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ABSTRACT. In this article, we established a wide range of fractional mean-type
integral inequalities for notable Hilfer fractional derivative using twice differ-
entiable convex and s-convex functions for s € (0,1] with related identities.
Also the results for Caputo fractional derivatives are derived as a special case
of our general results.

1. INTRODUCTION

The subject of fractional calculus has achieved a significant prominence during
most recent couple of years due to its demonstrated applications in the field of sci-
ence and engineering. This offers useful strategies to solve differential and integral
equations see the books [1,2]. Fractional calculus has been applied in different areas
of science, engineering, financial mathematics, applied sciences, bio engineering etc.

Mathematical inequalities significantly important in the study of mathematics
and related fields. Now a days, fractional integral inequalities are fruitful in gener-
ating the uniqueness of solutions for fractional partial differential equations. They
also provide boudedness of the solutions of fractional boundary value problems.
These recommendations have inspired various researchers in the field of integral
inequalities to inquire the extensions by involving fractional calculus operators.

The convex functions are utilized to create numerous inequalities in literature
[3H8]. Hermite-Hadamard’s inequality [9] is one of the most important classical
inequalities as it has a rich geometrical meaning and applications [10H13|. Hermite-
Hadamard’s double inequality is one of the most widely studied concerning convex
functions. The inequality is defined as follows:

Let v : I CR — R be a convex mapping and 0, € I with § < (. Then

¢
" ("‘;4> < oy [ vy < PO, (L1)

If ¢ is concave then the inequalities hold in reverse direction. For particular
choices of function 1, some classical inequalities for means can be derived from
, (see [14]). The principle point of this paper is to infer Hermite Hadamard-
type integral inequalities for Hilfer fractional derivative.

2010 Mathematics Subject Classification. 26D15, 26D07, 26D10, 26A33, 26A51.
Key words and phrases. Hermite Hadamard-type inequalities, Hilfer fractional derivative,
Holder’s inequality.



MUHAMMAD SAMRAIZ, ZAHIDA PERVEEN, SAJID IQBAL, SAIMA NAHEED, AND THABET ABDELJAWAD

2. PRELIMINARIES

This section includes some preliminary facts.
Definition 2.1. ( [15])Let ¢ : [0,(] — R is said to be convex if the inequality

Yy + (1 =v)B) <wvi(y) + (1 —v)(B),
holds for v, € 10,(] and v € [0,1].

The definition of classical Riemann-Liouville fractional derivative (see [16, Chap-
ter 4]) is given as:

Definition 2.2. Let ® € L'[0,(], then the right-sided and left-sided Riemann-
Liouwville fractional derivative of order a > 0 are defined by

D) = rom (32) [ o= wtoar

and

noC
DLv) = g (30) [ —vrtetar
where
n=hl+1, velb.d.

Let 2 > 0 > 0. By L*(6,z), we denote the space of all Lebesgue integrable func-
tions on the interval (§,z). For any ¢ € L*(6, ) the Riemann-Liouville fractional
integral of ¢ of order +y is defined by

v

1 _
W) = 7 [l =760 = @ K0, el (>0), (21)
0
y-1 . . . .
where K,(v) = %Gy The integral on the right side of 1) exists for almost

v € [0,z] and I;+1/J € L'(0,x). The space of all continuous differentiable functions
up to order m, on [0, z] is presented by C™ [0, z]. By ACI0, z], we mean the space
of all absolutely continuous functions on [#, z]. The space AC™[6, |, denote the all
those functions ¢ € C™[0, z] with (=Y € AC[0,x]. By Loo(0, ), we denote the
space of all measurable functions essentially bounded on [6, z]. Let g > 0,m = [u]+1
and f € AC™]a,b]. The Caputo derivative of order v > 0 is defined as

m
m—-y d

(CDg+w)(y) = (Ie+ T w) (v) = ﬁ /(V — T)m—v—lilm¢(r)d7.
(2

Definition 2.3. [17] Let ¢ € L'[0,¢],¢ * K1_gy1—) € AC*0,(]. The fractional

derivative operator Dg’f of order 0 < v < 1 and type 0 < B < 1 with respect to
v € [0,(] is defined by

- ad [ a-pa-
(D30) @) = 7 2 (170 ww) (22)

whenever the right hand side exists. The derivative is usually called Hilfer
fractional derivative.
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The more general integral representation of equation (2.2)) given in [17] is defined
by:
Let v € L' [0,¢] v * K(1_g)(n—) € AC™[0,{],n—1<y<n,0<B<1neN.

