)

and

£€[0,6],
with @ = T'p and g is the rotation number of the following equation
2" +a(s)z = 0.

Obviously, the time rescaling does not change the sign of the first twist
coefficient of the equation (2.4). Substituting s = 7(¢) and v = 7(s) into (2.8),
then the first twist coefficient of the equation (2.4) can be written as, up to a

positive factor,

— s 3 38 . s s
’ ‘//[O,T]Qb“)b( VRS ()R (s)x0(16(t) — o(s)])dtd

T
- g /0 c(t)R*(t)dt,

where R(t) = r(7(t)) and ¢(t) = ¢(7(t)).

If the linear equation (2.6) is elliptic and 8 # 0, then the T-periodic solution
¢ of (2.3) is of twist type. According to Moser’s invariant curve theorem [27],
the twist periodic solution is Lyapunov stable.

Moreover, we obtain the following stability criterion.



Theorem 2.1. Suppose that ¢ is a T-periodic solution of (2.3) such that

2
T
<a* < gyl — :
(A1) 0<a, <a _g<2Tg>’

(Ag) C, > 0,’

[ME]

(Ag) 1003 b2g5 > 9(a")Fe (973,
Then @ is of twist type.

Proof. By the fact that 771(s) is increasing in s and T = 7(T) = 2Tg, we get
a(r~!(s)) a(t) _ a”

a” = sup ——————< = sup —% < —,
sefo,7) 9(T7HS))  vepomy 9(E) T g«

Analogously, we have

Using the above inequalities, we notice that if (A;)-(Ag) hold, then we have

E

(i) 0<a, <a*<(

)%

|

2
(i) & > 0;
(iii) 10(@.)2]b|2 > 9(a*)2é*.
Then, by [31, Theorem 3.1], we know that the trivial solution = 0 of (2.7) is
of twist type. By the fact that the time rescaling does not affect the stability
of equation (2.4), we conclude that the trivial solution u = 0 of (2.4) is also of

twist type, that is, ¢ is of twist type. O

Here, we should point out that the Theorem 3.1 in [31] deals with the 27-
periodic equations, but, we find that the assumptions (i)-(iii) of Theorem 3.1 in
[31] remain unchanged for an arbitrary period T' when we check the details of

its proof. Therefore, we can use it directly in the above proof.



3. Proof of Theorem 1.1
In this section, we will give the proof of Theorem 1.1 by the stability criterion

obtained in Section 2 and the upper-lower solutions method on the reversed
order [12, 30]. The proof falls naturally into three steps.
Step 1: Existence and the explicit bounds.

Based on the upper-lower solutions method on the reversed order, we ob-

tain the following results about the existence and explicit bounds of periodic

solutions of the system (1.3).

Lemma 3.1. Suppose that g, h, p € C(R/TZ,R") and

g(t) > go, VteR. (3.1)
Then the system (1.3) has a T-periodic solution (u,v) such that
h*
(3.2)

(E)K <u(t) < (p—)“, Vvt € R.

Proof. By the same change of time s = 7(t) which was defined in Section 2, we

can rewrite the equation (2.1) as

s R )

(S”as)( yl<s>+ya<s>>‘0’ (3:3)
where

y(s) = u(r=\(s)), h(s) = h(r1(s)).

ld

and _
() = (5"

are constant strict upper and lower solution of the equation (3.3) with the

reserved order o > 1)1, respectively. Set

1 R B
F(s’y)‘~<s>< () ya<s>)'

10



By the upper-lower solutions method on the reversed order, we get that the

equation (3.3) has a T-periodic solution if

1 Ih(s) ~ap(s)

B =56 <ylf1<s> ya+1<s)>
1 < Ih(s) B ap(s) >
~ g(s) wl“( ) YsT(s)
T —_ )
9 E (14+1) (E)n(a+1)
15* D
< (%)2> for every y € [¢1,12]. (34)

By the facts that 7 1(s) is increasing in s, 71(0) = 0 and 7~ 1(T) = T, we
have

h* = sup h(r~'(s)) = sup h(t)=h*
s€[0,T] s€[0,T1]

and

he = inf h(r (s))= inf h(t) = h,.
s€[0,7 ( () s€[0,T7] ®)

Similarly, we have p* = p*, p. = p« and g, = g.. Then, (3.4) becomes

lh*(p*)m(lJrl) a(p*)n(lJrl) o\ 2
(ho (D) (px)slatl) —9*<Tg> . (3.5)

A simple calculation shows that (3.5) is equivalent to (3.1). Thus, if (3.1) holds,
then (3.3) has a T-periodic solution y such that

K il/* K
— ) =U1(s) <y(s) <a(s) = (=—) .
(55)" = bas) < y(s) < valo) = ()
Accordingly, we show that the equation (2.1) has a T-periodic solution u(t) =
y(7(t)) such that (3.2) holds, that is, the system (1.3) has a T-periodic solution

(u,v). O

Step 2: We show that u is Lyapunov stable.