Then
5 _ (P A (=B )
<D3+ ) (v) = <Ig+ K o (Ig+ K 111(1/))) ) (2.3)

which coincide with for n = 1.

Specially for 5 = 0, Dg;w = Dg+1/1 is a Riemann-Liouville fractional derivative of
order v, and for § = 1 it is a Caputo fractional derivative Dgfw = CDg+w of order
~. Applying the properties of Riemann-Liouville integral the relation can be
rewritten in the form:

(D37w) ) = (" ((Dpr 20 w) )

v

_ me/(y_T)ﬁ<n—w—1 (032 9) () . 2.9

The geometric arithmetically s-convex function given in [18] stated as follows:

Definition 2.4. Let v : I C RT — R and s € (0,1]. A function 1) is geometric-
arithmetically s-convex function on I if for every v,B8 € I and v € [0,1], we have

BOPAY) < VW) + (1 - 1)*b(B).
The following lemma was given by Liao et al. |18].
Lemma 2.5. For 6 € [0,1], v, 8> 0, we have
Oy +(1-0)5 =%
Deng et al. [19] prove the following lemma.
Lemma 2.6. For 6 € [0,1], we have
(1—-6)" <227 -9, y€[0,1],
(1-0)">2""7 -7, y€[l,00).

3. MAIN RESULTS

This section includes several mid-point type fractional integral inequalities in-
volving Hilfer fractional derivative. The first main result for the fractional derivative
is presented in the following theorem.

Theorem 3.1. Lett) € L'[0,(], Y*K(1_g)(n—v) € AC"[0,(], n € N and D=y,
[0,¢(] = R be a positive function with0 <0 <{,n—1<vy<n,0< <1 and
DAy ¢ L0, ¢). If DL s convex function on [6,¢], then following

0,0 ' 7(0.¢)
inequality for fractional derivative holds:

8- g (0T ¢\ L DB =) +1) 1, 7
D(;:Cﬂ) v‘I)( 2 )S (C—Q)B("_’Y) [Dg+ﬁ‘1>(é)+DZ_B<I>(9)}

< Dy Ve(0) + DI (0). (3.1)
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Proof. We define functions ¢ (v) = (0 +¢ —v), v € [0,¢] and ®(v) = ¥(v) + ¢ (v),
v € [0,]. Since Dgrﬂ(n_7)1/) is convex on [0, (], therefore with 1 = 1, we have

D’y-‘rﬁ(n—v)d} T+y < ngﬁ(niw)w(x) + ngﬂ(n7W)w(y)
o+ 2 - 2 '

Choosing x = v+ (1 —v)¢ and y = (1 — v)0 + v, we get

0+¢
2

= D) e (w0 + (1 - v)Q).

2D} L5E) < D0+ (1= )0 + D (1 = )0+ 06)

Now, we multiply both sides of above inequality by v#(»=")~1 and then integrating
the resulting inequality with respect to v over [0, 1], we have

1
Mngﬁ(””>¢<T> g/o VPN DR T N G (bg 4 (1 — v)C)dv.

(3.2)
Substituting v = v0 + (1 — v)¢, (3.2) becomes
Y+B(n—7) 0+ § F(/B(n — ’Y) + 1) B
Dy @( ! ) < P e D 800, (3.3)
Similarly for the choice
y+B(n—v) Y+B(n—7)
D’Wrﬂ(”*’Y)w T+ Y < DC_ (I) + DC_ w(y)
¢~ 2 — 9 ’
we get
v g (0T _ TBrn—7)+1) 5
DY q>< . ) < =g D o(0). (3.4)
By adding (3.3)) and (3.4)), we obtain
y+B(n—v) 0+¢ y+B(n—7v) 0+¢
D, <I>(2> + D= <I><2
L(Bn—v)+1) v.8 7.8
< =g (D3 ®() + DY 0(0), (3.5)

which proves the left half part of inequality (3.1]).

For the proof of the second half, we first note that if Dgf An=7)4) is convex, then
for v € [0,1], yields

DyFP Dyl + (1 - v)¢) < wDyF P h(0) + (1= w) DR (0)
DyFP (1= )0+ v¢) < (1= ) Dy PO 9(C) + vy ().
By adding above two inequalities, we have
Dy awo + (1 - v)¢) < Dy (C). (3.6)
Similarly
DI = )0+ v¢) < DTV a(). (3.7)
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From (3.6) and (3.7, we get
Dy w0 + (1 - v)¢) + DL R((1 - 1) + ()
< Dy e(0) + DI (). (3.8)
Now, first, we multiply both sides of (3.8)) by ##(®=7)~! and then we integrate the
resulting inequality with respect to v over [0, 1], we have
1
/ Vﬂ(nfv)*ngrﬂ(n—’Y)(I)(Va + (1= v))dv
0

1
_|_/ yﬁ(n—v)—lDzjrb’("*W)q)((l — )0+ v¢)dv
0

1
< [Dgiﬁ(n*’ﬂq)(o_i_Derﬁ(n*’Y)(I)(a)]/ yBn—7)—1
0

Substituting v = v8 + (1 — v)¢ and v = (1 — v)f + v(, the above inequality become

IBn—-—7+1)

(C— )0 (D3 ®(Q) + DL ®(0)] < DI Vo) + DI 0(0).

(3.9)
From (3.5) and (3.9), we get inequality (3.1)).

Corollary 3.2. If we choose B =1 and v is symmetric about
it reduces to (20, Theorem 2.3/, i.e.,

(50 =3

Lemma 3.3. Let ¢ € LY[0,(], ¢ * Ka_gyn—y) € AC"[0,¢], n € N. For the
differentiable function DV+’B(H77)1¢ [0, 2 Rwithn—1<y<n,0<p<1 and

% in Theorem|3.1

D300 + (-1)"°DYw(0)] < w.

(6,¢)
D29+£(n77)+1w € L0, (] the following equality
Y+B(n—v) Y+B(n—)
Dy <I>(C)+DC, ®(0) B L'(B(n—-)+1) D8P DIBP (0
2 2(<— _ G)ﬁ(n_.y) o+ (C) + C* ( )
¢=0 [ Bln—) _ ,Bn—)] prtBn—m+1
=5 ; {(1 —v) —v }D(&C) Yl + (1 —v)()dv,
holds.

Proof. Consider

1
I= / [(1 — y)Bln=) _ uff("—ﬂ DA (o + (1 = v)¢)dv
0

1
_ / (1= )= — y50=] DA 1 (1~ ) )
0

1
+ / [(1 — )= VW—”} DY (0 4 (1~ v)()dv
0

=1 + . (3.10)
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Integrating I; by parts, we get

D’YJFﬁ(n*’Y) 0 1—
I = (1 — pyptn—n Dot LAC Gt

0—¢ 0

1 Y+B(n—7) _
+/ Bln —4)(1 — v)fr—-1 Dy qg(l/eg‘i‘ (1-v)Q) dv

0 -

sty DIl + (1= 1)Q)
-V 0—¢C lo

1 Dvrﬁ(n—v) 0 1_
_,_/0 5(n_,y)yﬂ(n—v)—l 0 ﬁ(i C+( v)¢) dv.

Substituting = vf + (1 — v)(, we obtain

1 DO+ D) B ) [ 70—y B

b C—0 Y {/4 (7=¢)
Dy () 0 /¢ — 2\ B=1-1 DY)

X wa +/< <C — 9) g

d:c}

Dy () B(n — )

¢
B C=0 (-t /9 (¢ —a)* =Dy () da

DI eC) DB —y) +1)
6 (=0 ((—g)fm—m+ s (). (3.11)

Similarly, integrating Iy by parts, we get

D'Y:"'B(”_’Y) 9+ 1
I = (1 - p)P=m ¢ 12(1’ C (1-v)Q)