We will apply Theorem 2.1 to prove that the T-periodic solution u of (2.1)

obtained in Lemma 3.1 is of twist type and therefore is Lyapunov stable.

11



Lemma 3.2. Suppose that (1.5) and (1.6) hold. Then there exists a constant

Yo € (0,1) such that for every v > 7o, the T-periodic solution u of the equation

(2.1) obtained in Lemma 3.1 is of twist type.

Proof. We first compute the coefficients in (2.4) for the equation (2.1)

_Ih(t)  ap(t)

a(t) oyl e+l

I+ 1DA(E) | ala+1)p(t)

b(t) - 2ult+2 2ua+2 ’
U+ D+ 2R ala+1)(a+2)p(t)
(t) - Gult3 - Guat3 :

Taking into account (3.2), we have

Lh(t t
afty > MO __on()
(7);@([—&-1) (7*)»@(04—&-1)
D+ p*
and
Lh(t) ap(t)
(i)n(l—i—l) (7)n(a+1)
p* Dx
Then, we can verify that if
1
a, K(I+1)
v > (7) =,
then
Lhy *
Ay > ¥ — ap
(i)n(l+1) (ﬁ)n(aﬂ)
D+ p*
_ P\ k(1+1) P r(1+1)
= hy [lI(— —a(—
&yt ()

*

Pk K
_ h*(hi) (I+1) |:l")’ (I+1) Ol:|

> 0.

12

(3.8)



Combining (1.5) with (3.8), we have
Ih* s
S (Eystn (h;‘)f(am
p* Px

_ lh*(p*)/{(l+1) a(p*)/{(lJrl)

(h*)n(l+1) (h*)r@(a—i—l)

p* r(l+1)
= h* <h) <l — a’y“(lﬂ)) (3.10)

™
< 9*(%)2-

Then the above two inequalities show that (A1) of Theorem 2.1 is satisfied. By
the estimates (3.2) and (3.7), one can find that if

1
ala+ 1)(a+2)>,«;(l+3)
> =2,
L ( D +2) 2
then
4+ 1)1 +2)h,  ala+1)(a+2)p*
o gl yray)
6( K(14+3) 6 ek (at3
(p*) (p*)
«\ F(l+3)
(P [wyn(m) _ W] (3.11)
hs 6 6
> 0.
We thus get that (As) of Theorem 2.1 holds. Analogously, we have
L+ D+2)h ale+1)(a+ 2)p.
c < A - h* ( )
6 Tl \E(14-3) 6(— k(a+3
(&) &)
e [ (5 aa (et 2) (p) Y
- 6 ha 6 h=
NP D2 alat D(@+2) ops
= (- [ : - s ¥ ] (3.12)

Substituting the estimates (3.2) into (3.6), we are able to obtain that if

1

<a(a+1)> w(l+2)

l(l+1) =13,

13



then
1+ 1)h n ala+ 1)p*

b(t) < — % T
2(E)N(l+2) 2(]?*) (a+2)
= h, ( — W(%)K(lﬂ) + 0‘(0‘;1)(i)n(1+2)>
::h*(z:)ﬁu+2)<__l(lggl)vnu+z)+_a(aé%1))
<0,
which yields
|b]. > h*(i%*)n(zw) (l(l;_]'),yn(l+2) B C¥(042+1)). (3.13)

By virtue of (3.9), (3.10), (3.12) and (3.13), a simple computation shows that
the condition (As) of Theorem 2.1 holds if

Gi(7) > G2(v), (3.14)

where

G1(7) = 5(hega) ("D — )3 101 + 17" — afa + 1)]%,

Ga(7) =3(h*g")2 (1 — ay" )31 + 1) (1 + 2) — a(a + 1)(a + 2)y" 9],
Moreover, by (1.6), we get
G1(1) = Go(1) =5(heg)? (1 — a)2(I(1 + 1) — aa +1))?
—3(h*g")2(l— )3 [I(l+ 1)(1 +2) — ala + 1) (e + 2)]

=5(hegs) 5 (1 — )

[N

h*g*
D s

(l+a+1)2—g( )2 (1% + loo+ 2 + 31 + 3 + 2)

>0.

Then, by continuity, the above inequality shows that there exists a constant

~4 € (0,1) such that (3.14) holds if

Y > Va.