1 DIy + (1 - )¢
+/0 Bln —7)(1 —p)Pn=m-12¢ e(ig (1-v)0)
sy DT 0w+ (- 0)0)

0—¢

1 D'yfﬁ(n—’)’)w(ya + (1 B y)é’)

— Bl -1¢
s [ o= e |

lo

v

lo

Substituting again x = v8 + (1 — v)(, we get

DIPTV90)  T(Bn—)+ 1)
L =—% = - g DY (6). (3.12)

Using (3.11)) and (3.12) in (3.10), we have

D’Yirﬂ(n*“/)q)(g) _|_D’Y_+5(n*7)¢)(0) r B 1
r=-* = - (C(B_(Z)B(Z)Lf Dyfa(¢) + D o(0)| .

Thus by multiplying both sides with %, we get the desired result.
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Corollary 3.4. If we take 8 =1 and ¢ is symmetric about % i Lemma we
obtain following [20, Lemma 2.2/

@) +¢n(Q) Tlrh—v+1)
2 2(¢ = o)
C—0

=5 /01 {(1 —v)" Y — V"”’} "Wl + (1 — v)()dy,

[© D7) + (~1)"“ DL w(0)]

for Caputo fractional derivatives.

Theorem 3.5. Let ) € L'[0,(], vxK(1_g)(n—y) € AC"[0,(], n € N and D?9+g(n ’v)w .

[0,(] — R be a differentiable function withm —1 < v <mn and 0 < g < 1. If
D"/Jrﬁ(n 7)+1

©.0) ¥ is convex on [0, ], then the following inequality is true

Dy a() + DEPTVR(0)  p(s(n— ) + 1)
2 —2(¢ = 6)B()

Sl 1 +B(n—v)+1 FB(n—m)+1
Sm(l 2ﬁ<nw>(|D?e< VO + DT w«m).

Proof. By using Lemma and Definition , we get

[Dgf B(C) + Dg;%(e)} ]

[Dgf B(C) + Dg;%(e)} ‘

‘DW(n%(C) + DI 8(0) 1B —4) + 1)

2(¢ — §)B(n=)
/ (1 (n—7y) _ n*v)|

x( |D2;§<" (6 >\+<1—u>|D2;£<" V()] v

_ %9 /0E [(1 _ )P yﬁ(n—v)}

x (VDS (o)) + (1 = ) DY ()] ) dv

+ﬁ [:ﬂ”fﬂ —(1—y)5<”ﬂ>}( D5 p(0)] + (1 — )| DY A" ””lw(é)l)dv

_ C; 0 [|DE/6+45 n— ’Y)Jrl |/ 1 _ V ,B(n ¥)+ (1 . I/)Vﬁ(n_’Y):|dl/

Dy ‘/ V (1= )P _ ,Bn= 7)+1}dy

|D'Y€+<l3)(n ’Y)+1 |/ 1 —v) Bn=) _ (1-v) (n77)+1:|du

+ (DT (o) / yﬁ("—ﬂﬂ — (1 - y)ﬁ("_“*)}du}
1
2
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_ S0 B+ 1 L
=25 P61 ~ Gy

o n—vy)+1 1 1
DG O (G Gy )

- 2(5(75— v) +1) (1 ~ 92B(n—) ) (|D70+Cﬁ (O] + |D79+gﬁ) ’Y)H?/)(e)\)-

Hence the proof is complete.

. . 0 .
Corollary 3:6. If we choose § =1 and v is symmetric about %C m Theorem
then we get [20, Theorem 2.4]

= [D5 00 + (1D v(o)]

< s (1= ) (0 O+ e @)

Lemma 3.7. Let ¢ € L'[0,¢], vxK1_gyn—y) € AC™[0,(],n € N and D?;-g n— 7)¢ :
[0, ] — R be twice differential mapping on (0,() withn—1<~y<nand0< g <1.
If ngrg(n N2y e [t [0,C], then we have the following equality.
D" a(0) + DI T00) (s - )
2 2(C — 0)F-

C—0)2 (11— (1—p)Bl=—n+l _pBn—+1 .
- 2 ) 0 ( ;(n —) 1 DS P w0 + (1 - v)Q)dv.

Proof. By using Lemma [3.3] we get

7)) (D3 ®() + DY 0(0)]

Dy Ie(¢) + DIEPTVB0) (B — ) +1)
2 2(C— )5

1
= % [/ (1= )P = SO DBy 4 (1= v)C)dw
0

D} ®(¢) + DY 0 (6)]

1
+/0 [(1—u)5<"‘”) pPn= ”)}D””’(” ”+1¢(u9+(1—u)C)du]

Integrating by parts, we get
B (-0 |:ng§("—’¥)+1¢(<) _ Dg’jﬁ("—’ﬁ-‘rlw(a) + szﬁ(n—7)+1w(<) _ Dzj‘ﬂ(”—’)’)"‘l,d](g)
2 Bn—v)+1
C - 6 ! n— n— n—
T, [0 e D 0 4 (1 )|
(3.13)

Since

Dgrﬁ(n—7)+1¢(c) _ DgJ‘rf‘B(n—’Y)-i-l / D’Y-‘rﬁ n— ’Y)+2,¢)( )du



ESTIMATES OF MEAN-TYPE FRACTIONAL INEQUALITIES 9
Substituting v = v0 + (1 — v)(, we get
+B(n—v)+1 +B(n—)+1
Dy () — DTy 6)

1
=(C—0) / DYy (g + (1 — v)C)dv, (3.14)
0
and

DZjﬂ(”*’Y)Jrlw(gj D’Y+ﬁ(n ’Y+1 / D’Y+5n ’Y)+2w( )du

Substituting again u = v8 + (1 — v)(, we get

DO y(Q) = DT (0) = (¢ - 0) / DI 200 4 (1 - 1)¢)d.
(3.15)
By adding ([3.14)) and -, we obtain

Dy hy(¢) — DT (9) + DI () = DTy 6)

1
_(c—0) /0 DL 500 4 (1 - v)C)dv. (3.16)

Using equation (3.16)) into (3.13)), we get the required result.

Corollary 3.8. If we take 8 =1 and ¢ is symmetric about % i Lemma we
get the following equality for Caputo fractional derivatives

PO+ Th—v+1) [0y o
2 20— )n 5 [CDGW(C) (-1) CDCJ/J(e)}

—H)?2 1— (1 =)+l _ pyn—+l
_« . ) /O ( n)—'y—l—l Y + (1 — v)C)dw.

Lemma 3.9. Let ¢ € L'[0,(], ¥xK1_gyn—) € AC™[0,(],n € N and D?+ﬂ(n Nep -

[0,(] — R is twice differentiable and measurable on [0,{], n —1 < v < n and
0 < B <1, then the equation

V) o : n— 0+¢
2(¢ — 0)F(n—7) {D%B‘P(C) +D1Pa(0)| — DY L ( )

—0)2 rt e
-9 /0 m(w) DY LR + (1= v)C)d

1— (1 U)ﬁ(” Y)+1_ 5(" ¥)+1 1
v — — R Ve [O, 5),
holds fO?” m(v) = 1— (1'8(1:;;&(”) Y+, B(n=7)+1 1
L-v- A=+ > vell)
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Proof. Consider

—6)? [ n—
K 5 ) /0 m) DA 2wl + (1= v)¢)dv

et U (DFE 00 4 1))

+ DIFPTIRy(0g 4 (1 - V)C))du

1
+ [ = (D00 4 (1= Q)+ DI R(0+ (1= 0)¢) )

L/1—(1=p)Bn=n+1 _ B(n—7)+1 e
- /0 ( ( ;(n —)+1 ) D& R0+ (1= v))dv].