Fix
Yo = maX{,ylv’YQa 73, 74}a

then the relations (3.9), (3.10), (3.11) and (3.14) imply that all conditions of

Theorem 2.1 are satisfied if
Y > 7Yo-

Applying Theorem 2.1, we get that the T-periodic solution u of the equation
(2.1) obtained in Lemma 3.1 is of twist type if v > 7o. O

Step 3: We verify that v is Lyapunov stable.

Suppose that u(t) = u(t,u(0),u'(0)) is a stable T-periodic solution of the
equation (2.1) which was obtained in Lemma 3.2. Let uy(t) = uq (¢, u1(0), u}(0))
be a new solution of the equation (2.1). According to the definition of Lyapunov

stability, we know that for any given € > 0, there exists a §; > 0 such that
[u(0) = u1(0)] + [u'(0) — w1 (0)] < 41, (3.15)

then
[u(t) —uq (8)] + |’ (t) — ) (t)| < gue. (3.16)

By Lemma 3.1, we get that the system (1.3) has a T-periodic solution
(u(t)v U(t)) = (u(t7 u(O), ’U(O))v ’U(t’ u(0)7 U(O)))

with

Let
(ur (), v1(t) = (ur(t, u1(0),v1(0)), v1 (t, 11(0), v1(0)))
be a new solution of the system (1.3). By the relation (3.15) and the following

facts

v(0) = and v1(0) = ,

we know that there exists a d» > 0 such that

u(0) = w1 (0)] + [v(0) — v1(0)] < 62,

15



then by (3.16), we have

[v(t) — vi(2)] —mlw(t) — uy (1))
1 / _ U’
ng*lu (t) —uy (t)]
<g,

which means that the T-periodic solution v is Lyapunov stable.
Up to now, the proof of Theorem 1.1 is finished.

4. Proof of Theorem 1.2

In this section, by the third order approximation and the averaging method
[15, 18, 25], we will verify the correctness of the Theorem 1.2. The proof will

also be divided into three steps.
Step 1: Existence and some location information.

By the averaging method, we obtain the following result on the existence

and the asymptotic behavior of periodic solutions of the system (1.4).

Lemma 4.1. Suppose that hp > 0. Then there exists a €* > 0 such that for
0 < e <&, the system (1.3) has a T-periodic solution (u(t,e),v(t,€)) which
satisfies

lim (s“u(t,s),sm‘;”v(t,s)) = (u",0), wuniformly int, (4.1)

e—0

where

:U“:

’6\.\ ol

Proof. To aplly the averaging theory, we rewrite the system (1.4) into a pertur-

bative system. Doing the rescaling of variables

16



we can reform the system (1.3) as follows

v = €g(t)y, (4 2)
h .

Obviously, the averaged system of the above system is
¢ = egn,
r_(h_ P
n=e é—l - é-a )

k(1+1) . .
>, After some calculations, we notice that the above averaged

where € = ¢

system has a unique constant solution

(503770) = (/“LK, 0) ’

which is non-degenerate. Then the averaging method (see [15, Section V.3] or
[18, Section 2]) shows that there exists €* > 0 such that the system (4.2) has a

T-periodic solution (z(t,€),y(t,€)) for 0 < e < €* and
(m(t,e),y(t,e)) — (*,0), uniformly as e — 0%,

Going back to the original variables, we prove that there exists a ¢* > 0 such
that for 0 < e < €*, the system (1.3) has a T-periodic solution (u(t,¢),v(t,¢))
which satisfies (4.1). O

Step 2: We show that u is Lyapunov stable.

We will prove that the T-periodic solution u obtained in Lemma 4.1 is Lya-

punov stable.

Lemma 4.2. Suppose that g, h € C(R/TZ,R"), p > 0, (1.7) and (1.8) hold.
Then the T-periodic solution u obtained in Lemma 4.1 is of twist type if € is

small enough. Therefore, u is Lyapunov stable.

Proof. Tt is readily seen that the periodic solutions of the equation (2.2) corre-

sponds to the periodic solutions of the system (1.4). We will apply the method

17



of third order approximation to the equation (2.2). We first compute the coef-
ficients in (2.4) for the equation (2.2)

_In(t)  eap(t)

a(t) = ES) EESEE

e

and

I+ 1[I +2)h()  eala+1)(a+2)p(t)
6ult3 Guet3 ’

c(t) =

here u(t) = u(t,e). By the limit (4.1), the calculations show that

. _ th(t) ap(t)
rk(l+1) __
Ehino a(t)e ) = pe(FD) ety (4.3)
. —r(1+2) _ Oé(Oé + 1)p(t) _ l(l + 1)h(t)
il_m b(t>€ - Q,um(oHr2) 2Nn(l+2) (44)
and
lim c(t)e—0+9) = W+ +2)h(t)  ala+1)(a+ 2)p(t). (4.5)