Let

I= /E V(Dgﬁ("‘”*%z;(yo + (1= v)¢) + DI 06 4 (1 - V)C))du
0

1
+ / (1= 0) (D7 2wl + (1= v)¢) + DI R + (1 - w)Q) )dv
3
=1 + Is. (3.17)
Integrating I; by parts, we get

DR (4) + D (o)

I =

2(0 —¢
Dgrﬁ(n—v) (%C) _|_i)z:|r6()n—v)¢(9;c) _ ngﬂ(n—v)qp(c) _ szﬂ(n—v)ij(@)]
- (0 -¢)? '
(3.18)
Now integrating I by parts, we get
L _Dgrﬁ(n_7)+l¢(9i2<> T Dzj-ﬁ(n—v)-*-lw(%)
260 —¢)
Dgrﬁ(nfv)w((%c) + Dzjrﬂ(nfv)w(f)%c) _ _Dgrﬁ(n*v)qz(o _ szﬁ(n*v)qp(g)}
- (0 -0)? '
(3.19)

Substituting (3.18]) and (3.19) to (3.17)), we get

" " A=)y (0 +8(n=),, (6
LD a) - D e 20 () + 2D ()
(C - 0)2 (C _ 9)2

Thus

—-0) [ n—
¢ 5 ) /O m) D" o + (1= v)¢)dv

y+B(n—7) Y+B(n—7)
_ Dye ®(Q) + D eO) DB, (0+¢
B 2 (CHe) 2
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(S /1 (1 — (1= )Pt — uﬂ<n—v>+1>
0

2 Bn—7v)+1
x DI S 20 4+ (1 - v)C)dv.

By using Lemma , we arrive at the desired result.

Corollary 3.10. If we take 8 = 1 and v is symmetric about 9%4 n Lemma
then the following equality for Caputo fractional derivatives

W [ g+ 0(Q) + (=1)" D 1/)(9)} o (9;C>

—9)2 rt
= (€ 5 ) / mw)Y" 2 (v + (1 — v)¢)dv
0
1— (1 V)n y+1_ i y+1 1
- ) € 077 ’
holds, where m(v) = Y Tl el velos)
1_p— 1—(1—v)’ —v c [l 1)
v n—y+1 Y PRE

Theorem 3.11. Let ¢ € LY0,(], ¥ * Ka_g)n—y) € AC™0,(], n € N and

D?J’f " 7)1/) [0,¢] — R be a twice differentiable function with n —1 < v < n
and 0 < B < 1. If |D7+ﬁ" W)+2w| is measurable, decreasing and geometric-

(6,¢)
arithmetically s-convex on [0,(] for some fized v € (0,00), s € (0,1], 0 < 6 < ¢,
then the inequality

’ngﬂ"”)qn(é‘) + DI TVR0)  r(Bm—) +1) [D370() + D72 (0)|
o+ ¢~

2 —2(¢C—6)B(n—)
_ C=0P(ID" T e + 1D <))
- 2(8(n =) +1)

1 1
. (s+1 _ﬁ(n—7)+s+2>’
holds.

Proof. By using Lemma [3.7] Lemma [2.5] and Definition 2.4 we have

Dy’ ("_”)<I>(C) DI 9(0)  p(Bn—1) +1)
2(¢ — a)ﬁ(n—v)

< 1— ﬂ(" ¥)+1 _ . B(n—y)+1
= 2( +1 / | Y |

|D2J£<” ””wwe + (1= v)¢)|dv

[Dgf (¢) + D} @(e)} ‘

X

1
< 2(5(n — ) /0 1—(1- y)ﬁ(n—'y)-‘rl Bn— ’Y)+1||D7+5 n— 7)+2¢(6V<1_V)‘dy



MUHAMMAD SAMRAIZ, ZAHIDA PERVEEN, SAJID IQBAL, SAIMA NAHEED, AND THABET ABDELJAWAD

_ =02 [ (n—7) (n—7) +B(n—7)+2
< S [, (L7 G A [ )
+ (1= v D" ()l dv

(C-0) S T B
= S T L, [P e+ (1 = D ) av

/]
_/01[

By using the definition of the beta function, we get

s n— n— 2 n— s n— 2
v (1= p)P O DL Ry ) 4 (1= ) Sk DB Ry )|

Vﬁ(n77)+s+1|sza-f<5)(n—7)+2w(9)| 4+ P+ (1 V)S|D?;<’B)(n_w+2¢(o|} dy} :

Dy 9(0) + DI TR(0)  p(B(n—r) +1)

n Y , ,
5 3 gy (O + ()|
(=0 (1D @) 1D )|
~2(B(n—7v)+1) s+1 s+1
DT o)

Bn—v)+s+2 - |D29fg("_7)+2¢(4“)|3(5+1a5(n7'y) +2)

‘D’Ya‘i‘cﬁ)(n 'Y)+2w(c)|

Bln—7)+s+2

(€= 02 (1D 200l + 1Dy 5" 2 u(0)))

: 26— + 1)

— DT R (0)|B(s +1,8(n —7) +2) —

1 1
X - .
<8+1 6(n7)+s+2>
Which completes the proof of the result.

Corollary 3.12. If we take 8 =1 and v is symmetric about % in Theorem
then the following result for Caputo fractional derivatives holds:

‘w”(a) +9"(¢) _Tln—7+1) (D340 + DY 0(0))|

2AC= 0
<<<—e>2(|w+2<e>|+|¢"+2(<>|)( S )
- 2(n—v+1) s+1 n—vy+s+2

Theorem 3.13. Let ¢ € L'[0,(], ¥ * K(1_g)(n—) € AC™[0,(], n € N. Consider

D?;g " 7)1/) : [0, <] — R be twice differentiable function withn—1 <y <n and 0 <

B <1 If |D2(;_f)(n K +2w|q is measurable, decreasing and geometric arithmetically
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s-convex on [0, (] for some fized v € (0,00), s € (0,1], 0 < 0 < (, then the inequality

“Uipyre) + o)

2 2(¢ — o)ﬁ(n v)
_ (¢ — 9)2 max (1 _ 2176(71*7)’ 91—B(n—y) _ 1)
B 2(8(n—v)+1)
1
. |D'vo+<ﬁ) n— 'y)+2 ()] + |DEYQ+Cﬁ(n 7)+2¢(9)|q q
s+1 ’
s true.

Proof. We shall prove this theorem in two cases:
Case 1: Let v € (0,1) and B(n —v) € [0, 1], then by using Lemma [3.7, Holder’s
inequality, Lemma [2.5 Definition [2.4) and Lemma [2.6] we obtain

2 5C AP

</ I1-(1-v) Bn—7)+ Vﬁ(ﬂ—v)+1pdy>

( / |D?:f(” D200+ (=)ol )

< _3;1 5 ( = - 0 )
- 0

([ 1Pz o=y

€= (1 B+ =)L
3B(n =)+ 1) /\1 (1-v) —v |Pdv

1
(/ (1D 5 2 p0))7 + (1= vy DY () )
0

= prfa) + DrPa)

X

X

P

Q=

x (0.0) 0,0
_ (C . 0)2 |D'79+C5)(77/ ’Y)+2 ( )‘q + |D?’9+C,6 n— 'Y)+2/¢(C>|q q
“2(B(n—v)+1) s+1

-

1 N
« </ {(1 — )B4 Bl 1} du)
0

(4_9)2 |D'Y€+Cﬁ)n ’Y)+2 ( )‘q+|DZH+Cﬁn ’Y)+2w(<)|q q
2(B(n—v)+1) s+ 1

IN
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1
1 P
« </ (217[3(“*7) — 1)pd,/>
0

Q=

B (C - 9)2 |D2’0+f)(n 'Y)+2 ( )|q + |DEY9+f(n ’Y)+2/¢(C)‘q
2(B(n—7)+1) s+1
x (2143(”*7) - 1) . (3.20)

Case 2: Let v € [1,00) and B(n — ) € [1,00). By using Lemma Holder’s
inequality, Lemma [2.5] Definition [2.:4] and Lemma [2.6] we obtain

Dy ”)<I>(C)+DZTB("’”<I>(9) T(B(n — ) +

Dpyre() + Dy te))|

2 2(¢ — )B(n—
< (g _ 9)2 |D20+f)(n ’Y)+2 ( )|q + ‘D'Y;'g(n ’Y)+2'(/J(C)|q q
“2B(n—=7v)+1) s+1
1 »
% (/ (1— 21—B(n—7))pdy)
0

(=02 (1D T e + 1D T ()

2(B(n—)+1) s+1
x (1-21700mm). (3.21)

Now from (3.20)) and ([3.21]), we obtain the required result.