0 6um(l+3) 6uﬁ(a+3)

Then by (1.7) and (4.3), we get

lh ap*
: —r(i4+1) > « S
limy a(t)e 2 R T e =

0,

that is, a(t) > 0. Then, by a simple computation, we obtain

T T T
. _ Lh(t) ap(t)
r(l+1 —
glg(l)s ( )/0 g(t)dt -/0 ay(t)dt = Tg/O (Mrc(l+1) T @ID dt

lh ap
R _
=T g<ﬂn(l+1) MI{(Q+1)>

a) _pﬁ(l+1)
hr(at1)?

=T%g(l -

which leads to that (2.5) holds if € is small enough. From this, we deduce that

the linearized equation of (2.2) is elliptic if € is small enough.
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By the limit (4.3) and 7' = T , we have

lim a &
e—0 g”(lJFl) s~>0 Tgﬁ(l-i-l) 0 g S

T

E—>0 TgK(H’l)/O
_ h(t) ap(t)

_T/o < r(+1) pr(at1) d

A lh ap
- ? Mm(l+1) - MK,(CK-‘,—l)

(I —a) p=*D

Q

g hr(at1)” (46)
Applying [10, Corollary 4.1], as ||la|| — 0T, we get
nd ~ ==\ L ~
0 =Tp(a) =T(a)2(1+ O(]lal))),
R(t) = r(7(t)) = (@)~ 7(1+O(|al))), uniformly in ¢.

Combining the above two equalities with (4.6), we obtain

) Ii(l+1
glm W = T\/ h’i(a"!‘l (47)

and

. ﬁ(z+1) hr(at1)
213%5 1 l—a” PR (4.8)

Analysis similar to that in [8, Section 3] shows that

Qll
N\»—A

(14+0(6?) = +O0(a), as

ISyl
o
+
—
N
e
=

xo(t) =

5\@

120
Fix
By = //[ OO OR 600~ o(s) s
0’ 2
and
3 T
Bo == / c(t)RA(t)dt
8 Jo
Consider the following limit

A

. o . b(t) b(S) %K(l-i—l) 3
i o = iy //[O,T]z Ln(wz)] Lm(uz) {5 R (f)}

« [sgﬁ(lH)Rs(S)} [gém(lﬂ)xg(kp(t) - <p(5)|)} dtds.
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By inserting the limits (4.3)-(4.5), (4.7) and (4.8) into the above limit, we get

lim B ala+Dpt) U+ Dh@)] [ala+Dp(s) I+ 1)h(s)
S e T 0.1 e(a+2) n(+2) (r(at2) (r(+2)
g 3/2 Bn(a+1) 3/2 5 g }_Ln(aJrl)
( e
l—a) w(I+1) 12T (l—a) p"‘f(‘f‘)

_ 5 39 h2“(a+l) Lp(t) I+ 1)h(t)
= IST (l — Oé 2m(l+1) [0,7]2 m(a+2) Mﬂ(l+2)

x[ ala+p(s) l+1)h()]dtd

m»—

n(a+2) K(1+2)

g h%m+”[a@v+DTp lu+1ﬂ%]2

5
48T (I — a)2 p2e+1) p(at2) - pur(42)
5T'g

A + 1"

Similar arguments apply to B2 gives

lim P = lim /OT g:((li)i’)) D RY ()t
/T1 [1(1 + DI+ 2h(t)  ala+1)(a+ 2)p(t)} g Bﬂ<a+1>dt
, 6 G p(o+3) [ —a pr+D
Tg hrletD) {l(l + D) +2h  ala+1)(a+ 2)11
6(1 — a) pr+D) ur(i+3) p(at3)
T Fa+na+2y_am+1xa+m}

(l _ Oé) M2n 0'2”
_ TgP+la+a? +3l+3a+2
MQK 6
Then
o B B 36
im— = lim ———2—

e—0 g2k e—0 62“
Tg [5(0+a+1)? P+la+a®+3l+3a+2

> 2

= e 48 16
Tg 2

:48 2N(2l +2a® +Tla+1+a—1).

Therefore, if (1.8) holds, we have
B

lim 5 > 0,
e—0 g=r

that is, 8 > 0 when ¢ is small enough. O
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Step 3: We verify that v is Lyapunov stable.

Repeating the step 3 of the proof of Theorem 1.1, we can verify that v is
Lyapunov stable.

Up to now, the proof of Theorem 1.2 is completed.
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