Corollary 3.14. If we take =1 1 is symmetric about 9—;4 in Theorem we
get the following inequality for Caputo fractional derivatives

PO IS T+ Doy ey (1)"CDZ¢(9)]'

2 (¢ -0
_ (€= 0 max (1= 20 21 my 1) (JgnR(g)]9 4 [\ T
- 2(n—v+1) < s+1 > '

Theorem 3.15. Let ¢ € L'[0,(], ¢ * K1_gyn—ry) € AC"[0,(], n € N and

DE’;? Ny [0,¢] — R be differentiable function with n —1 < v < n and

0<B<L1 If \D?Jg(n N2y |9 is measurable for 1 < q < oo, decreasing and
geometric arithmetically s-convex on [0,(] for some fized v € (0,00), s € (0,1],

0 <6 <, then the following fractional inequality holds:
L(B(n —7) + ny (0
(5 7) ) (D3P @(¢) + DY e(0)| - DY ( C)

2(C =) @0
3 (C — )2 |D?0+g(n 'y)+2 (0|7 + |D2y0+<ﬁ(n w)+2w(o|q 7
—2B(n—-7)+1) s+1

(B =) D2 (5 =) +05) — (B = ) P
p+1 )
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1,1
re = + = =1.
where i

Proof. By using Lemma [3.9] Lemma [2.5] Holder’s inequality and Definition
we get

‘ (3 —7)+1) {Dg,fq)(o + D2 w()| - DLy (“C)’

2(C — )B(n=7) e !
C 9 / | 79+<ﬁ) n— 'Y)+2w(1/9 + (1 — V)C)‘dl/
S / | ’79-:{3)(” 7)+2¢(0VC1—V)‘dV
e :
§ (/0 |m(y)|Pd1/) (/ )DEYOTS(H*'Y)+2¢(9,,C1_V) qdy)
2 1 %
< </ |m(y)|1’d1/> (/ [ S|D20+éﬁ(n —y)+21/)(0)|q

Q=

+ (1= )Py ()1 av)

(6,¢)
1
n— 2 n— 2 q
(=02 [ IDG TP + DG e
2 s+1
1
3 1 — (1 = p)B=1+1 _ B(n—y)+1 P
X {/2 v— ( V) v dv
0 Bln—~)+1
1 — (1= \B=+L _ Bn—m)+1 P L1
+/ (1—p)—1==v) v dv}p
1 Bln—v)+1
1
() DS g(@)]e + DL () !
2(B(n—7)+1) s+1

2 P
Bn—~)v—1+ (1 —p)Pr=+L 4 1/5("_7)"'1‘ dv

1
B =) 41— Bln— )y — v — 1+ (1 =)Dt g =1 g )7

IN

(<=0 (D" Pw))7 + (DT el |
1) s+1

X

</0 ((ﬂ(n—v)—i—l)y)pdu—i—/l (B(n—'y)—y—l—l)pdy>p

2

Q|-

IN

(C—H)Q |DE)/0+C5 n— 'Y)-‘r? ( )|q+ |D2’0+f(n "/)+2¢(C)|q
1) s+1



MUHAMMAD SAMRAIZ, ZAHIDA PERVEEN, SAJID IQBAL, SAIMA NAHEED, AND THABET ABDELJAWAD

X ((ﬁ(n—'y)—i-l)/;updu—i—/l (B(n—v)—u—l—l)pdz/)p

2

Q=

B () R L2 A 4 O e Lo Y ML
X ((ﬁ(n — )+ 12777+ (B(n =) +0.5)PF — (B(n — )" ) %
p+1

Which completes the proof of the result.

Corollary 3.16. If we take 8 =1 and 1 is symmetric about % m Theorem
then the inequality

g (D3 w + Corenp )] - v (454

2(¢ — )" 2

__(c-0? (w"“w)uw”(owy

~2(n—7v+1) s+1

<n VD2 4 (=g 05 — (n v)pﬂ)i
p+1 ’

where % + E =1, holds for Caputo fractional derivatives.

4. CONCLUDING REMARKS

In this paper, we established some new Hermite Hadamard-type inequalities for
Hilfer fractional derivative by using convexity theory and Holder’s inequality. We
discuss the special case of our general results. The results of this paper may stim-
ulate further research for researcher working in this field.
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